WSGP 24

Jiti VanZura
Restrictions of 3-forms in dimension 7 to subspaces of codimension 1

In: Jan Slovak and Martin Cadek (eds.): Proceedings of the 24th Winter School "Geometry and
Physics". Circolo Matematico di Palermo, Palermo, 2005. Rendiconti del Circolo Matematico di
Palermo, Serie II, Supplemento No. 75. pp. [325]--332.

Persistent URL: http://dml.cz/dmlcz/701758

Terms of use:

© Circolo Matematico di Palermo, 2005

Institute of Mathematics of the Academy of Sciences of the Czech Republic provides access to
digitized documents strictly for personal use. Each copy of any part of this document must contain
these Terms of use.

This paper has been digitized, optimized for electronic delivery and stamped
O with digital signature within the project DML-CZ: The Czech Digital Mathematics
Library http://project.dml.cz


http://dml.cz/dmlcz/701758
http://project.dml.cz

RENDICONTI DEL CIRCOLO MATEMATICO DI PALERMO
Serie 11, Suppl. 75 (2005), pp. 325-332

RESTRICTIONS OF 3-FORMS IN DIMENSION 7
TO SUBSPACES OF CODIMENSION 1

JIRI VANZURA

ABSTRACT. On a 6-dimensional real vector space there are six types of 3-forms. We
take all types of 3-forms on a 7-dimensional space and determine types of restrictions
to all subspaces of codimension 1.

Let V be a finite dimensional vector space. A k-form w € A¥V* is called multi-
symplectic or regular if the homomorphism

VAW v w=w(y,...)

is a monomorphism. If a k-form w is not regular, we shall call it singular. We denote
by A¥V* c A¥V* (A¥V* c A*¥V*) the subset consisting of all regular (singular)
forms. The general linear group GL(V') operates in a natural way on A¥V*, and it
is easy to see that this action preserves A¥V* (A¥V*). Consequently, A¥V* (A¥V*)
decomposes into orbits of this action. In this paper we take k = 3, i.e. we consider
3-forms. It is known, that the number of orbits of 3-forms is finite if and only if
dimV < 8.

Let us treat first a 6-dimensional real vector space W. We choose its basis
fi,..., fe, and we denote fi,..., B the corresponding dual basis. There are three
orbits consisting of singular forms represented by the forms

(Sl) 0'1=0,
(82) o2 =P1 A B2 A Ps,
(S3) o3 =P1A(B2APB3+ PaAPs).
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There are also three orbits consisting of regular forms. They are represented by the
forms

(R1) p1=P1AB2APBs+BsAPBs A DBs,

(R2) p2=PL1AB2AB3+B1ABsAPs+PaAPaBs—BsAPs A Ps,

(R3) p3=P1ABsAPs+PBaABsAPs+ P3N Ps A Ps.

Now, let us pass to a 7-dimensional real vector space V. We choose a basis
e1,...,er of V, and we denote by ay,...,a7 the corresponding dual basis. Here the
subset A2V* decomposes into eight orbits. They are represented by the following
forms.

(1) w1=a1/\'a2/\a7+a1/\a3Aa4+a2/\a5/\ae,

(2) we=a1AagAast+aiAasAar+o1 Aag Aay
—aaANagANar+agANagAag+azAag A ag,

(3) wi=ai1A{lazAar—az Aag+agAas),
(4) wi=a1A(agAar—azAag+agAas) + a2 AagAag,
(5) ws=aiAasAaz—aiAagAas+a1 Aag Aar

+aAagAag+asAasAar+azAagAar—azAas A ag,

(6) ws=a1AagAag—ar AazAag+a; Aag Aas
+asAagAhas+a2 Aag A ag,

(7) wr=aiAagAas+aiAazAas+a1 Aag Aar
+asAagAar—asAasAag+agsAagAas,

(8) wg=ar Aoz Aas+arAagAas —ag AasAar
+oasANagNhNag+azAasAayr++azg AagAayg
—azAasAag.

The subset A3V* decomposes into six orbits. They are represented by the following
forms
(9) W9 = 0,

(10) wi=a1hazAas,

(11) w1l = alA(azAa3+a4/\a5),
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(12) wip=a1AasAag+agAasAag,
(13) wiz=aiAagAagt+a;AagAhas+az AagAog —azAas A og,

(14) wu=aiAogAas+asAagAag+azAasAag.

Let us recall that with a 3-form 7 on a 6-dimensional space W we can associate
an endomorphism Q(7) in the following way. We choose a nonzero 6-form 6 on W,
and for w € W we define Q(7)w by the formula

(LwT) AT = 1Q(r)ul -
We have
Q(o1) =0, Qo2)=0, Q(03)?=0, dimimQ(s3)=1.
Replacing 8 by a8 if necessary, we get moreover

Q(p1)? =1, dimim(Q(p1)+I)=dimim(Q(p1) —I) = 3,
Q(p2)* =-I, Q(ps)* =0,dimimQ(ps) = 3.

More information about the endomorphism @ you can find in [BV1].
Further, let w be a 3-form on a 7-dimensional space V. We choose again a 7-form
6 on V. Then we can define a symmetric bilinear form ¢ on V' by the formula

(Low) A (tyw) Aw = g(v,0")6.

It is obvious that the definition of the symmetric bilinear form ¢ depends on the
choice of the 7-form 6. In other words the form ¢ is determined up to a nonzero
scalar multiple. More information about 3-forms on a 7-dimensional space you can
find in [BV2].

Finally, for any 3-form ¢ on a vector space Z we define

ACQ) ={z € Z;(1,0)" =0}, A%¢)={z€ Z;(:,0)"®=0}.

In the sequel we take the 3-forms wy,...,w;4 on the 7-dimensional space V, and
consider their restrictions on all 6-dimensional subspaces W C V. I present the re-
sults without proofs. The proofs have computational character. For every restriction
w;|W I have computed the corresponding endomorphism Q(w;|W), which (with the
exceptions of the types (S1) and (S2)) enables to recognize type of the restriction
wi|W.
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TYPE 1

For this form we have

A(w)) = ViU V3b, where V3 = [es,eq,€7], Vab = [es,e5,e7], Vi=V8N Vab

3 _ya b a __ b _
A%(w) = Vg UV, where Vg =[ej, es,eq,65,666€7], Vi = [ez e3 64,65, €6, €7].

1. Proposition.
(S1) There is no W such that wi|W is of type (S1).
(S2) w|W is of type (S2) if and only if W = V¢ or W = V.
(S3) wy|W is of type (S3) if and only if W D V§ or W D V and W # Vg, V.
(R1) wi|W is of type (R1) if and only if W  V;.
(R2) There is no W such that w;|W is of type (R2).
(R3) w1|W is of type (R3) if and only if W D Vi, W 2 V&, and W 2 V2.

TYPE 2

Let us write v = cje1 + -++ + crey and v/ = cle; + -+ + cher. For this form we
have

A%(wp) = {v € Vjc1 = c3 = 3 = ¢4 = 0, c5¢6 + cgc7 + crcs = 0},
A¥(w2) = {v € V;cicq — cac3 = 0}

Obviously, A?(w;) determines a subspace V3 C V, V3 = [es, e, e7]. Moreover, on V
we have a a symmetric bilinear form ¢ (determined up to a nonzero multiple) defined
by the formula
q(v,v') = c1¢y — cachy — c3ch + cacl .

We can immediately see that kerq = V3. Consequently, ¢ determines a regular
symmetric bilinear form on V/Vj3, and this one in turn determines a quadric Q in
the projective space P(V/V3) associated with the vector space V/V5. If W C V
is a subspace of codimension 1 such that W DO V3, then W determines a subspace
of codimension 1 in V/V3, and this one in turn determines a hyperplane W in the
projective space P(V/V3). Finally, on V3 we have a regular symmetric bilinear form
g3 (determined up to a nonzero multiple) defined by the formula

g3(v,v') = csc + c5¢y + cocy + cacy + crey + crch -

Let us remark that for each 2-dimensional subspace Z C V3 the restriction g3|Z is a
regular bilinear form.

2. Proposition.
(S1) There is no W such that wa|W is of type (S1).
(S2) There is no W such that w,|W is of type (S2).
(S3) wa|W is of type (S3) if and only if W D V3 and the hyperplane W is tangent
to the quadric Q.
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(R1) wa|W is of type (R1) if and only if W 2 V3 and the restriction g3|(W N V3)
is indefinite.

(R2) ws|W is of type (R2) if and only if W 2 V3 and the restriction gs|(W N V3)
is definite.

(R3) wq|W is of type (R3) if and only if W D V3 and the hyperplane W is not
tangent to the quadric Q.

TYPE 3

For this form we have
Az(w3) = Aa(W3) = VG = [62783134’351 €6, 67] .

3. Proposition. \
(S1) w3|W is of type (S1) if and only if W = V.
(S2) There is no W such that w3|W is of type (S52).
(S3) ws|W is of type (S3) if and only if W # V.
(R1) There is no W such that w3|W is of type (R1).
(R2) There is no W such that w3|W is of type (R2).
(R3) There is no W such that ws|W is of type (R2).

TYPE 4
For this form we have
A2(UJ4) =V3= [831 85,67], Aa(“"4) =Ve= [62’33’84,3&66’ e7] .

4. Proposition.
(S1) There is no W such that ws|W is of type (S1).
(S2) w4|W is of type (S2) if and only if W = V.
(S3) w4|W is of type (S3) if and only if W D V3 and W # V.
(R1) There is no W such that ws|W is of type (R1).
(R2) There is no W such that wys|W is of type (R2).
(R3) wy|W is of type (R3) if and only if W 2 Vj.

TYPE 5
Let us write again v = cje; ++++ +c7er and v’ = cie; + + -+ + cfer. For this form
we have
A%(ws) = {0}, A%ws)={veV;=E—-ci—ci+ci+ci+ci+c3=0}.
This time again, on V we have a a symmetric bilinear form g (determined up to a
nonzero multiple) defined by the formula
g(v,v') = —c1¢} — cach — c3ch + cacly + c5k + coch + crcy -

This form has obviously signature {3,4}. (We use this notation in order to underline
that the bilinear form is determined up to a nonzero multiple. Depending on our
choice it can have signature (4,3) or (3,4).)
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5. Proposition.

(S1) There is no W such that ws|W is of type (S1).

(S2) There is no W such that ws|W is of type (52).

(S3) There is no W such that ws|W is of type (S3).

(R1) ws|W is of type (R1) if and only if the restriction q|W is a regular form of
signature {3, 3}.

(R2) ws|W is of type (R2) if and only if the restriction q|W is a regular form of
signature {2,4}.

(R3) ws|W is of type (R3) if and only if the restriction q|W is a singular form.

TYPE 6

For this form we have
A%(wg) = Vi = [er], A%(ws) = Vs = [es,eq,€5,€6,€7].

6. Proposition.
(S1) There is no W such that wg|W is of type (S1).
(S2) There is no W such that wg|W is of type (S2).
(S3) ws|W is of type (S3) if and only if W D V5.
(R1) There is no W such that wg|W is of type (R1).
(R2) we|W is of type (R2) if and only if W 2 V;.
(R3) wg|W is of type (R3) if and only if W D V; and W 2 V5.

TYPE 7

For this form we have
A%wg) = {0}, A%wr)=Vs=[ese5,€7].

7. Proposition.
(S1) There is no W such that w,|W is of type (S1).
(S2) There is no W such that w7|W is of type (S2).
(S3) There is no W such that wr|W is of type (S3).
(R1) There is no W such that w7|W is of type (R1).
(R2) wy|W is of type (R2) if and only if W 2 V3.
(R3) wq|W is of type (R3) if and only if W D V3.

TYPE 8

For this form we have
Az(wg) = Aa(ws) = {0} .

8. Proposition. The restriction wg|W is always of type (R2).
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TYPE 9
9. Proposition. The restriction wg|W is always of type (S1).

TYPE 10
For this form we have kerw;g = Vj = [eq, €5, €6, €7).
10. Proposition.
(S1) wio|W is of type (S1) if and only if W D V4.
(S2) wio|W is of type (S2) if and only if W 2 Vj.
(S3) There is no W such that wyo|W is of type (S3).
(R1) There is no W such that wyo|W is of type (R1).

(R2) There is no W such that wyg|W is of type (R2).
(R3) There is no W such that wyo|W is of type (R3).

TYPE 11

For this form we have

kerwy; = V3 = [eg,€7] and A%(wn1) = Ve = [e2, €3, €4, €5, €6, €7] .

11. Proposition.

(S1) w11|W is of type (S1) if and only if W = V.

(S2) wi1|W is of type (S2) if and only if W D Vo and W # V.
(S3) w11|W is of type (S3) if and only if W 5 Va.

(R1) There is no W such that wy;|W is of type (R1).

(R2) There is no W such that wy;|W is of type (R2).

(R3) There is no W such that wy,|W is of type (R3).

TYPE 12
For this form we have

kerwyp = Vi =[e;] and A? (wi2) =V2U V4b,

where 1’4? = [31,82,83, 87] and I/4b = [647 €5, €6, 87].
12. Proposition.

(S1) There is no W such that wi2|W is of type (S1).

(S2) wi2|W is of type (S2) if and only if W D V@ or W D V.

(S3) wi2|W is of type (S3) if and only if W D Vi, W 2 V2, and W 5 V.
(R1) wi2|W is of type (R1) if and only if W 2 V4.

(R2) There is no W such that wia|W is of type (R2).

(R3) There is no W such that wy2|W is of type (R3).

331
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TYPE 13

For this form we have
ker w13 = A2(w13) = V1 = [87] .

13. Proposition.
(S1) There is no W such that wy3|W is of type (S1).
(S2) There is no W such that wi3|W is of type (S2).
(S3) wi3|W is of type (S3) if and only if W D V;.
(R1) There is no W such that w3|W is of type (R1).
(R2) wy3|W is of type (R2) if and only if W 2 V4.
(R3) There is no W such that wi3|W is of type (R3).

TYPE 14

For this form we have
kerwiy =Vi =[e;] and Az(wm) =Vy = [e1, €2, €3,€7].

14. Proposition.
(S1) There is no W such that wy4|W is of type (S1).
(S2) wis|W is of type (S2) if and only if W D V.
(S3) w14|W is of type (S3) if and only if W 5V, and W D V;.
(R1) There is no W such that wy4|W is of type (R1).
(R2) There is no W such that wy4|W is of type (R2).
(R3) wi4|W is of type (R3) if and only if W 3 V.
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