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ON ALMOST GEODESIC MAPPINGS OF THE TYPE m, OF
RIEMANNIAN SPACES PRESERVING A SYSTEM N-ORTHOGONAL
HYPERSURFACES

VLADIMIR -BEREZOVSKI1J, JOSEF MIKES

Abstract

We study almost geodesic mapping of the type m; preserving a system of
n-orthogonal hypersurfaces. We find metrics of Riemannian spaces for which
these mappings exist.

1 Introduction

N.S. Sinyukov defined almost geodesic mappings [5), [6]. He found their basic equations
and he divided them into three types m, 7 and 3. We proved in our papers [1], [2],
[4] that this classification is complete.

Mappings of the type m; are not studied very much because their equations are
too difficult. In this paper we study mappings of the type m; which preserve system of
n-orthogonal hypersurfaces. Under some additional assumptions, we find Riemannian
metrics for which these mappings exist.

2 Basic definitions of almost geodesic mapping

We recall basic definitions for almost geodesic mappings of affine connected spaces
without torsion [5):

Definition 1 A curve of a space with affine connection A, is called an almost geodesic
line if its tangential vector A} = dz"/dt satisfies the equations

,2\" = a(t) A" + b(t) )1\"

where ,1\ b= ,\f:,/\", ,2\ h E,l\ ';/\"', the comma denotes the covariant derivative with
respect to the connection A, a and b are functions of a parameter ¢.
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Definition 2 A diﬂ'eonlorphism f of the space with affine connection A, onto a space
with affine connection A, is called an almost geodesic mapping if any geodesic line of
the space A, turns into the almost geodesic line of the space A,.

Definition 3 The mapping f : A, — A, is called almost geodesic of the type m, if the
following conditions hold in general, with respect to the f-related coordinate systems:

Aliiny = aGi0h + b Py, (1)

where J; is a covector and a;; is a symmetric tensor, 67 is the Kronecker symbol, round
brackets denote cycling of indices,

Auk = P ai Jk (2)
Pj(z) = (z) I(z) 3)

is the tensor of deformation, I‘ﬁ;- and I‘,.J- are the affine connections of A, and A,.

3 Mapping of Riemannian spaces preserving system n-orthogons:
hypersurfaces

Suppose that the Riemannian spaces V, V have fixed systems of n-orthogonal hy-
persurfaces. Let the mapping f: V, — V, preserves these systems of hypersurfaces.
We take the coordinate system z = (z',z?, ... ,z") so as the system of n-orthogonal
hypersurfaces was the system of coordinate surfaces [3].

We denote g;;(z) and g;;(x) components of metric tensors of spaces V, and V,, in
the coordinate system z. Elements of their inverse matrices are denoted by ¢g*(z) and
7'(x). With respect to the system of n-orthogonal hypersurfaces in V, and V,, we get

gij=§ij=gij=y‘j=0 (5,3 =T1,n; i # 7). (4)
Then the following equations hold

.1 N |
i -, o't = —. 5
9 Gii g 9ii ( )
Christoffel symbols I'?; of V;, have the following form:
P::i= %Bilng.-i, _J a lngln ('#J)) (6)
F% =0 (h,i,j#), Thi=-3 Jg" /955 (G # 3)-

Similar relationships hold for Christoffels symbols I‘,-,- of V,.. The following formulae
are true for components of deformation tensor P}(z) = f:}(z) —T% () for the mapping
f: Va =V, preserving system of n-orthogonal hypersurfaces:

Ph=0 Gk, Fi=3om(%), P=lom(B) (#5)

R:}:— (J—_# 3 .
2\ 9% T G#3)

(7
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4 Special almost geodesic mapping of the type m

In order to find nontrivial examples of almost geodesic mappings of the type m;:
V., = V, which preserve systems of n-orthogonal hypersurfaces, we will take some
presumptions which simplify equations (1). Unfortunately, we have not solved these
equations in the general case. _

We will study mappings of the type m: V, = V, for which the tensor of deforma-
tion P} is recurrent, i.e.

Pi,;;‘,k = (kai'; ®)

where comma denotes the covariant derivative of an affine connection in V; and ¢y is
a covector. The following algebraic equations follow from (1) and (8)

PiPjy = 8Giau), 9

where a;; is a symmetric tensor.

The inverse mapping (m)~! is also almost geodesic mapping of the type m;. It
follows from (9) and [5].

Conversely, if the mapping f: V,, — V,, fullfils equations (8) and (9), then f is
the mapping of the type .

The assumption

a) Ph=Pi (hij#), b) Phi=-Pi (h#i) (10)

simplifies the solution of equations (8) and (9), there is no summation in latin indices,
and (h,%,j #) denotes that indices h, i, k are different to each other.
If we analyse algebraic condition (8) we get

a) 3PkkkP|,|l = PI’:thk (h, i’ k #):

j . 11
b)  9PLPR=PLPL  (h#i). (1)

It is easy to check that for conditions (10) and (11) the algebraic equations (8) are
identical.
Using ('7) we can write conditions (10a):

0iIn(Gpn/9nn) = 3;1n(g;;/9i)  (hyi,5 #).

Consequently, we obtain the formulae
Gnn/ 9nn = (;5/955) - th(-'ﬂh, ) (h#7). (12)
where Fj;j(# 0) are function of parameters z* and z7. Similarly
G/ 9 = (9;i/9i3) - Fy(z',2%) (i #34),

Tan/ 9nn = (Gl 9i3) - Fra(zh, ') (b #14).
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Using the last three equations we get

F;.j(z",xj)

Fia(ah,2') = Fyj(%, z)

(h,3,5 #)-

and consequently Fyi(z*,2%) = faj(z")hij(z®) (h,i,5 #). When we analyse these
relationships we obtain Fj;(z*, 1) = C; f2(z")h3(2z%) (h #.i) where Cj; = const # 0,
fn and h; are nonzero function of mentioned parameters.

The formulae (12) can be written in the form

Gun/ 9nn = (9;5/955) - Chj - fR(z") - h?(l‘j) (h # 4).

Now it is easy to see that hj(z7) = f;!(z7). Therefore we get

Gnn/9nn = (9;5/9i5) - Chij - fz")- fj_z(zj) (h # 3)- (13)
Use conditions (10b) and (7) we obtain
0;1n (ym. g,-.-) 0 (h#9). (14)

According to (13) for h — i and j — h we similarly get

81n (f.-(zi)%) =0 (h#i).

Now we will integrate these equations and we get

Gnn _ Fa(z")
Thh _ a7 15
Ghh Q (19)
where
Q= JI fa(=®) (16)
a=In
and Fj,(z") are functions.
Substitute (16) in (14) in order to get Fj, = cj f2(z"), where c; = const # 0.
In the end we obtain the equations

Ghh Q

The components of deformation tensor P}} after substitution (17) in (7) are of the
form
Pl";=la'lnfl'1 1)‘_1___16 lan (’#J)) Ph 0 (‘ jlk#)l

J _ 1 (9igii (if _ ) ciffgu ) ., (18)
Ri 2 ( 9ii (chJ l ij? a Inf.‘l ("y #])
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Now we will study equations (8). For k =1, (h,1,j #) we get PAT; + PATL = 0.

From (6) for 9;g:;; # 0 we obtain vy
Pli/gii = P}/gs (h,i,j #). (19)
Using (19) and dividing (11a) by giigix, we obtain P%/gi; = 3PE./gxs, i.e.
Ph=3 5Pl (h#i). (20)
The formula (19) holds identically. For h # 1, (18) implies
3cafp — ciff
Onlng; = —>——20, In ;. 21
A 10 g onf? —af? h1n fa (21)
If we analyse equations (8) we find that @ = —20; In f; and
.. . 2 2 _ o f2
8ln gy = 20;In f; +49;In f; + Gii Z (a In fa) 3cafa — Cif; (22)

3;1n f; AlnfiZZ  Goa Cafi-af?

According to the assumption, functions f; are not constant. Hence we can find
transformation of the coordinate system z™ = z™(z*), h = I, n preserving the system
of n-orthogonal coordinate hypersurfaces, such that

fizh) =€
Formula (21) and (22) then will have the form

1 3cae™ 2" — e
Olng; =—-4-
Gii 9-:§ oo cae-zz" —cie~2s’ (23)
c‘-e‘ - 30;.6 .
Oplng; = W (b # 9).
It is clear that |
= e_zi H (cae—zz" - c'_e—Zz'-)e—z", G = const # 0’ (24)

a#i

is the partial solution of the system (23). This solution is obviously the general
solution of this system because this system is of the Cauchy type.
Next theorem follows from this solution and from equations (8) and (9).

Theorem 1 The Riemannian space V,, with the metric
=e [I(cae™" - c.-e""')e"n y 9ij=0(#7J), ci=const#0,
a#i )

admits almost geodesic mapping of the type m preserving a system of n-orthogonal
hypersurfaces onto Riemannian space V, with metric

— _2zi - _ogi — .y

g = e [[(cae™ —cie™),  g; =0 (i #3).

a#i

Remark. This mapping is not geodesic. It means that Riemannian spaces from the
theorem are among non trivial examples of mappings of the type m; and a there are
only very few of them known so far, [5].
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