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Q-DEFORMED INVERSE SCATTERING PROBLEM

J. Hruby

Department of Mathematics,P.0.B.21/3S,
170 34 PRAHA 7,Czech Republic

Starting from-the physical point of view on the Miura
transformation as reflectionless potential and its connec-
tion with supersymmetry we defined scaling q-deformation
of this to 6btain g-deformed supersymmetrichuantum mecha-
nics (SSQM) and application for solution an inverse prob-

lem is shown.

In tﬁis paper we present an interesting application of
quantum group theory and q-deformed systems which have fo-
und interest in such diverse areas of mathematics and theo-
retical physics as knot theofy and topology,confprmal field

theory,statistical QM and integrable models [Jim90].

This paper is in' final form and no version of it will be
submitted for publication elsewhere.
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Integrable models represented by nonlinear evolution
equations with their symmetries pléy for us the crucial ro-
le to obtain q-deformed object, especially the Miura trans-
formation, which will play the ﬁain role in obtaining the
q-deformed SSQM and factorization.

Knowing the role that symmetries play in physics it is
natural to deform a real physical system, as for example a
physical solution of nonlinear evolution eq. as a soliton
or a potential.

In this spirit let us concern our attention on the well
known integrable models described by the KdV and MKdV egs.
[CDBZ], where the solitonic solution also plays the role of
potential.

Let us write the KdV eq. in the form

V_H' - 6V+V4-x + Vg-xxx = 0 ) (1)
where v‘l'= M2+ Nx ' wo= ”‘xot)nn’f.:g’{l”x=£l(2)
corresponds to the Miura transformation coupling KdV with

MKdV, which has the form

v, - ém’m, * WUyxx = 0 . (3)
The MKdV eq. (3) is invariant unng the transformation
' ro- -, (4)
From the symmetry of MKdV under (4) follows

V, = V. = o

which is also the solution of KdV eq.

Vg~ 6VVut Vogey= O 6

A 5)
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Suppose now to interpret the Miura transformation as a
transformation which defines a function v in terms of the
Vg (V).

Then v is a solution of Riccati's eq. and through eq.

v =q5hf one is led to consider as associated to the KdV
eq. (1), the Schrodinger eq.

prx - v;‘+' =0
with a potential V* that satisfies (1).

From physical point of view on Vg as the potentials we
can choose the q-deformation of V4 as the g-scaling defor-
mation or if we look on V4 as the soliton solution of KdV,
as the s-shift deformation. At first we shall study the g-
scaling deformation, which is physically interesting.

The Riccati eq, V, = me o Wy, = 2
has the solution W = ,,“‘-rx (V_ = r‘l '-’/#It )

General gq-scaling deformation operator can be defined

on the continnous functions

D artxy = #(qx) .
Dy 4,0 ) = [Dyew o05e)
D d e A o D !
. Q'dk Cy az ?
with the group properties »
Dy, Oy, = Dyge D=y D= A

So the solution of Riccati's eq.

q"D V ?Ar(cyx) + ciar(qzx) it rl _ (8)

has the self-similar form

qar(qx) = fth,x 2 N{x)=7,7 thcﬁ.x.
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Using self-similarity we get
2 2 - -
1 ‘IDer ‘f(?‘” A):y, -ﬂK,+ ' (9)
where g, < qux) = w(gx) = g m(x).
The same is valid for V_ when
- -1 -
g+ q" , wm = -gwG).
So we define the g-deformed Miura transformations
-4
Vg = Vs ?D‘rv+ ) ‘7” Mx 1+ 10y
Vo- = qV. z qu;vV c}u = Wt
where q is a real number q # 0. ? 1
Under the;ransfzn;afo;(t;) q - 7¢V because
‘7‘*‘ x (1

- —-Arx .
From (11 follows

rt = 2-1——-—3’—-“"{ A/ ' (12)

S |
&, QV:* - g Vo- , (13)

9.‘." he + g'l- . . - g% . (14)
dx | PP 94 2‘? 3

In the theory of the spectral transforms and solitons

[CDBZ] there is shown that the Schrodinger factorization
is equivalent to the Miura transformation.

The intimate connection between the Miura transformation
and supersymmetric "square root" was ‘established and the
method for obtaining the superpartner potential in SSQM
was discussed in connection with nonlinear eqs. and ref-
lectionless potentials [HQUB9,B3989].

. In this direction we can speculate how tﬁ obtaiﬁ q;de—

formed SSQM on the backround of physical motivation.
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It is well known that the one soliton solution of the KdV
eq. (1) has the form t
\g (x'f) = Abok, ( )
where L is the constant and Vg represents a reflectlonless

potential (for more details see [Hru89] ).

Let we suppose “qt like the KdV solutions,as g-deformed

potentials in the sub-Hamiltonians + by the following way

Hye 5 qH = (0 1)

! (15)

= H__ = -4- ( t + V_)
where H‘}" ? : qA/'fA ro ‘
H, O N R ]
(o* H_) = Hysan * ( 0 AA*) 1 (prateogm)
: . . _ 4 0
[x,pd=r |, Gyi= 1|0 -4) :
The g-deformed SSQM Hamiltonian and corresponding facto-
rization have the form 'fA 0 H,. 0
t -
He = {Qq.Q.,}’( 0 AA) (ou)““

and g-deformed supercharges are

. (00 A A+) 17
Qq_' (AQ ) . GQ an
From definition (15) we can see )

A*A = ?"A*A Ay Af c,AA’ (18)
We can then deflne the commutator between q-deformed

objects ,as gq-commutator
* = 7. T_ _-141, 1 _.1at
(A7, A = [A AT qAA"-gAR [AN] = -[AA]L

and analogously g-anticommutator

(87,8} = {88}, = 48+ 85", {6°8], - {8,687,
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The operators Q;,Q7, H satisfy the gq-deformed version

of SSQM algebra: {q 'Q_}? = H(' ,
{Q.O} - {Qf'qf}-o [H|Q] "'[Q*‘H] =0‘(19)
9 ? RN | .
In the SSQM we know the form of factorization operators
A= fplpear)  A=glposr).

The question is how to define factorization operators
A1, A; so as to respect (18).

From physical point of view on Vt as the reflectionless

potentials we have chosen q-deformation (10) as the g-sca-

ling deformation.
For obtaining the Hermitian conjugate of [) we use the

1

Hilbert space of functions where for scalar product one has

gL, | (g0, pig0 = Do) (§qh-Gpm y)

and D; can be found
+
- g0, (B):D, @
We can define g-scaling deformed factorization

operators .
A; ] %‘(1" i MT)D? ' (21)
Ag = G (pesv)

respecting (18),because after little algebra using relati-

ons (7,20,21) we can get

e A ot (124 arle - 9 'A'A = g'H, -
A;Aq ﬁ? .(.hur (”.;) V?_ ADZ
v = 190 (V)= gD My,
4 s (p*+ 7'%*(1-&1 LL 4% ) =7AA*=7H. e
Hy = 29705 (F1000 = g0 K

1]

+
AgAS

"

(23)
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So starting from the g-scaling deformation of the Miura
transformation and the connection between N-soliton soluti-
ons of KdV, SSQM and reflectionless potentials we have ob-
tained q-deformed SSQM in correspondence with V.Spiridonov
[spig2].

We can see directly that the spectra of H13 sub-Hamilto-
nians are related via the q_z- scaling what can be seen
by the following way:

Let Hqt Wi = Eq: s , Ay, - . ,A =y,
then fl.};,'-—/:\E‘ j‘ = 4Lf' ,
but H%*"l"* ¥ 'ZA Ay z”q Y. = q kg -

q and .possible exception concerns only the
lowest level as in SSQM.

From SSQM let us suppose [Hru89]
2
v_ <. ﬂfz - ”x s g L )
what is a very simple Riccati eq.,whose solution is given

by substitution Ar =—(,@k%)x.Here (y, is the solution of

the zero-energy Schrodinger eq.
A -
‘P"" - V“qj" = l)”ou - sz. LIU" = 0 (25)
and = . . x. .
q& const, x waAALV— | W _,i%%j /4““£ifi :

The superpartner to V_ is V+ and
- . A A t X,
Vizahw, Vel = 0 T T AR Lo
Now if we denote the superpartner potentials
: A
/7otx\=4rz-/v'x—-i"_‘,,=0 ' %(x)“dflﬂr,-"—a MOL
then
= 9.1
Yo = § Dyr9.20 ’741 9O 9= - Fporel 2k <-2g (#‘/ﬂ,%)
--q" (L“f’(f’u‘ )xx-

(24)
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Using the results from SSQM we can construct the symmet-
ric reflectionless 75(*), d"ﬂz--- N and for arbitrary
j we may assume f7‘_4 (x)to be known and define /U‘, by

2

Pintx) = Ay -y -

Then the superpartner has the form
/7‘-()() = 4;-‘-" + ,Ea.
and this procedure is invariant under the self-similarity
transformation: ”1' z C" v (?‘.X)

The crucial point for the construction of the whole chain
of the corresponding supersymmetric Hamiltonians H1";(I“1'71')
is that the superpartner can be expressed via the eigen-
function construction of the corresponding Hamiltonian as
we can see from the following:

Hyo=AA < H_ +[AAl= H t 205 = H. - 2 (ng),, (260)

For the g-scaling deformation we have
He = Ho- - [A N« Hoo v [ASAL H,.~ 24 Thipa)czee>

Using the results from SSQM [HruBS] we can demonstrate
that for the q-SSQM the symmetric reflectionless potentials
has the form

,7N°,' - OYD‘I W= ‘2?-‘(’&‘ olek DM;)xx , (27)

where the elements of the matrix [)”- are given by

[D,,,]n = CW“ [Mr,\ (cyka)f('f) M,\(C,, J(zs)

It corresponds to the reparametrization ?""77/1
ThlS results can be generalized for /7 ? 74 for the

U(N)-vector non-linear Schrodinger eq., factorization and
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the relationvwith $SQ@Musing the results in ref.[Hrus9] .
These formulas in this reference coincide with formulas

in the work [Spi92] ,when we take the ansatz:

Wy (x) = cy’Af(y"x) L 442 .00,
Physically realy the q-scaling deformation D‘i correspon-
ds Eq ~ 01’\" =7-20%:Df ,i.e. g2 - scaling deformation
of the energy what is nothing new.But via the connection
SSQM with reflectionless potentials g-scaling deformation
is equivalent to the reparametrization }1‘- "7/’.'in this po-
tential and it is physically interesting,because any solvab-
le discrete spectrum problem can be represented via the
chain of these potential.
The KdV eq. is invariant under the Galilean transformati-
on (cosz]: 'z ¥ - CAL '
£ =t , (29)
Vf, = V+ tA .
From the physical point of view on V‘l’ as the solitonic

solution we ha{/e the travelling wave property
2[4
V, (x - Cat) = - % 64 oedk (;TA”_(x =64t + x,)) | (309

L
For A ’Iﬁ the q-scaling deformation is equivalent to

the y—-’?’ and_A1"?_7‘.

But if one chooses the deformation as the shift operator

Sq: S?V'f(“ = \(‘ (x—641t) , where 37 = l/x,\ {-(/111‘%{)
evidently such deformation does not change the spectrum of
V‘,and we obtain ordinary isospectral Hamiltonians in SSQM.

So from the Galilean invariance of KdV the Sq- shift
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deformation gives physically the old results.

fhe role of SSQM is well known in the connection between
the conserved quantities of the KdV eq. and SG eq.where the
spectral problem for SG is a problem of factorization of
KdV spectral problem (or SSQM "square root")[BagB9].

The factorization is important also in the case of g-de-
formation of Backlund transformation for SG eq. [CDBZJ.

Let SG eq. has the form

d, d. ¢ = onyg (31)

where O Xy = _')‘:(,(:t) and let it has two

+ = 5;‘1 I
independent solutions
= -',(A, + s
(L ? ? ) (32)
= q"M - 7{(
and we shall stddy the egs.
g9 m pvw Qi
C? - (7 . T !
9 a,,u— s ‘f /Aw?"M
The following relations are valid
04 9. c"_‘M = 0, (C;/o-.'u?o) = COO?'/’A)L'R?"AA NETS
0.0, qv -~ af (3"'/-“3\7'%) =co‘>?'1~ /5;2»7‘:

n

(33)

and

a+ 0. (?-5!4"',‘;/0’), = A (c’f';u + qtr)r (35a)
= Coo7v A c},’"»\ + Co» 7‘,’« ALLW
_9.3+ (3,-71/\ "94’) Z Al {?",'(, - ?4,) :

= 00'5?4{ ,ot.'uq-z(/\ - COO?—‘M. A\-:«?V .

!

(35b)
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After derivation the eq. (35a) with é;-n and é;

¥4 "
z-,k (g amgu) 3 (qLijv) _/06)
q ,omtih ?IJOW\?/V

and the same for (35b).

we obtain

But from (32)

'1¢~ = 4 v z 4 - ¢p!
an?sowegetz ((f.“r) , c’”‘ L((f Lr)
. s = 6{ [i' + ¢ ] = K
o () (gl qosg,
I (qrr) - %4 (4 ‘c'f)] = ?‘"/mef}w.

The relation (37) is q-defofmed Backlund transformation.

This result exactly corresponds to the known result
for the Backlund transformation when

g
,o--= /(/‘ - N

For 51nh150rdon eq. the procedure is the same only in
the relation (36) (i.e. analog of the Schrodinger eq.)
we get +1 (i.e. analdg of the spectral parameter).

This deep coincidence between results from nonlinear
evolution eq. and SSQM (factorization,Miura transformation,
Backlund transf.,Darboux transf.) also in the case of g-de-
formation gives to speculate about the g-deformed inverse
scattering problem.

Generally it can give the connection between g-analysis
deformation and quantum algebras and the following physical

application for the g-deformed inverse scattering problem:
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Let {E:} is the spectrum of the unknown potential
and 469 (E. )
where fth is a general derrmatlon D of the analytical
function f,which maps the spectrum E}~ of the analytical
knawn potential 7N (given via SSQM) on E: .
Then the unknown potential has the form 'fD (/7~)
The role of the g-deformed transformations of the nonli-

near evolution eqs. is crucial in such application.
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