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CHARACTERISTIC - CLASSES OF REGULAR LIE ALGEBROIDS -
A SKETCH

Jan Kubarski

The notion of a Lie algebroid comes from J.Pradines (1967)
[211, [22], and was invented in connection with the study of
differential grupoids. This notion plays an analogous role as
the Lie algebra of a Lie group. Observations concerning
characteristic homomorphisms on the ground of principal bundles
(such as the Chern-Weil homomorphism, the homomorphism of a
flat or a partially flat principal bundle) show that they
depend only on the Lie algebroids of these principal bundles
£121, [£131, [141. This enables us to build a theory of
characteristic classes for.Lie algebroids and, next, to apply
this technique to the investigation of some geometric
structures defined on objects not being principal bundles but
possessing Lie algebroids, such as transversally complete
foliations £181, [191, nonclosed Lie subgroups ([111, [191,

Poisson manifolds [21 or cnmpiete closed pseudogroups [231.
FUNDAMENTAL DEFINITIONS AND EXAMPLES
We begin with fundamental definitions.
Definition i. By a Lie algebroid on a méntfold M we mean a

system

A= (A0, 0,»

This paper is in final form and no wversion of it will be

submitted for publication elsewhere
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consisting of a vector bundle p:4—— M and mappings
[:, 1:SecAxSecA——SecAd, y:A—TM,
such that

(1) (SecAd,[-,-1) is an R-Lie algebra,

(2) ¥ is a homomorphism of vector bundles (called an
anchor),

(3) Secy:SecA——bp R(M), Ep—>pyof, is a homomorphism of
Lie algebras,

(O 02,70l =f-L8, 0] + (peZ)(f)-n, &,neSecAd, fecC®un.

[ SecA denotes the vector space of global Cm cross—sections of a
vector bundle A4].

A Lie algebroid 4 is said to be transitive if » 1is an
epimorphism of vector bundles, and regular if y is a constant
rank. In this last case, F:=Imy is a c® constant dimensional
and completely integrable distribution and such a Lie algebroid
is called a regular Lie algebroid over (M,F).

By a (strong) homomorphism

H: (A [-,-1,9) = (4',[-,-1°,2")
between two Lie algebroids on the same manifold M we mean a
strong homomorphism H:4 — A’ of vector bundles, such that '

(a) y*oH = p,

(b) Secy:SecA— SecA’', [ r—>rHL, is a homomorphism of
Lie algebras.

Examples 2. (1) A finitely dimensional Lie algebra g forms
a Lie algebroid on a one-point manifold.

(2) The tangent bundle TM to a manifold M forms a Lie
algebroid (TM,L:,-1,id) with the bracket [-,-]1 of vector
fields. .

(3> Any involutive c® constant dimensionatl distridution
FcTM forms a regular Lie algebroid with the bracket as above.

(4) Any G-principal bundle (P,n,M,G,-) determines a
transitive Lie algebroid A4(P) = (4(P),[-,-0,») €71, [101, (171,
in which

(a) A(P):=TP/G,
(b) the bracket is defined in such a way that the
canonical isomorphism SeCA(P)-—Eibﬁk(P) is an isomorphism of
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Lie algebras, where 2°%(P) is the Lie algebra of right-invariant
vector fields on P,
(c) the anchor ¥y is given by y(Lv1) =rt~(v).
(5) Any vector bundle f determine a transitive Lie
algebroid A(f) equal to A(Lf) - the Lie algebroid of the
principal bundle Lf of repers of f.

Proposition 3. [12]1 Let f be any vector bundle on a
mant fold M. For a point xeM, there exists a natural

isomorp.hism

A(f')'x 2—{!=Secf-—»f"x; l ts linear and

3 veT M, ¥V FeQ® (M), V¥ veSecf, L(f-v) = fF(5x)-L{v)+uvif) -.v(x)}
Therefore we have a (canonical) isomorphism of 0° (M) ~modules

dif ferential operators £:Secf - — Secf
SecA(f) —=3 { such that L(f-v) = F-E(v) + X(f)-v

for some X € X(M), ..

Let, in the sequel, .?l denote the (covariant) differential
operator corresponding to the cross-section ¥ of SecA(f).

(B) Any transversally complete foliation (M,¥F) determines
a transitive Lie algebroid A(M, %) =AM F),[-,-1,.») in the
following way [181, [191: the closure of the leaves of & form
another foliation 3’5, \
determined by some fibration nb:H—)W with a°' Hausdorff

manifold W, called the basic fibration. Let £ and Eb denote the

called basic, being a simple . ane

vector bundles tangent to F and &‘b, respectively,
Q=TM/E —=4 M - the transversal bundle of ¥, lL(M,5) - the Lie
algebra of the so—called transversal Ffilelds being

cross—-sections of Q determined by foliate vector fields.

Lemma 4. If nb(x) =nb(y) then there exists a '(ccmom:cal)
13 3 Vs havi th roperty: oL ) =
somorphism o le—v Qly aving e  property LN ('y

for any transversal field [el(M,F). m

The construction of the Lie algebroid A(M,F):
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The space A(M,¥F):=Q/~ where for ¥, veQ we define
TR e 7, (r(D)) =m, (r(®)) & o (V) =0,

The bracket [-,-] in SecA(M,F) is defined in such a way
that the canonical isomorphism SecA(M,¥) —E-» LM, F) is an
isomorphism of Lie algebras.

The anchor y:A(M,F) —— TW is equal to p(L[T1) =rtb*(v).

C7) Any not necessarily closed connected Lie subgroup H of
a Lie group G determines a transitive Lie algebroid A(G;X) on
G6/H defined as the .Lie algebroid of the foliation &={gh;
g8€G} of left cosets of G by ¥ (such a foliation is, of
course, transversally complete). If H=H, then the Lie
algebroid A(G;M) is trivial: A(G;H) =T(G/H).

Lemma 5. [111, £E£123 For any teH, the mapping
Rt:TG—aTG, tangent tc the right translation by t, naps E
onto E giving an isomorphism Rt=Q—b Q. The mapping

QxH——Q, (’U,t)l——bkt(’t_}), ts a right free action. m

Lemma 6. [111, [12] (a) A cross-section [ €SecQ 1is a
transversal field tf and only tif L'(gt)=Rt({‘ (g)) for all géG
and t € H.

(b) The natural eguivalence relation = itn Q can be
equivalently defined as follows: for v, weQ,

D e 3Jted, Rt(U)=$.
This means that A{(G;H) can be defined as the space of ordbits of
the right action of Hon Q. »

(8) Any transitive Lie algebroid (A,l-,-1,») on M and an
tnvolutive distridbution FcTM form a regular Lie algebroid
(A5, 0-,-1,»") such that AT:=p"'tFlca and 7 =p)4". For
example, such an object is determined by a wector bundle and an
tnvolutive distribution on the base. '

(9 Any Lie groupoid & determines a transitive Lie
algebroid i.’Tufb [61, [171, (223, whereas any differential
groupoid & determines a Lie algebroid in the same way,

sometimes being regular [161].
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Remark 7. A transitive Lie algebroid 4 is called
integrable if it is isomorphic to the Lie algebroid A(P) ' of
some principal bundle. There exist nonintegrable transitive Lie

algebroids discovered by Almeida and Molino in 1985 [11].

Theorem 8 (Almeida-Molino ([11). Let (M,5) be any
transversally complete foliation. Then. the Lie algebroid A(M,F)
is itntegrable {f and only if the foliation (M,F) is developable

in the sense that the lifting to some covering is simple. =

It is evident that any TC—foliation with nonclosed leaves
on a simply connected manifold is not developable, therefore
its Lie algebroid is not integrable. A more concrete example is
the foliation of left cosets of any connected and simply
connected Lie group by a Lie subgroup connected and dense in

some torus.
CONNECTIONS IN REGULAR LIE ALGEBROIDS

Let (4,[-,-1,») be any regular Lie algebroid oaver (M,F).
g:=KerycA is a vector bundle. Each fibre 9|x of g possesses
a structure of a Lie algebra, and glx is isomorphic to gly if x
and y lay on the same leaf of the foliation determined by F.
The short sequence V

D—age—d—23F—0
is called the Atiyah seguence of A. Any splitting AtF—— 4 of

this sequence is called a connection in A. A determines the
so—called connection form w:A——g as follows: ow|lg=id and
wlImri=0, and the curvature form Qe SecAzA*eg as a
g-horizontal form such that QOX,AY) =ACX,YI-I[AX,AY] for
X,YeSecF. It is also convenient to define the so-called
curvature tensor Qb € SecAzF*eg ( being a tangential
differential form [20]) in such a way that. Qb(X',Y) =Q(AX,\Y)
(=Arx, Y1 -IAX,A¥Y]). X\ is said to be a flat connection if
Q=0 (equivalently, Qb=0).

Theorem 9. If A=A(P), P .being a principal bundle, then
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there is a bijection between connections in 4 and in P. B
Theorem 10. If A=A(P)‘P, P beitng a principal bundle on a

mant fold M and-F an involutive distridbution on M, then there is

a bijection between connections in A and partial connections in

P over the distribution F. =

Theorem 11. (121 If A=AM,5F), (M, ) being a
transversally complete foliatibn, then there 1ts a bijection
between connections in A and c® distributions CcTM fulfilling
the conditions v

(1) C+Eb=TM,

(2) CnEb=E_.

(3) Clx={X(X); XeSechL(H,a‘)} for xeM.

[in the case of left cosets of G by H, see Example 7 above,
condition (3) is equivalent to:

(3°) C ts H-right-invariant].

In particular, such a distribution C always exists.

A connection In A is flat if and only iUf the corresponding

distribution in TM is completely integrable. =
THE CHERN-WEIL HOMOMORPHISM OF A REGULAR LIE ALGEBROID

By a representation of a Lie algebroid 4 on a vector
bundle f (both over the same manifold M) we meam a homomorphism
T:A = A(f) of Lie algebroids. A cross—-section veSecf is
said to be T-invariant if, for each ¥ € SecAd, .‘E“t(v) =0 (.\!T.!
is the differential operator in f corresponding to the
cross-section To¥, see example 5 of Lie algebroids). Denote by
(Secf')‘l. . the space of all T-invariant cross-sections of f. A
representation T induces a representation of 4 on each vector

bundle associated with f.

Theorem 12. If A is a transitive Lie algedbroid, then each
T-invariant cross-section of f is uniguely determined by its
value at one arbitrarily taken point of M (H is assumed to bde

connec ted). ]
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Example 13. The adjoint representation of a regular Lie
algebroid A= (4,[-,-1,y) over (M,F) is the representatjon
adA=A——bA(g) defined by

.'Ead;“l(v) =[z,v].

adA induces a representation, denoted also by adA, of A on the
symmetric power ng* of the vector bundle dual to g, and we
have:

. k *
e (SecV'g ) o @ad > & V¥eSecA, Vc’i,...,o'keSecg,

(yok) <r,o"v...vo’k> = E:(l‘, o"v...vﬂ £, crj]] v...vcrk>.

The space k$°Sechg*)l.(adA)forms an algebra.

Put Q_(M) =Sec AF* (=*&secal i where o5un  =sec AF”).
This is the space of real tangential differential jforms [201.
In the space QF(H? there works a differential sF defined by the
same formula as for usual differential forms. Let Hr‘“’ denote

the space of cohomology of the complex (QF(M),ér).

Theorem 14. [12] Let N be any connection in A and Qb its
curvature tensor. Define the mapping
ﬁgkép(Sechgf)f

(aq‘) ’ QF(M)

r — k’—!-<r,nbv. o>
k times
(being a homomorphism of algebras).
Then
(1) the tangential forms f3(I') are closed,
(2) the induced homomorphism of algebras

k 30 k * .
A 3° (secV¥g ) at g ™ H_M

r’ — M

s independent of the choice of a connection. m

hA is called the Chern—wbil homomorphism of A, whereas the
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subalgebra Pont(A):=Im (hA) CHF(M) - the Pontryagin algebra
of A.

Theorem 15 (The comparison with the Chern-Weil
homomorphism of a principal bundle [3]). If A=A(P), " P being
any connected: principal bundle, then there exists an

isomorphism o of algebras, making the following diagram commute

kéo(Sechg*)n

I” (ad ) h
A \\\<;r>

2la ////ﬂ Hdn(M)
h
g™ d
1
where g is the Lie algebra of the structure Lie group G, and

(Vg*)l is the space of Ad-invariant polynomials. =

We pay our attention to the fact that this holds although
in the Lie algebroid A(P) there is no direct information about
the Lie group G (which may be disconnected !). .

Besides, the Lie algebroid of a principal bundle P is — in
some sense — a simpler structure than P. Namely, nonisomorphic
principal bundles can possess isomorphic Lie algebroids. For
example, there exists a nontrivial principal bundle for which.
the Lie algebroid is trivial (the nontrivial Spin(3)-structure
of the trivial principal bundle RP(5)xSO(3) [91], [10]).

Remark 16. [12] If A==A(P)F, P being a principal bundle
on a manifold M and F an involutive distribution on M, then the
Chern-Weil homomorphism hA of the Lie algebroid A is called the
tangential Chern—-Weil homomorphism of a principal bundle P over
a joliated mant fold (M,¥F) (3‘being the foliation determined by
F.

One can notice that:

(] k_* k¥ .
1 Always, Q, (M, 5) (SecV'g )l.(ad‘.“n,c.(SecV g )l.mw,

which means that Efﬁl is adA-invariant when f‘ are F-basic

and I' are ad —tnvariant.
i AP

The occuring inclusion can not be replaced, in general, by
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the equality. Such a situation can hold if P is connected, but
its res@riction Pu to many leaves L of the foliation F is not
connected.

(2) If G is connected, then the above . inclusion Is an

equation; therefore, eguivalently,

3 ; * i i
hA.Qb(N.f) Vg )l—)HF(H). Efr\i—bf hp(r.l).

Remark 17. The case of P being the principal bundle Lof of
repers of a G-vector bundle f, Gc<cGL(n,R) (n=rankf), is
important [20]. In this situation, the homomorphism obtained
above is called the tangential Chern-Weil homomorphism of a
vector bundle f over a foliated manifold (M,¥). It is trivial
when in f there is a flat partial covariant derivative (over
F). The superposition (under the assumption that Lof is

connected)

(Vg*)l;&Secv"g"),.md ,

s 0% M, F) -B(secVig™) .
ALP) 4

7 ‘adA(P))

c&(Sechg*), ———+HP(H)

7 tad )P .
agrees with the homomorphism obtained by Moore and Schochet
[20] to investigating such covariant derivatives. However, the
holding of the above strong inclusion can be the source of
quite new characteristic Flasses which cannot be obtained by

the construction of Moore-Schochet.

The geometric signification of the Chern-Weil homomorphism

in the theory of TC-foliations is presented by the following

Theorem 18. If A=A(M,¥F), (M, F) being a transversally
complete foliation, and the Chern-Weill homomorphism h‘ is
nontrivial, Lhen{ there exists no completely integrable
distridbution CcTM satisfying the conditions

(1) C+£‘b=TH,

(2) CnEb=E,

(3 C'x== {X(x); XeSecChL(M,?")} for xeM. =
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Now, we are going to give a wide class of T7TC-foliations
for which the Chern—Weil homomorphisms of the corresponding Lie
algebroids are nontrivial. It will be some class of foliations
of left cosets of Lie groups by nonclosed connected Lie
subgroups.

First, we formulate as preparatory the following theorem.

Theorem 19. lLet HcG be any connected Lie subgroup of 6
and let b, © and g be the Lie algebras of H, of its closure H
and of 6, respectively. Denote by h’:(VB*)I———+H(M) the
Chern-Weil homomorphism of the H-principal bundle
P= (G G/A). Then there exists an isomorphism o of

algebras such that the following diagram commutes:

k
k3% (SecVg™) . - + MG/
. ACOG ; N)
'='l°‘ /
P
Vb e — (VB*)I . =

Since, for any connected, compact and semisimple Lie group G,

AP ) ,—— HZ 6/

is an isomorphism (cf [41), we obtain

Theorem 20. If G is a connected, compact and semisimple
Lie group and H is any nonclosed connected Lie subgroup of G
and H is its closure, then

A2 (H/6) Y e K2 (/)
AGNY

is a nontrivial monomorphism; therefore h‘“r”) is. nontrivial.
This means that then there exists no C° completely integradble
distribution CcTG such that (1) C+Eb=TG, (2) anb=E’

(3) C ts A-right-invariant.

Corollary 21. Taking G as above and, in addition, simply
connected, we obtain a nonintegrable transitive Lie algebroid

wvhose Chern-Weil homomorphism is nontrivial. =
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Now, we give a simple example of a flat connection in the
Lie algebroid A(G;H). '

Example 22. If ccg is a Lie subalgebra such that
c+b=g, cnb=p,

then the G-left—invariant distribution C determined by ¢ is c®
completely integrable and such that (1) C+Eb=TG, (2)
CnEb=E, (3) C is H-right-invariant, therefore € induces a
‘flat connection in A(G;jH). The existence of such a Lie
subalgebra implies then the triviality of the Chern—-Weil
homomorphism hA(G;H) of A(G3H).

The previous theorem gives

Corollary 23. If G is a connected, compact and semisimple
Lie group and H (s any nonclosed connected Lie subgroup of G,
and B, E and g are the Lie algebras of M, of its closure A and
of G, respectively, then no Lie subalgebra -ccg satisfying
c+b=g, cnbh=1, exists. =

This theorem is valid if one weakens the assumption on
ni(G) to be finite [11]. One can also prove that the existence
of such a Lie subalgebra ¢ gives the minimal closedness of © in

the sense of Malcev [111].

The analysis as in "Bott's phenomenon" [351 gives the

following results.

Theorem 24. [15] If A is any regular Lie calgebroid over
(M,F), Pont (A)CHP(H) is the Pontryagin algebra of A and A
admits a partially flat connection A’ over some involut tve
.subdistridbution . F‘icF of codimension (with respect to F)
equalling @, then )

PontP(4) =0 for pZ2:(g+1).
If \' adnmnits a basic connection, then
PontP(4) =0 for pzg+l. =

One can notice that in the Lie algebroid A4(Gj;¥) any Lie
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subalgebra ¢cg such that

(1) Hne=1,

(2) f:=H+c is a Lie subalgebra of g,
gives a partial flat connection over the involutive
distribution on G/H being the G-left-invariant one determined
by f/6 (codimension of this is equal to codimf). If f is a Lie
algebra of a compact Lie subgroup of G, then ¢ admits a basic

connection. From the above we obtain the following corollary:

Corollary 25. [131 If A=A(G;H) and PontP(4) =0, then
there exist no Lie subalgedbra € of g such that

(1) Bne=19,

(2) f':=5+c is a Lie subalgebra of g whose codimension
is £ (p/2)-1, or is =p-1 provided that f is a Lie subalgebra of
a compact Lie subgroup of G. ®»

Since Pont?(A)#0 when 6 is compact and semisimple, we
abtain

Corollary 26. [151 If G is compact and semisimple, and M
is not closed, then there exists no Lie subalgebra c¢ccg such
that

(1) Hne=1b,

(2) f:=5+c is a Lie subalgebra of a closed Lie subgroup

of G whose codimension is 1. =

THE CHARACTERISTIC HOMOMORPHISM OF A FLAT
REGULAR LIE ALGEBROID

Consider in a given regular Lie algebroid (4,[-,-1,) over
(M,F) two geometric structures [131:
(1) a flat connection A:F —— 4,

(2) a subalgebroid Bc A over (M,F), see the diagram
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rd
2 » g < » A \\~‘; F > @
v I(*)
v,
7] » h < » B > F >y & .

Notice that h=gnB5B (h:=)<ery’).

The system (A4,B,A) will then be called an FS-regular Lie
algebroid (over (M,F)).

We construct some characteristic classes of an FS-regular
Lie algebroid (4,B,X), measuring the independence of A and B,
i.e. to what extent ImA is not contained in B. First, we give

some examples of such Lie algebroids.

Examples 27. (1). Let P be a flat G-principal bundle with
a flat connection w and P’ a reduction of P. « determines a
flat connection A in A(P), and the system (A(P), A(P°),\) is an
FS-transitive Lie algebroid.

(2> (An important generalization of the above example).
Let (P,P’,w’') be any foliated G-principal bundle on a manifold
M €31, with an H-reduction P’ and a flat partial connection ﬂm'
over an involutive distribution Fc7TM. o determines a flat
connection A in the regular Lie algebroid A" aver (H,F), and
the system (A(P)F,A(P')f,k) is an FS-regular Lie algebroid.

(3) FS-transitive Lie algebroids on the ground of
- TC-foliations. Let A=A(M, %), (M,¥) being an arbitrary

TC-foliation. ‘ )

Proposition 28. There exists a 1-1 correspondence between
transitive Lie subalgebroids B of A and tnvolutive
distributions BcTM such that

(a) EcB,

(b) E, +B=TH,

(c) §‘x={X(x); XeSecEnL(H,.?‘)}, x € M.

For the foliation of left cosets of G by H,

(c) = (c*): B is ¢c* and R-right-invariant. =

Some example of a Lie subalgebroid of A(G;¥) is given by
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the following theorem.

Theorem 29. If bcg is a Lie subalgebra such that
bcb, 5"'6:9,
then the G-left—invariant distridution Eb determined by ©
fulfils (a), (B) and (c’) from the above proposition, giving at

the same time a Lie subalgedbroid of A(G;H). =

To sum up, a system (b,c) of Lie subalgebras of g such
that bYcb, 5+b=‘g and H+c=g, Hnc=9H, determines some
FS-transitive Lie algebroid on G/H.

(4) FS-regular (nontransitive) Lie algebroids on the
ground of TC-foliations. Let A=4(M,5), (M,¥) being an

arbitrary TC-foliation.

Proposition 30. An itnvolutive distridution Fon M is a
lifting of some involutive distridution F on the basic manifold
W if and only if

(1) Ech.

(2) F'x={xuc); XeSecF_'ﬁL(M,é")} ., xeM

The correspondence Fr—F s 1-1. For the foliation of left
cosets of G by H,

(2) @(2): F s c* and A-right-invariant. =
Denote the lifting of FcIW to M by T M.

Proposition 31. lLet FcTW be any foliation of W. There
exists a 1-1 correspondence between partial connections in
A(M,¥F) over F, i.e. connections in A(H.&")P. and distributions C -
in TM such that

(a) Ean_=E,

(b) Eb+E=T’M,

(c) E.f{’“’"; XeSecc‘nL(M,m}, xe€ M.

In particular, such a distribution c always exists. For the
foliation of left cosets of G by H,



CHARACTERISTIC CLASSES OF REGULAR LIE ALGEBROIDS - A SKETCH 85

(c) = (c*): € is ¢® and R-right-invariant.
A partial connection in A(M,F) is flat if and only if the

corresponding distribution in TM is itnvolutive. =

Some examples of foliations of G/H and partial connections

in A(G;H) are given by the following theorems.

Theorem 32. If fcg is a Lie subalgebra such that
bcf,
then the G-left—-itnvariant distribution F_‘(f') cTG determined by
f fulfils Ech_'(f), and F(f) 1is HA-right-invariant, therefore
gilves some foliation F(f) of G/A.

Théorem 33. let f and ¢ be Lie subalgebras of g such that
bcf and H+c=f, Bne=1b;

then the G-left—-invariant distridbution C=C(c) cT6G determined

by ¢ is Cm. H-right-invartant and fulfils Ean_=E,

Eb+E=TFM, therefore induces some flat partial connection 1In

A(G3H) over F(f). m

To sum up, the triple (b,f,c) of subalgebras of g such
that
Hchb, H+b=g, Hecf and H+c=f, bne=H ,
determines an FS-regular Lie algebroid.

Return to diagram (x).
We construct a characteristic homomorphism
A#:H(g,B) —»HF(H)

measuring the independence of A and B in the sense that A#=0
if ImAcB.
' Here MH(g,B) ="H(($ec/\(g/h)*)’. .8) where

(1) (Secl\(g/h)*)l. is the space . of = invariant
cross—sections with respect to the canonical representation
B ACA (g/h)‘) induced by ad|B:B— A(g). Precisely,

Ye (Sec/\k(g/h)’)l. ¢ VZeSecB, Vv ,...,1, €Secg,

(y;t)(lll,. [v‘]A...A[vk]>=§:_(W, tvila...»\[l[l{,vj]l ]A...A[vk]> y

where [vj] =SevjeSecg/h -and s:g—g/h is the canonical
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projection.

(2) 5 is a differential in (Sec/\(g/h)*)l‘ defined by the
formula
<3w,[quA...Acka>=—_Lg;j(—n‘*’w,[IIu.l,vjllJAcuOJA...t...j...,\[ukn.

First, we construct the homomorphism A# on the level of

forms.

Theorem 34. There exists a homomorphism of algebras
A :SecAtg/m) ™ — Q_(
such that
AFOGY .0 ) =T, [oix; f;}i) JA...A[w(x;{bk)J)

for wjeF'x where wjeBIx satisfy Yn(wj) =wj. =

Theorem 35. A; restricted to the tnvariant cross—-sections
commutes with differentials & and 6r. giving a homomorphism A#

on cohomologies. m

36. The fundamental properties of A# ares

(a) A*=0 tf ImXcB.

(b) The functoriality of A#.

(c) The independence of A# of the choice of homotopi-c
subalgebroids B in the following sense:

If Bo t~s homotopic to B;' then there exists an isomorphism

a:H(g,Bo) —--=—0H(g,B1) of algebras, such that the diagram

H(g,Bo)
A
o
a H_ (D
F
Al#
H(g, 81’

commutes. The relation of homotopy between subalgebroids is
naturally defined as follows: BO«.B1 & there exists a Lie
subalgebroid BcTRxA (on RxM) such that ueBto (at,‘u) € B,
t=0, 1 (91 being the null vector at te€R). =

The construction of a is not trivial. We uses a few times
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the existence of global solutions to some systems of
differential equations. '

Theorem 37 (The comparison with a flat principal bundle,
- see [5]). 1f A=A(P), B=A(P'), where P’ is a connected
H-reduc tion, then, for each flat connection in P and the
connection tn A(P) corresponding to it, there exists an
isomorphism » of algebras such that the diagram

H (g, 1)

commutes. ]

Assume that 4 and B mean the same as in Theorem 37 above,
but A is a partially flat connection in ‘A. say, oOver an
involutive distribution FcTM. Denote by & the foliation
determined by F. Equivalently, we have given some foliated
principal bundle and an H-reduction of it. By the general
theory, there is a homomorphism of algebras

A#:H(g,BF) — H (.

Theorem 38. If X is connected, then
H(g,B") = Q) (H, ) - H(g, H)
and A (EfLy D, v e Wig/o)™y o is the  tangential
cohomology class determined by the form

A* (f‘-w,‘) (x;wiA...Awk) = }:f"(x) -<wi, [w(x;w1) ]A...A[w(x;wk) 1)
for wieF'x where thTzP satisfy n (w) =w. ®»
Problem 39. Consider an arbitrary leaf L of #. From the

functoriality property, under the assumption of the

connectivity of H, we have the following commuting diagram
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A

f‘-cuiJ O (M, ) - Hig, B — H_ (D
. I . ~I, Az# l
trt ) v 1 H(g.H) — H (L)

Find an example of the situation in which A# ts not

trivial, whereas Anc is trivial for each leaf LeF.

An example of the nontrivial A# on the ground of
TC-foliations. v

A) The transitive case. Let A4=4M,F), (M,F) being an
arbitrary TC-foliation. Assume that we are given a Lie
subalgebroid Bc 4, equivalently — a distribution B<cTM such
that

(a) £EcB,

(b) £b+§=‘m,

(c) Elx={mx)_: XeSecEan,m} for xeM,

and a flat connection A in 4, equivalently - a distribution
C<cTM such that '

(1) C+E, =TH,

(2) CﬁEb=E,

3 C|x= {X(x); XeSechL(M,?")} for xeM.

From the general theory we obtain:.

If the characteristic homomorphism A# is not trivial, then
B cannot be homotopically changed to the one which contains
ImX (eguivalently, E:C).

Here we calculate the characteristic homomorphism of the
FS—transitive Lie algebroid (4(G3H),B,A) in which

(i) B=Bb is the Lie subalgebroid of A(G;H) determined
by a Lie subalgebra becg satisfying (1) Hcb, (2) H+b=g,

(ii) A 1is the flat connection determined by a Lie
subalgébra ccg satisfying (1) c+b=g, (2) cnb=".

Theorem 40. There exist an canonical isomorphism o of

algebras and a homomorphism A# of algebras, making the
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following diagram commute

Hig,B) L R H o (G/R)

;l" A I

- - 2 =
AB/Bnb)) ¥ —# H(A(g/b)*)l) = H (G/R) .
= * .
(Ag/®) ),denotes here the DG-algebra of wvectors invariant
with respect to the adjoint representation

ad iR —— 6L (ANg/B) ™) (cf [51). The homomorphism X# on  the
level of forms is defined by the egquallity

<A, (1), v Ja Al 1> = <H, 0 (D) aaw (5) >
-~ - - * ~
for We A"(b/(bnb)) and v €9, where w,leb are vec tors

such that [g;,l]=[wt] (69/6) where wi:g—-»l_j/(f)nb) is
defined as the superposition

pr
= P
w:g—9/b=b/bec/b +b/H +B/(bne).
For a compact G, the right arrow in the diagram below s an
isomorphism. ®

~

Theorem 41. A# is trivial if and only if ccb. =m

Each case ¢¢£b (for a compact G) is the source of the
nontrivial characteristic homomorphism of an FS-regular Lie

algebroid on the ground of TC—foliations.

B> The nontransitive case. Here we calculate the
characteristic homomorphism of the FS-regular Lie algebroid
s TP, B A ) in which

(i) F(f) is the foliation of G/R determined by a Lie
subalgebra fcg such that H<f,

(ii) Bgm is the Lie subalgebruid of ‘A(G;H)_ ‘where Bb
is determined by a Lie subalgebra bcg fulfilling (1) HchHb,
(2) b+ob=g, '

(iii) Ac is the partial flat connection determined by a
Lie subalgebra ccg for which (1) cnb=9, (2) c+H=f, .

By the general theory, there is a homomorphism
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. FF
A#.H(g,Bb ) — HFm(G/R)

of algebras.

Theorem 42. There exist a canonical Iisomorphism o of

algebras and a homomorphism A# of algebras, maRing the
following diagram commute
FCF) A#
Hg, By ) > Hr(n (G/R)

l =va ~ I
id-A

g (M, ) -A B/ (Hrb) ) ¥ —— QS (M, ) -H_ . (G/R)

<F,

The homomorphism A# on the level of forms is defined by the
equality

<A* o, [wilA...A[wk].} =<¥, wi(wl)A...Mo‘(wk) >

for Te Ak(B/(Bnb))* and wief', where fbiebnf’ are vectors
such that [;"i.J= [w,\] (ef/B) where w‘:f'—b‘_:)/(f)hb) is
defined as the superposition

pr

- . = -~
w:if —f/b=b/bec/b + /b »B/(HNnb).

For a compac t G, the canontcal inclusion

Qt'm : (G/H) «——— Qrm(G/R) induces a  monomorphism on

cohomologiles H;:m,: (G/H) yes Hi'm G/m, therefore the

nontriviality of A# implies the same for A#. ]

"~

Theorem 43. A# is trivial if and only if ccb. =

Each case c¢b (for a compact G) is the source of the
nontrivial characteristic homomorphism of an FS-regular Lie

algebrbid on the ground of TC-foliations.

THE CHARACTERISTIC HOMOMORPHISM OF PARTIALLY FLAT
REGULAR LIE ALGEBROIDS

Consider in a given regular Lie algebroid (4,[-,-1,») over

(M, F) two geometric structures [(141:
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(1) a partial flat connection A':F'———#A'(:=74£F'J),

(2) a subalgebroid Bc4d over (M,F), see the diagram

o

0 —p g < >

The system (4,B,A) will then be called a PFS-regular Lie
algebroid (over (M,F.F')).

1" J.)’:

M — N T
v
w]

id

n
W e——

¥
o IR

L 4

> O .

Examples 44. Examples 27(2) and (4) from the previous
part:
— a foliated bundle (P,P’',w’') [51,
— a triple (b,f,¢) of some subalgebras of g,
are the source of PFS-regular Lie algebroids:
(A(P),A(P'),x')? and (A(G,H),BB,KC),

respectively.

We construct some characteristic homomorphism of a
PFS-regular Lie algebroid (4,B,\’)
Aq, #=H(‘V(g,-h)q, i §8) —p H}_(H) s

measuring the independence of A’ and B, where

. *'
¥ig,m o = (See (Atg/b) "aV* Y g1 .
]

is the space of invariant cross—-sections with respect to the
canonical representation of B, and &6 is the differential
defined point by point, coming from the differential dx in the
Weil algebra Wg“ of the Lie algebra gx, and qf2¢odth'
(and @’ =2[@/2] for the "basic" case). '

The homomorphism Aq,# on the level of forms is constructed

as follows:
Take s:g-—g/h, the canonical projection, and
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<q’ <q’
/\s’”obr:d:/\(g/h)”@V‘q 9’—. Ag*QV_q g* . the induced
homomorphism, and

k: dSec (Ag*eV'g®) — ()
pol' — ™ () A0 (M)

where o™ (y) = ﬁ-’-(w,w,\.../\w} for yeSec Ak(g/h)* and Qv
= l—1-!--<l",()v...v()> for T € Sec Vlg*, whereas w and Q are the
connection form and the curvature form of some adapted
connection.

The form J” (k(As™®1d(¥))) is h-horizontal, which implies
the existence of a tangential differential form A¥e QF(M) such
that ™ (am = ;¥ (k (As"oid(m)). Put A= (F—s AT .

Theorem 45. If g'2codimnF’ (and ¢'2[q/2] for the “basic”
case), then A ,:¥%(g,h) , QO (M) commutes with sultable
qQ a 57 F

differentials, giving a homomorphism on cohomologies. =

The properties:

C1) 7he functoriality, .

(23 The independence of the choice of an adapted
connection,

(3) For two Lie subalgebroids being homotopic, the

corresponding characteristic homomorphisms are equivalent. ®

The comparison with the characteristic homomorphism of

foliated bundles [S] is described by the following theorem.

Theorem 46. Let A=AP), B=A(P'), P’ being a
H-reducttion. If P’ 1is connected, then there exists an
tsomorphism o of algebras, such that

the following diagram
H(’V(g,h)q, . 2 8)

\H}M)
S

a

HOW (g, H) )

commutes. L]
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