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HORIZONTAL LIFTS AND FOLIATIONS

Zdzistaw Pogoda

The purpose of this paper is to adapt the concept of a horizon-
tal 1ift of .a connection to a natural vector bundle to foliated ma-
manifolds. Firstly we recall the basic properties of transverse na-
tural bundles., Secondly we define the horizontal 1lift of basic con-
nections of order r to a transverse natural vector bundle and we
study its properties. Next we prove that for any basic comnection
of order r on a foliated manifold M there is exactly one hori-
zontal lift to transverse natural vector bundle, which fulfills
the satisfactory conditions. The results presented here generalize
the results obtained by K.Yano, S,Ishihara, E.M.Patterson and
J .Gancarzewicz (see [3] ,[4] ,[10], 1] ).

I. TRANSVERSE NATURAL BUNDLES
Let M be a smooth manifold of dimension n, and F a codimension q
foliation on M defined by a cocycle {U;, £y, gij} where {Ui} 1€1
form an open covering of M. Assume that fi:Ui———> RY 1is a sub-
r::riion, and gij’f;j (Ugn Ua)—>fi(Uir\Uj) is a diffeomorphism such
a

3|uyou, = gjifilUinU

J J

If M, is a smooth g- dimensional manifold equal %o Lr)fi(Ui)’
then the mappings 8y5 can be regarded as local diffeomorphisms of
the manifold Mp and the foliation F as modelled on Mg

Let 4§ (U, \{1)} be an adapted atlas of the manifold M to the
foliation F, Thus ¥,:U, — »R"" % x R! and if we denote the
first n-q coordinates by TqseeesT. and the last q coordinates

s RO-D (32 n-q . ma

DY XqpeeeeX y thon  Yjog's R™ T R:—5 R x [K* 1s of the
This paper is in final form and no version ¢f it will be submitted
for publication elsewhere.’
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R®*?  and

form ( § (79%), %1(x)), where EO: R2-2 xpd
g,lz an'axﬁlq—'qu .

By FOL., denote the category of smooth manifolds foliated
by smooth codimension q foliations with smooth , foliation preser~-
ving transverse mappings to the foliation.

Definition 1. A covariant functor N on the category FOLq into
the category of locally trivial fibre .bundles and their fibre ma-
ppings is called a transverse natural bundle if the following con-

ditions are satisfied:

i) for any foliated manifold (M,F), N (M,F) is a fibre bundle
over the manifold M;

ii) if f:(Mo,Fo)——o(M,],F,]) is a transverse mapping such that
f“F,]:FO y then X(£): N(M_,F): LN(M1,F1) covers £ and
maps.the fibre N (Mo'Fo)x over x diffeomorphically onto the fibre
‘)((M1’F,'l')f(x) over £(x);

1ii) (N is a regular functor i.e. if £i1UX M——>U, is a
differentiable mapping ( where U is an open subset of R* ), such
that for any point t of U, the mapping fi: (M, ,F;) (M,I;F,')
ft(x)=f(1;,x) is a transverse mapping to the foliation and
£{F4=F,, then the mapping

UXN(MF ) 3 (6,7) —— - = —-» N(EL)(F)E N(1yyFq)
is of class C*°,

Using metods analogous to the metods presented in the
paper [1] one can prove that the third condition is a conse-
quence of the first and the second conditions of the definition.

Examples.
1. Let A be an associative algebra over the field R with the unit
The algebra A is called local if it is commutative, of finite
dimension over R , and if it admits the unique maximal ideal YR of
codimension 1 such that Vf'z,'“4 =0 for some non-negative integer h.
Let RIpl = ‘R[x,l,...,xp'] be the algebra of all formal power
series in XqseearsX, and let mp be the maximal ideal of RCpT ot
all power series without constant terms, Let % be a non~trivial
1deal of RIPT such that RLP1/K, is of finite dimension. Then
A= RUYy 15 4 local algebra with the maximal ideal ' ="/ ,
Any local algebra is isomorphic to such a local algebra.

Let A = RV , w="", and ¥ ,: R[{l—>A be the natural
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projection., Let us denote by N the dimension of v,

Let <T: C°°( RP;O)—~———> [R[p]be the natural mapping, where
c*®( R P;0) denotes the set of germs of smooth functions on M
at 0.

Let f£,g be two smooth mappings of RP into M such that £(0) =
= g(0) = m. We say that £ is A-equivalent to g at m if T (hf) =
=T (hg) mod 8. for any h&C_(M,F) where C (M,F) is the algebra
of the germs at m of smooth functions constant on the leaves of
the foliation F,

By [f] ( or aAf ) we denote the equivalence class of £, by
A, (M,F) ( or TA n(M,F)) all equivalence classes at m, and

A(M,F) = mLan’i A (4F) (= TA(1,TF) ).

It is easy to prove that A(l,F) is a smooth manifold. Moreover
s A(M,F)——=M is a fibre bundle over M with the fibre A. The
mapping IfA is a natural projection defined by the formula

w,( [ ) = £(0).

On the manifold A(M,F) there is canonically defined foliation
FA of the same dimension as the foliation F. The projection ﬁh
maps leaves of the foliation FA onto leaves of the foliation F,
For any transverse mapping f: M1 >M? to the foliation F2 of the
manifold M, f defines a smooth mapping A(fL) A(M,I,F1 »A(MR,FZ)
by the formula

AE)( [b1,) = En,

Iy

The functor (M,F)-- +A(M,F) will be called the transverse
Weil functor (see [6], (81, [9 ).

2. Analogously as A-bundles we can define transverse bundles of
pr-velocities. The bundle of pr-velocities is a special case of
a transverse A-bundle for a satisfactory local algebra A. If we
take &= (mp)™! and A= RT+1/% , then we see that the notion
of A-points is the same as the notion of p -velocities.

By NP T (MyF) we denote the set of all transverse p T_velocities
and by rf;Athe natural projection of NP*T(1,F) onto M.

Summing up Np’r(m F) is locally trivial fibre bundle, whose
total space admits a dimension n-q foliation (denoted by Fr) pro=-
jecting by ﬂ onto the initial foliation F.
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If p=n=dim M and we take only local diffeomorphisms of R
into M, then the construction of nr-velocities gives a bundle
called the transverse frame bundle of the foliated manifold (M,F)
and denoted by LT(M,F), which is a principal fibre bundle with

the fibre LZ (see [5], [6], [9] ).

More generally, let LN]M,F) be a transverse natural bundle on
the foliated manifold (M,F). Then the manifold JQM,F) admits
a foliation Fy of the same dimension as F modelled on N(Mg)

with transformations d((gij).

Now we give the definition of the order of a tramsverse natural
bundle and we present the theorem that each tramsverse natural

bundle has finlte order.

Definition 2. A transverse natural bundle has .£inite order r
if for any two morphisms f,g:(Mo;Fo) (M4,F,) the integer r
is the smallest one for which the followlg implication is true:

if §3f = ize then \(£)(y) = J(8)(y) for any point y of the
fibre N, oF )ye
The following theorem is true for transverse natural bundles

(see [7], [91)+

Theorem 1. Let N be a transverse natural bundle. Then there
exists an integer r and an Lz-Spaoe W such that X is isomorphic
to the fibre bundle associated to the transverse r-frame bundle
with the standard fibre W, The sallest number with this property
is the order of the transverse natural bundle N ,

II, HORIZONTAL LIFTS OF BASIC CONNECTIONS

Let s N(M,F)——>M be a transverse natural vector bundle.
We denote by Fx the induced foliation on J((M,F) and put E =
= N(M,F), W=Tg .

We denote by E the module of all transverse sections of class C*
of E and by X% (M,F) (resp. X(E,Fy )) the module of all trans-
verse vector fields of class C* on M (resp. on ).

Let r be the order of E., We assume that r2>1. By the theorem 1
the vector bundle E is isomorphic to the fibre bundle associated
with L¥(M,F). Let W be the standard fibre of X. We denote by
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®: LFU,F)xW —— > &
the canonical mapping for the associated fibre bundle E,

Let I’ be a basic connection in the principal fibre bundle
Lr(M;F). This gonnection is called a basic connection of order r
on M. T” determines a horizontal distribution on E, If o= §(p,z)
is a point of E , then

(x) Hy =4, @z (f},)

where @L:Lr(m,F)—%, Cbl(p) = (py2).

The connection [? determines The covariant derivation of trans-—
verse sections of associated fibre bundles with Lr(M,F). In parti-
cular we have the covariant derivation

D: X(M,F)XE D (X,8) —— DySEE

of transverse sections of E.
The derivation D satisfies the following conditions:

1) DfX+gYs = fDXs + gD'IS
(IT.1) 2) Dy(s+s’) = Dys + Dys’
3) Dy(fs) = X(£)s + fhys
for all transverse vector fields X, ¥ on M, all transverse sec—
tions of E and all functions £, g of class C* on the manifold M
locally constant on the leaves of the foliation F.

This covariant derivation D is called a connection in E, The
distribution H defined by (x) is the horizontal distribution for
the connection D, More precisely, Hc is a vector subspace of TGE
and

TE=V,E®H,
where VCE = ker dcn’ T TG(E lT(c)) 1s the subspace of the space
of vertical vectors. In particular, dcn’ IHC: H,—>7"T rr(G)M is

is an isomorphism.’
Let X be a transverse vector field on (M,F). We can define its

horizontal 1ift xP by the formula

‘; D -1
(I1.2) x°(e) = ( dcﬁch )T (X))
If X and Y are vector fields on M, and f£,g C®(i,F) then
(II.3) (£X + gY)D = fVXD + vaD

v
where £'=for  and g'zgor are vertical lifts of £ and g.
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We have the simple proposition,

Proposition 1. If X is a transverse vector field on M and D
is a basic connection on E then the horizontal 1lift XD is the
transverse vector field on (E, Fdr‘ )e

Proof., Let (U, y,],...,yn_q;x,‘,...xq) be an adapted local coor—
dinate system on M. Lety :Hj, UxRK be & trivialigation
of E and €qyeeeyOg Dbe the canonical base of fR + We consider sec-—
tions § yeesy g of E[y defined by

(Iqu') ‘ Su((z) = lf“l(z'ed )’ A= 1,.'0,Ko
These sections are called the edapted sections to the trivialisa-

tion y « It is easy to verify that these sections are transverse
to the foliation FE.

If (U,y1,...yn_q, 1,...,x ) 1s an adapted chart on U, then there
are functions l"" on U constant on the. leaves such that

(11.5) Do3x = Mo,
for 0‘,P."— 1’;0.,K, i=1,ooo,q where @A= %4 goeey ga.= %‘L
is the canonical frame constant on the leaves associated to (Uy;,x;)

Now we define an induced chart on E, The induced chart is a chart
( “-‘(U),y,‘,too’yn_q,le’ooo’xq,zo( ) on E where
y5(2) = 3507 (2))y x4(2) = x3((2))
(II.6) and
Z = z‘*(z)su\
for all z€ n"(U).
Using tese local representations we have

(1.7)  x(z) = XM (2909 = X (2T (@) 24 Sp

where‘34,...,(9g,,3,..., Sk is the canonical frame associated to
the induced chart. From this formula we have that X is transver—
se to FE' QauoD'

Since E me)=1'( 17 (z)) is a vector space, then for each point
z €E there exists a natural isomorphism
(11.8) ¥ 2t Vg8 = TpBay Er@

If s:M——=E is a transverse section of E, then we can define
a vector field sv on E by the formula
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\'s A
(I1.9) 8'(2) = §(8ng)
This vector field is called the vertical 1ift of s to H,
Using an adapted induced chart on E we have

(11.10) 8" = 8% 54
where 8 = s“‘ge‘ and Qyy.e0y 3 are the adapted transverse
sections,

Let nl: L¥(M,F)——L®%(U,F), s<r be the natural projection.
Using this projection, for a given basic connection of order r on
M we can induce a basic connection of order 3, s<r. In particular,
the given connection 7 of order r induces a linear basic connection
on M called the linear part of 7, ' We denote by V the covariant
derivation of foliated vector fields with respect to the linear
part of 7,

Now we present the main theorem of this paper.

Theorem 2, Let [7 be a basic connection of order r on M, By V
we denote the covariant derivation of vector fields on M with res-
pect to the linear part of [7 and by D we mean the covariant deri-
vation of transverse sections of E —()((M F) with respect to 17,

If {sE —(M,F) is a transverse natural vector bundle of order r,
then there 1s exactly one linear basic connection V on the mani-
fold E such that

T, o= (V)P

(I1.11) §Xos = (Ox5)Y
VSVX:. 0 ﬁs\/slvz 0

for all foliated vector fields X,Y on M and all transverse sec—

tions s, s’ of E.

Proof, It is easy to notice the uniqueness of a baslc connection
on E satlsfy:.ng the conditions (II.11), as the Christoffel

symbols of V are uniquely determined by the basic connection

{7 of order r.

We need to prove the existence of % « Let (U, ya., xi) be an
adapted chart on M and S4,.esy QK be sections of E adapted to
the induced chart. First we observe that

(I1.12) 3% = Su
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Now from the formula (IIL.7) we have
(II1.13) W= Y- Mz S

We can define a basic connection V on E|u such that its Chrie-
toffel symbols with resPect to the induced chart are given by the
Christoffel symbols of the linear part of P and the symbols 1%

e
For example we putb:
X 7k A _"
e qé,,( fe =1 )
(II.74) i =('am°‘ + P Y- RS ) 2®
= Ma =T o((b P»(p 0

This basic connection V on E|U satisfies the conditions:

O .AD
'D = ( VBL'D‘Q
(I1.15) @og* (Dfa 3,4)
VSVQD % = O
for i’j =1,...v,q, 0(,?—1,...,1(.
Now using the previous formulas it is easy to prove that
VoY = (%)
' V
(I1.16) v %= (Oxs)
esvx = 65\/ Slv 0

for all foliated vector fields X,Y on U and all transverse sec-
tions s,s’ of E\U o We show the proof of the second formula,

Let X be a foliated vector field on U and s be a transverse
section of E|) . If we denote by
xlo; «
= b S = 878k

the coordinates of X and s with respect to the adapted chart
(v, 5 xi), then we have

Hence we obtain

= 6()(&)\/3':0 (SK éx) =



HORIZONTAL LIFTS AND FOLIATIONS 287

= (KT (22 (s9 8 * 5% Vpp 5,0 =

M (92(s) g + 54 V0 oY) =

(xH (P g v XDy )V
é( Dys W

It (U, Iy i> and (U, ya, xi) are_two adapted charts on M, then
we can define two linear connections Venda ¥/ on Elu and E|y/
respectively. We have

S D
vny = ( vxy)D

n

o7
vXDyD
VXDS= (st)v = V)’(D sV

VW% Vi xP= 0 = Y sV=TL oV

for all foliated vector fields X,Y on UnU’ a.nd all sections 8,8’
Eluau’ .« Thus the linear comnections ¥ and ¥’ coincide
on El uau’/
~ Using an adapted atlas on M we can define a basic connection
V on E which satisfies the conditions (II.11).
The theorem is proved,

The following corollaries are the natural consequences of the
above theorem.

Corollary 1. If V is a basic connection on (M,F) then therse
is exactly one basic connection V on the normal bundle N (if)
such that

for all foliated vector fields X and ¥ on M, where xt is the
horizontal 1ift of X to N{(k) with respect to V. ( [10] )
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Corollary 2. If V is a basic connection on (M,F) then there
is exactly one linear connection V on *(M) ( the dual vector
bundle to the normal bundle (M) ) such that

v W= (M
§XH€V= (Vx E)V
ﬁ}zvxﬁ= 0

AVANE
7= 0
for all foliabed vector fields X Y on M and all basic 1-forms{ VA
on 1, where X is the horizontal 1ift of X to U({if) with respect
to V  (see [11] ).

Corollary 3. If E is a vector bundle associated to the trans-
verse frame principal fibre bundle L1( M,F ) andV is a basic
connection on (M,F), then there is exactly one basic connection

§ on E such that

for all foliated vector fields X,Y on M and all transverse sec-
tions of E, where x2 is the horizontal 1lift of X to E with res-

pect to WV (see [4] ).
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