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MICROLOCAL HEAT KERNEL ASYMPTOTICS AND INVERSE SPECTRAL PROBLEMS. )
I. Reduction to the Boundary and the Asymptotic Expansion.

Stig I. Andersson, Christian HOgfors, Bo Pettersson
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0. Introduction
Given a partial differential operator (PDO), P(x,D) on a mani-
fold M,

P(x,D):C (M) » Cc*(M)

the most obvious question to ask is what the spectrum, o(P), is.
Various aspects of this question are usually called the direct spec-
tral geometry problem. Another possibility is to deduce, inversely,
information about the operator P(x,D) assuming o(P) and M are known
or to try to construct M from a knowledge of o(P) and P(x,D). These
latter problem types constitute the essence of inverse spectral
geometry.

This paper will be concerned with two problems. That of recon-
structing the geometry and differential topology of M, given a
priori (e.g. measured) information about spectral properties of
a certain class of PDO's, and a kind of reduction process (via

microlocalization).

*
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The applications we have in mind concern essentially the recon-
struction of the shape of bodies from knowledge (mostly inprecise)
of their vibration spectra. In the present paper we shall present
the mathematical basis and the applications will be the subject of
some forthcoming publications.

Mathematically, we shall be dealing with manifolds M having a
boundary 3M#¢ (except for Sect. 4) and corresponding boundary value

problems for P;

P(x,D)u(x) = £(x) in M

B.u(x) = Ax on M

3 (x) gj( ) '

f e Cm(M), gj e c”(aM) given together with the boundary operators
By c” (M) » c”(amM) .

At the expense of more involved notations, the situation of having
sections of vector bundles (i.e. locally vector-valued functions),
instead of simply functions, could also be handled. In general one
would have to make sure that such a boundary value problem is solv-
able by imposing conditions of e.g. ellipticity.

Assuming knowledge of the spectrum o(P), it is possible to
identify certain spectral invariants, attached to P, with geometric
quantities. The way this is done is by considering suitable 1-
parameter families of functions of P and to look for the asymptotic
behaviour in the parameter.

There are various possible choices for these l-parameter fami-
lies of functions of P, but the one we shall use is the 0O-function
of P,

p) ' t>0 .

-t

Op(t): = tr(e
Clearly, not every P(x,D) would make e_tP a trace-class operator, so
care has to be exercised in defining Op(t).

As for asymptotic behaviour, one could imagine studying two
different kinds of asymptotic behaviour for Op(t), viz. t+0+ and
t++o, Obviously this would correspond to considering very large
spectral values and very small spectral values respectively, in view
of the fact that for P self-adjoint;
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-tA.
o, (t) = e 1, {Aj} eigenvalues of P.
j

In fact, one can show:

1im -tP projection operator onto the eigenspace

tro =

correponding to the lowest eigenvalue

Substantial geometric information is obtained by considering instead
the asymptotic expansion for small t, i.e.,

lim

i op(t) . (0.1)

We shall here demonstrate a new expedient way to derive the form of
this asymptotic expansion for suitable classes of operators P(x,D)
and suitable boundary conditions.

It is well-known that in considerations involving the t»0+
asymptotics of 0 (t) (for say P a differential operator with
positive principaf) symbol), no more information is gained by

studying increasingly complex kernels of this type, like e.g.

-th(P)
tr(Ql(P)e ) (0.2)

Qi' i=1,2 polynomials (with positive definite higﬁest order coeffi-
cient). It turns out that the asymptotics for (0.2) is essentially
given by polynomials in the coefficients of the asymptotic expansion
for (0.1).

This paper shall also be concerned with going in the opposit
direction. Given P, are there more basic information constituents
(obtained by asymptotic expansion), the synthesis of which yields
the same information as the asymptotics for (0.1)?

In view of the considerable difficulties involved in computing
the expansion coefficents in the asymptotic expansion for (0.1),
such a reduction process would be of considerable interest, not only
structurally, but also computationally. The possibility of such a
reduction is suggested by microlocal analysis.

The interesting situation is that of a manifold with boundary. Since
however the microlocal study of boundary problems is poorly develop-
ed (c.f. [Mel]), we shall as far as microlocalization is concerned

in Section 4, consider only the case of a closed manifold.
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A natural framework for OP(t) is the mixed problem

(%; + PB) u(x,t) =0 , MxR
u(x,0) = u,(x) ,  Mx{o} (0.3)

B, u(x,t) = A(x,t ’ oMx R
j ulx,t) = gs(x,t) .
where the domain of PB(x,D) would naturally be

(p): = { i ) =
D(P ): = {u e C (Mx R ): By u = g5 on dMx R+}.

Formally, the solution to (0.1) would be given by the semigroup:

-tP
B
R+3 t > e '

i.e., the object we are interested in.

For nontrivial manifolds M, exact solutions to (0.3) are not
available, of course. To construct the asymptotics for OP(t) it
suffices. however to have an approximate fundamental solution, a
parametrix for the heat equation corresponding to P (in a sense to
be made precise shortly) and such objects can be readibly construct-
ed.

Before we proceed to the construction, some general remarks on
the underlying strategy for obtaining geometric information out of
spectral and analytic data, are appropriate. We shall for elliptic
self-adjoint P of second order obtain asymptotic expansions (AE) of

the form

lim -n/2 s j/2 j/2
0. (t)~(4nt) a.t?/ “+ B.t } (0.4)
t»0+"P {j/2z§N+ j jZN+ Jj

Here, the coefficients {qj} and {ﬁj} can be explicitly expressed in
terms of the symbol P in M and on 3M respectively. On the other
hand, {a.} and {B.} are also expressible in terms of the geometry of
M (in case of {aj}) and the extrinsic geometry of dM (in case of
{Bj}), e.g., induced metric on ®M, second fundamental form.

In fact the coefficients in (0.4) are local Riemannian invari-
ants and can be expressed as (universal) polynomials in terms of the
curvature and its covariant derivatives.
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Recalling, that for P self-adjoint,

-tA

o () =Je = | e rmien) (0.5)
3j reo(P)
(mult(A) = multiplicity of Aeo(P)), we have the simple

Lemma 0.1: © (t) and {Aj, mult(kj)} determine each other uniquely.
Proof: It suffices to note that (assuming the lowest eigenvalue to

be simple)

lim t 0 for A>u
t (0_(t)-1)e"® =  mult(p) for A=p
-+ ® P

© for A<p

Remark 0.2: The existence of (0.5) (in the distribution sense), is

part of the theory to be presented below.

Since ep(t) determines {aj,Bj} via the AE, we obtain the following

situation:

geometric data

(universal polynomials

in curvature and its
spectral data AE E/zcovarlant derivatives)

{xj,mult(xj)}<=;ep(t)=) {aj,B

}

\ analytic data -
(polynomials in symbol

of P and its derivatives)

3

Remark 0.3: Strictly speaking, as will be seen in the precise formu-
lation below, the theory gives us {aj(x), Bj(x)} and they are the
quantities which should appear in this diagram instead of

a,: = [ a.(x)dp , B.: = [ B.(x)av .
] M 3 J am  J

In realistic situations of the kind we have in mind for our applica-

tions, one never has complete spectral information but only truncat-

ed spectral data:

N
{xj ,mult(xj) }j=0 ,  N<w

To deduce information about the geometry_ from truncated spectral
data requires some extra considerations. This question is in fact

related to the question whether there exist operators P such that
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the corresponding AE (0.4) breaks off after a finite number of
steps, i.e., {aj,Bj} all zero for j>N. Obviously such a behaviour of
the AE can result also from properties of the geometry. If, e.g.,
N=1 it is known that M has to be flat. This question and related
problems will be treated in forthcoming publications. As for general
references on spectral geometry and heat kernels, we refer to [Gil]
and [Gr].

1. Parametrices and Reduction to the Boundary

We assume from now on that M is a compact c”-manifold of dimen-

sion n with Cw—boundary dM. Furthermore, P(x,D) is a second order

elliptic operator with positive principal symbol and c -coefficients

and B is a C vector field on M.

We shall be concerned with the mixed problem:

Lu(x,t) = (3¢ + P(x,D))u(x,t) =0, M x ]o,=
B u(x,t) =0 , oM x ]o,e[ (1.1)

u(x,0) = uy(x) , M x {o} .

The problem (1.1) is local, so by a suitable local change of coordi-

nates we could always work in a chart where;

M= {(x',x) ¢ R™1x R | xn>0}
) 4y d
P(x,D) = - a (x) =—s— + c, (x) — + d(x)
. j,k=1 Jj.k axjaxk x=1 k axk
0
B= J] b, (x') ~— (1.2)
=1 k bxk

By the same local change of coordinates we could also achieve that

anj(x',O) = 0, j<n, which we shall assume from now on. We consider
here the “localized problem and in Section 3 we shall show how
to obtain global information by a partition of unity-argument. So

locally we have the mixed problem:

L u(x,t) =0 , x = (x',x_) ¢ Rn—lx R , t>0

n +
B u(x,t) =0 . x = (x',0) , t>0 (l.l)L
u(x,0) = UO(X) ‘ x = (x',x ) ¢ R lx R, , t=0
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)

L=zsf+PandB, P given by (1.2).
Def. 1.1: A fundamental solution to (l.l)L is a function K(x,y,t) on
MxMx ]0,= [ , c1 in t and 02 in x, such that
L K(x,y,t) =0 , MxMx ]0, =
B K(x,y,t) =0 ,  daMxMx]0, [ (1.3)
K(x,y,0) = &8(x-y) , MxMx{0}

Note: Here we write for the sake of brevity M, 38M instead of the
correct local versions of these objects.

Given a fundamental solution, (1.1)L would be solved by

u(x,t) = [ K(x,y,t)ug(y)dy
M

and for the inhomogenous version of (l.l)L, say with Lu=0 replaced
by Lu(x,t) = ¢(x,t) on Mx ]0,=[, we would have

t
u(x,t) = | K(x,y,t)u_ (y)dy + [ds [ K(x,y,t-s)¢o(y,s)dy .
M 0 0 M :

To solve (1.3) for non-trivial M is hard and, as pointed out in the
introduction, is also not necessary for our purposes. The relevant
concept is instead that of a parametrix.

Def. 1.2: A parametrix of ordér N for L on M is function K(x,y,t) e
c”(MxMx]o,=[) such that

o(tN/2—n/2

LxK(x,y,t) = ), uniformly in x on MxMx]o,w[

B K(x,y,t) 0 . dMxMx |0, «[ (1.4)

K(x,y,0) = 8(x-y) , M x M x {0}

The construction of parametrices will directly lead to AE of the
kind indicated in the Introduction.

The first step in constructing K is the splitting ansatz,

(Ko = "free" part and Kb the boundary part). The problem (1.4) then
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breaks up into two pieces:

L Ko(x,y,t) = o(eN/tn/ <)
(a)
Ky(x,y,0) = 6(x-y)
L K (x,y,t) = o(£N/2-n/2,)
(B) Bbe(x,y,t) e BxKo(x,y,t) , XedM

Kb(x.y,O) =0

To solve (A) and (B) we shall employ the technique of reduction to
the boundary (c.f. [Be], Chapter 3.7).

Before going into the details of this construction, let us fix
some facts and notations concerning symbols and symbol classes,
including some basic techniques from the theory of pseudodifferen-
tial operators (for a good reference, c.f. [§ub]).

The symbol of P(x,D) will be p(x,&) = ) az_j(x,g) where

j=0
az_j(x.E) is homogenous in £ of degree (2-j). By ellipticity of P we
have az(a,i) # 0 for £ # 0. The symbol of L, 1l(x,%,t) is then given

by
L(x,g,7) = (it + a,(x,8))
Lj(x87) = a, s(x,8) . J*0

Note that 12(X.§:1) is homogenous of degree 2 in (5,11/2).
Def. 1.3: A function a(x,%) ¢ Cm(Man) is said to be a classical

symbol of order m if one has the following asymptotic expansion

a(xli) ~ jzo am_j(x,i) ' (1.5)

where am_j(x,i) is positively homogenous in £ of degree (m-j), i.e.
am_j(x,ti) = tm_Jam_j(x,E): t>0, (x,&) e Mx(R™ {0}). We shall denote

the set of classical symbols of order m by s™mMx R™) (or simply
s™(mM)).
Remark 1.4: The notation ~ in (1.5) signifies that for any #>1

a(x,g) - _E an_5(x.8) € s,
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Given a classical symbol a € s™(Mx R™), we shall associate with it a

classical pseudodifferential operator A of order m, by
Au(x) = [ ™ %a(x,e)l(g)az (1.6)

(ue the Schwartz space of rapidly decreasing functions). We shall
denote by L™ (M) the space of classical pseudodifferential operators
of order m. For the properties of such operators we again refer to
[§ub]. We shall be interested in inverting the operator L and to
describe the inverse, we need to consider symbols depending on a
parameter and we also need theAbasic results concerning composition
of operators (again we refer to [§ub]). Let L~! nhave symbol q(x,E,t)

for which we assume the asymptotic expansion

alx,g,7) ~ ] d_z_j(x,E,I) ,

j=0
. o 1/2, .
with q_2_j homogenous of degree (-2-3j) in (§,7 ) i.e.
2 -2-3
qy_y(x,tE,t71) =t Jq_z_j(x,5,1)~ . §>0 .

The calculus of pseudodifferential operators now gives:

(x,8,7) = (it + a,(x,£))"%
dgi¥eset 2 (1.7)

q_z_p(X.E,r) =

1 4

= -(it+a2(X.§))- o lz_k(x.a,r)D;q_z_j(x,é.1)/al ’

k+j+¥a|=p
I<p for p>0 .

In fact, for p>0, (1.7) can be compactly written as

( ) = pEI c, (x,&)(it+a,(x,£))"* (1.8)
q_2_P X,8,7T ks 2,p' % it+a,(x, . .

Cx p(x,E) is here a polynomial in p(x,£) and its derivatives up to a
’
certain order depending on & and p. We shall use (1.8) shortly in

" connection with higher order corrections

Solution of (A): Extend the problem to MxMx R by

+
K (x,y,t) = Ky(x,y,t)x(t>0)
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(x(t>0) = characteristic function for the t>0 region). A simple
calculation gives the jump formula:

LKG (x,y,t) = (LK) T(x,y,8) + Ko(x,y,0)8(t) = 8(x-y)8(¢)

(since we would like (LKO)+ = 0). So our problem is solved by

l{6(x-y)6(t)} = fei<x-y.5>+itr

K;(x,y,t) =L q(x,&,t)dEdn (1.9)
In view of the asymptotic expansion for q(x,&,t) it is useful to

define

N . .
+ -
KON(qu:t)== Z J'e;|_<x Y. §>+1t1q
j=0
From this one easily verifies

_ 0
_2_j(x,§,1)d§dt.— z Kj(x,y,t).

j=0

Lemma 1.5: With the above definition of KSN(x,y,t) and kg(x,y,t), we

have
_nJ _n-j
1o 9xt) =t 2 agloxl): =t 2 alx)
2. aj(x) =0 . for ] odd
3. K;N(X,Y,t) is a parametrix of order N (c.f. Def. 1.2),
n N+1
+ + 2t T . _
4. IKO (x,y,t) - KON(X'Y't)I <Ct , uniformly in x.

Asymptotically, we therefore have

-n/2 + 2 ) for t small and

+ +
Ko(x,y,t) - KON(x’y’t) + 0(t uniformly in x.

Theorem 1.6: On the diagonal we have the asymptotic expansion
Ko(x, %, t) ) t'“/2+3/2aj(x) (1.10)

2 €N+

t50+

Remark 1.7: We shall see that aj(x) can be explicitly computed as
polonomials in the symbol of L. The asymptotic expansion (1.10) can
be integrated to yield

t'“/2+3/2aj (1.11)

o (t) = tr(e”*P) = J Kolx,x,t)dx 34, ]
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with aj: = é ai(x)dx.

From the definition, aj(x): = XO(X.X.l) =
it L. ) -1
Je d_p_j(x.8iv)aeds = ] fe'Te, (x,E)(iv+a,(x,E))7 aEdr =
2=2 !
j+l -a,(x,&)
= 1 2 .
122 fag . 3% 8) =T © , 0 .
) -az(xlg) v
In particular ao(x) = [ dt e , which can be easily computed
to yield
1 n . . . *
a (x) = = r(3x) [ dg , i.e. a kind of volume in T (M).
0 2 2
a,(x,g)<1

In fact for a compact manifold without boundary (locally just
an open subset of Rn), the volume is of course the basi¢ geometric
quantity to be measured. The other coefficients aj(x), j>0 can be
associated to more refined geometric quantities. However, before
going into this, let us derive the analogue of (1.11) for problem
(B).

Solution of (B): In a manner analogous to what we did when solving

(A), we here extend the problem to MxMx]0,«[ by
F(x,y.t) = K _(x,y,t)x(x_>0)
K, (x.,y, p XY, n

which immediately gives the jump formula

+ =
LKb(x,y,t) =

(LK (x,y, €))7 + go((x*,0),y,£)8(x,) + g, ((x*,0),y,£)8" (x,)

where (keeping the local normalization anj(x',O) = 0 for j<n in
mind):

aKb
gol(x'0),y,t)) = -ann(x',O) 3;; ((x'.O),y.t)+cn(x',O)Kb((X',O),y,t)
g, ((x'0),y,t) = —a  (x',0)K ((x',0),y,t) (1.12)

Now, (LKb)+ = 0 gives the formal solution

K (x,y,t) = L9y ((x*,0),y,£)6(x) + g, ((x*,0),y,£)8" (x)}. (1.13)
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Additionally, we have the boundary conditions:

lim +
X +0- Kb(x,y,t) =0
n
(1.14)
1lim + _ +
x >0+ Bbe(x,y,t) = BxKO((x'.O),y,t)
In fact, "forgetting" about the derivation of (l1.12), we have the

“ollowing reduction to the boundary result, which is basic for our

approach

+ -]
Theorem 1.8: Define Kb(x,y,t)e Cc (MXMX]O,w[) by (1.13). Under the
conditions (1.14), g0 and g, are then given as solutions to the

pseudodifferential equations on 3M:

90((X'.0) = O(X',D;,Dt)gl((X‘.O).y,t);
(1.15)

Q(x',p!,D,)g, ((x',0),y,t) = BK;((x',0),y,t) .

Here 0 and Q are elliptic pseudodifferential operators of order 1,
the explicit forms of which we shall give below.
Proof: A partial Fourier transform in (1.13) gives (forgetting about

factors of (21)):

K;(x,y,t) =
(1.16)

[t B g (x, 8, 7) {5, ((£1,0),y,)-18 G, ((£,0),y, 7) Jdzds

with q ~ E q

_2_.3
Writing:
lim ixeE+itt A .
Ro%o* = x.s0- J © 5 alx, &, 7)g,((£",0),y, t)agds

lim Ieix-§+itt

Ri9;: = x_»>0- q(x,i,r)iingl((i',o),y,t)didr

the first relation (1.14) amounts to Ry9y = Ryg,. To render these
expressions the form of psdo on 3M, we need to carry out the En-

integration and carry out the limit. To this end we write:
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Ro(x',Dx',Dt)go((X',0):Yrt): =
[ MR e g, )G ((21,0),y, 1)dE ds
Rl(x',Dx',Dx)gl((x',O),y,t): =
jelx"g'*’ittpl(x',5',1)81((£',0),y,‘r)di'd‘t
with
0 . lim ixngn 0 .
p (x',E 'T):=xn*0- fe q(x,é,t)din ~ 1 p_l_j(x $E'T)
1 lim ix &, 1
pr(x',E, )= x_>0- Je (ig )alx,g,v)dg ~ EP_j(X':i"T) .
. ix g
0 . . . = lim n’n
Here, p_)_s(x',&', 7): . *O_fe 9_p_4(x,8,7)dg,  and
n
(1.17)
lim ix %

pij(X',E'.t): = e " n(ian)q_z_j(x.ﬁ,T)dEn

x_+0-
n

are homogenous in (E',tl/z) of degree (-1-j) and (-j) respectively.
This is seen as follows;

0 . v 22y, - lim ixn;’n : . 2 _
p_i_j(x ,t& ,t T). = x +O-Ie .q_z_j(xl (ti :§n):t t)dgn—
n

lim ixnt3n 2
= x >0- Je a_p_j(x,tE, tov)ear, =

R, ix tg
_ ,=1-3 1lim n °n
=t xn+o_ e Q_z_j(xlilf)din

By a simple derivation argument or by actually computing the residue
(using (1.8)), one sees that

1im Iel"nt5

n
x_»0- a_p_5(x, 8, D)aE

is actually independent of t.

Consequently; Ry€ th(aMXR), R, € Lo(bMXR) with symbols poes_l(aMXR)
and p1 € SO(OMXR).
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To highest order we have:

X ix g -1
Pt et m) = 2Ty J e P Pieay e Ay,
(1.18)

: ix g -
pl(xt,er,0) = MM 1 TPy ) (dvka, (x,8)) THag

Now, as a function of ¢ , £ - (ir+a2(x,€)) has two simple zeroes,

. upper _ .
wy(x,€',7) in the loyer half-planes. In fact it+a,(x,8)

ann(X)(En-u+)(§n-u_), where ) ajn(x)Ej + ) ank(x)£k

j#n k#n
—ann(x)(u_—u+), so that on aM (xn = 0) we get
p_((x*,0),8%, %) = - p ((x',0),8",7) (1.19)
(due to the normalization chosen, a.n(x',O) =0, j#¥n). Also,

; E*n ajk(x)gjak + it =a (x)p,p_ so that for x =0 we have
' ‘ - 3 , -1/2 , . 1/2
b ((x*,0),8'.7) = ia (x',0) {j E*n ajk(x ,o)gj§k+11}

(1.20)

Obviously u,((x',0),3',1) are elliptic symbols of order one,

by ((x',0),e80,625) = eu ((x*,0),8",7)

Similarly,
baz aa2
=7 ((x*,0), (g, p, ((x0),8', 7)) = 5=/, _ =
8F * 83 "€ =u,
X =
n

= 2ann(xl ro)ut((x.:o).u 5'11)

is also elliptic of order one. As for (1.18), a simple residue
calculation now gives:

_ lim e D - 1

0 (v g1 oy = 1
p_l(x ,E',T) xn_,o_ aaz > nn(xulo)u—((xulo)'ng,r)
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. ix_p ip .
1 ' _ lim n"- - _ i
pO(xl'g ') = xn»O— € da T2 ann(x',O)
=5 (8 =p_)
6§n n
Ro, R1 are hence elliptic and Rogo = ngl yields immediately the

first relation in (1.15) with

-1 1
0(x',Dx',D+): = R0 R1 e L7 (dMxR) R
which is obviously elliptic. Explicitly, assuming Ral € Ll(bMXR) has
symbol r(x',&',t) with expansion
r(x',&',‘c) ~ z rl_j(xllgll":) ’
[ ' s 3 ' 1/2
rl_j(x ,€', 1) homogenous of order 1-j in (&', 7 ), so that

rl(x‘.E',r)=(pgl(X'.5'.t)_l=2ann(X',O)u_((X',O).E',t) .

rl_j(x'.E‘,r) =

0 -1 a 0 «
=—(p_,(x',E',7)) ) d,.,p (x',&£',%)D_,r
1 k+2+|al=3 g'-1-k X

l-x(x"E"T)/“l

Then, denoting the symbol of 0 by 0(x',£',t) we shall have an asymp-

totic expansion
o(x',&',t) ~ | 0y_5(x". 8" 1)

with

1
S0y (x', e, T) = ) gty (x',E',%) DY,p_ (x',&",1)/al
1-3 kt+lal=g & 17K x4

In particular, for the principal symbol we obtain
1 .
0, (x", &', 1) = r)(x', &, t)py = in_((x',0),8",7)

The second relation in (1.15) is obtained by exploiting the second
relation in (1.14). Let us consider
lim

+ ? ? +
B K, (x,y,t) = b (x') =— K _ " (x,y,t)
x'b x_»0+ k=1 ® 0%, P

lim
x_=»>0+
n
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From (1.16) we obtain

. n . .
1 , cE+itT [, 3
X:To+ L By (xt) e Hite (tgax, e ehgyate e o) }s

(8, ((£',0),y,t)-iE G, ((£',0),y,7))dEdT = (Ag+A_j)gy + (H +Hj)g,

e L~ (aMxR) and H, e Ll(aMXR) have

571 ~ ) G_i_j and nl ~ ) ni_j re-

Here, A, ,H, ¢ L0 (aMxR), A
0 0 0

symbols &° ~ } 6-j’ ~ 3

spectively. Explicitly:

l
ﬂ

0 lim o ixnin
B_j(x‘.ﬁ',t): = I b (x')]e igya_,_j(x.8,7)dE
=1 .

xn»0+ k=
0 (x',g',7):=1im 3 b (x')feixnan(-ié )2 q (x,&,1)dE
n—] ! X »>0+ k=1 k n axk -2-3 7= n '’

lim ° ixngn <)
_1 J(x IE.IT) = 2 b. (X'),re aT Q_z_j(X:Lt)dEn '

x *>0+ k=1 k X
(x' e 0=t T p (o)) ix“E“a £ ( yag_
nl-j XaSh '—xn»0+ k=1 K x € x°n 9-2- -3 X, 5,7
(1.21)

Here 69 nO and 6:i_j are homogenous of order -j, 1-j, =-j

1
i M-30 M-3
and -1-j respectively. This is seen as follows:

' v e20y =
n l—j(x ltg It T) =

lim 4 ixptn 2
= x 0+ kzlbk(x') Je P P(re g a_, s(x,(tE',E ), to0)dE =

= lim ? b, (x') ixnta“(t ) (tE.) (x,tE,t27)tds_ =
- x »0+ L Tk X e x n’9-2-5'% t.toe &h =

n ’ ix tg
= ¢1- j lim ) bk(xl) fe n
k=1

n
xn..)o.'. EkE"n q_2 J(x 5: T)d§ .

and again one sees that

ix tg

. n
lim ' n °n
x >0+ kZlbk(x ) Je ExBnd_p_y (X, 8, 7)AE,

does not depend on t. Analogously for the other symbols. Denoting
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byth_y = and Hy+H; = &,, we have

lim

=z = = Y 5. enl
x >0+BxKp (x y.t) = 8490 * £;9; + Eyel (dMxR), E,eL (dMxR)

and both being elliptic. This is seen looking at the symbols

% 6%xt, e, )+ N (x', e, 1)

x',€8', 1)

Cl(x"&‘l‘t)

nO(X‘.E',t)+n1(X',E'.1) ,

which have principal parts;

Co(x', g, 1) = 6Q(x*, 8", %) =
1 . ,
____T*—__T ( LBy (xt)igy u, ((x7,0),E%, ) *ipp(xt))

k<n

Ci(X'.E',t) = nl(X'.i'.t)

—————7————7( ) b (x')g +b (x")p ((x',0),8", 7)) .

k<n
Using now the relation 9 = ¢} g, we obtain:
lim - (= T . =
x_»0+°K5p Ty, t) = (85 0+ 5))g) & =

= Q(x'.Dx‘.Di)gl((X‘.0),y.t) ’

which is the second relation (1.15).

Obviously:; Q(x',Dx',Dt)s Ll(bMXR) and for the symbol we have the

expansion
1 1
~ 3 05
where,

w _j(x',é',t) =

a

0 ' ' [4
£ Ty (x', 8", T)D, 0

= ) )

(x',€',t)/al + Ci_-
k+2+|al=3 J

1-2

and principal symbol

109
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wl(x',i',t) = Cgol + C; =
- 1 .
= 5;;T;7767 (kgnb (x* )£k+b (x* )u+((x ,0),8',1)) .

This ends the proof of Theorem 1.8.

The formalism which has been set up for the proof will now
easily yield the asymptotic expansion for K;(x,x,t). Our next step
is therefore to prove the analogue of Lemma 1.5. The calculus above

will also yield the explicit form of geometric quantities.

2. The Asymptotic Expansion for K (x X, t)

This section aimes at proving results for Kb (x y.,t) analogous
to Lemma 1.5. As a result we then also abtain the asymptotic expan-
sion for the total parametrix K = KO—Kb.

The starting point will be Theorem 1.8. Solving for 9, in

lim

Q(x'uDy " DGy ((x7,0).y,8) = 0o, BKq Yix,y,t) (*)

and computing 9 from
. - ' ’ ' * %
o ((x',0),y,t) e (x',p *,D )g, ((x',0),y,t) ., (**)

we have all the information necessary to expand Kb (x x,t). We are
first only interested in homogeneity properties of go((§ ,0),y,t)
and gl((E ,0),y,7) in (&', 1/2 ) and such properties are almost auto-
matic from the calculus built up in the previous section.

From (1.9), K0+(x,y,t) = L—l(x,Dx,Dt)B(x-y)é(t) and we denote

fy(x,t):&(x—y)é(t) so that gy(E,T) = e 1Y% et y: = BX-L—l with
symbol o(x,&,t) = B(x',E) * q(x,&,t) (symbol product) where B(x',E)

n
= = ') i
symbol B_ kzl b, (x')ig, . Then

"lim
x_»0+
n

lim

xn*0+ o (x,y,t) = L(x,D,,D )£ (x,t) =

Yy &
o(x,g,7t)e 0

Syt eF? : 2 ix E A
= [elx'"E ““(i”jmje n'n ag )t , (g', v)dg at.

ix Yy &
Let @(x',g',tzyn) = ilT0+ fe P Ps(x,g,1)e n ndgn (parameter yn),
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and denote the corresponding operator by Q(x',Dx',Dt). Note that
o(x', tE, t2
and inverting Q@ we find that

r:t_lyn) = o(x',g',r;yn), o being of order -1. Using (*)

61((5',0),y,t) = (elliptic factor of order —1)°e-lyg
and from (**)
30((5',0),y,1) = (elliptic factor of order 0)°e-ly5.
Lemma 2.1: K;(x,x,t) has an asymptotic expansion
_n-j
+ b 2 2.1
K (x,x,t) (30, 1 kj(x,x,l)t ( )
]EN+

Proof: Writing

+,
Kb(xIYIt) =

] JeMX BT L xew) (§((8",0),y,)-18,8) ((£',0),y, *) Jagds
: |

n-j
2

=) Ab(x y.t) we find that AJ(x x,t) = AR (x x,1) by the usual
hange of argument combined with homogenelty propertles of go,gl. We
also find the analogous properties to those stated in Lemma 1.5,
which gives the asymptotic expansion (2.1).
We therefore have the asymptotic expansion for K=K0-Kb;

Kix,x,t) ~ €72 (7 ¢*3/2, 5y + 3 £3/23P(x,x,1))
t+0+ j/2eN+ J jeN J

(2.2)

Furthermore, the calculus above yields computable expressions for
the expansion coefficients a.(x), Kj(x,x,l) to any order. These
coefficients we shall identify with geometric quantities later.
Note, that unlike the free case, K?(x,x,l) do not vanish in general
for odd j.

3. Global Results .
The construction has so far been purely local: (c.f. (1.2)). It

is however a routine matter to show that the local results obtained
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so far can be patched together to yield a global construction. For
this, let {UV} be a (finite) covering of M and ¥  a subordinated

partition of unity. Define (writing K just for either K_ or Kb)

0
Ky, y(Xiy,t): = ¥ (K (x,y,£)¥ (y)

(where KN are just the sum of the N first terms in the expansion of
K) and globally

KN(xvYIt) = 2:, Kj'V(X,Y.t) .

‘The construction above then yields (2.2) uniformly on M.

4. Microlocalized Spectral Geometry for Closed Manifolds.

As indicated in the Introduction, we shall in this section be

concerned with a reduction process. By this process we shall break

down the geometric information in asymptotic expansions for general
P(x,D) to that associated with the l-parameter semigroup of transla-
tions,

The tools for the reduction process will be a combination of
microlocal analysis and a simple semigroup argument.

As for microlocal analysis in general, we refer to [Tr]. The
essential idea is here that many objects in the usual theory of
pseudodifferential operators can be naturally 1localized in the
cotangent bundle T*(M), not just in M. Locally in T*(M) (microlocal-
ly) a considerable simplification in the structure of these objects
can sometimes be achieved. A general PDO, say P(x,D) can, e.g.,
depending on the algebraic geometry of its characteristic set, be

*
microlocally reduced at a generic point in T, (M) to operators like

0

: . _ . 0
D, + i D2 and Dl + 1x1D2 R (D. = 1—;—)

(c.f. the more standard reduction of a non-degenerate vector field X
to the form D1 locally).

As usual, the global situation is controlled by inverting the
transformations used and by patching together the local solutions by
means of a partition of unity.

For the sake of brevity we shall here only sketch the arguments

and only in the case of a closed manifold (c.f. the Introduction for
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aM+g) .
Let in this section P(x,D) be an m:th order eiliptic PDO with
homogeneous (of order m) positive principal symbol pm(x,i).

Theorem 4.1: The asymptotics Op(t) is determined by the

t3 o0+

asymptotics for o, (t).

n
Proof: This reduction is done in steps. Let Q: = Pl/m, then Q is a
first order psdo (pseudodifferential) with principal symbol
pm(x,E)l/m. For elliptic first order psdo an asymptotic expansion

can be derived essentially as in the PDO case (c.f. [Du—Guil]). By
the comment in the Introduction the asymptotic expansion for OQ(t)
determines that for OP(t). Hence we Tay study only Go(t). Micro-
locally at a generic point (xO,EO) e T, (M) one can find an elliptic
(in a conic neighbourhood of (xo,go)) Fourier integral operator F
(of any order) such that F o1
(at (xo,go)) to each other (c.f. [Tr] p. 471). This means that

and Dn are microlocally conjugate

(x:85) # u supp (FQF '-D )

(where p supp (A) denotes the microsupport of A). So there exists a

regularizing operator B ¢ L_m(M) such that near (xo,ao), we have
' -1

FoF ! - D = B. Now, GQ(t) = tr(e” Q) = tr(Fe_tQF_l) = tr(e_tFQF )
and near (xo,io) this equals
—t(Dn+B)
tr(e ) .
. -t(D_+B) -tD
lim n n . - .
Clearly t*0+ue -e I = 0 since B e L . This follows from
-t(D_+B) t -(t-s)D -<s(D_+B)
e tB_e n = [ e "B e m  '4s and by the same argument
’ 0
convergence in the trace-norm also follows, i.e.,
—t(Dn+B) -tD
tr(e ) = tr(e ) , for small t.
Hence, microlocally at a generic point we have for small t
o.(t) = o, (t) .
Q Dn
Remark 4.2: 5%— is of course the generator of translation in the X -

direction (with domain D = Hl'p (in the xn—directiop)), i.e.,
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-tD -tD
e nf(xn) = f(xn + it). e ™ has thus the integral kernel

K(xn,yn;t) = 6(xn-yn + it).
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