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SUPERSYMMETRIC QUANTUM MECHANICS AND U(N)=-NONLINEAR
SCHRUDINGER EQUATION

J. Hruby

In recent time the application of the suﬁéraymmetric quantum
mechanics (SSQM) to the vector version of the nonlinear Schrodin-
ger equation,i.e. U(N)=-NLS,was presented'(HRUB? J. and MAKHANKOV
V.G.).

The U(N)=NLS has the form
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The eq.(1) has a wide application in physics and the intensive
study of this equation was started after the integrability of the
U(l) version (ZAKHAROV V,.E. and SHABAT A.B.) and then of the vector
versions U(N),U(P,Q) was shown,

Here,we show a new possibility to investigate a new class of the
soliton solutions of the U(N)-NLS, A

A new particular class of the soliton solutions of eq.(1) has
been obtained via the so-called factorization method and a technique,
in a sense,similar to that developed by Krichever (KRICHEVER I.M.).

We show that these solutions are equivalent to the reflectionless
symmetric potentials of the one-dimensional Schrdodinger egq.:

Cge e - Up o 0 (2)

where QU(X’A%) is scalar complex function and /é is the complex
parameter.
In the case when the potentials L/%&%{x)have the form

My (x) = - N,(N+4J/(fvzpw(§z,@xl (3)
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for N=1,2,.,,we show that they correspond to the potentials obta-
ined via SSQM,
We can show this in the following way:

Gy (x,4) = Ce™d, 41, (4)

where ¢N (/%) = {¢”4/.. ¢A//m) C a//dg (C 'M)

W = df«lg(@4,...,0m)l % ’V(x ,l} A/fl /-x—/mf

We insert (4) into (1) to get

¢z% —/u 7 Aj@% ) (5)

/bLA/ = - gé Mg
Suppose the potentials AMVV to be in the form (3).Then (5) be-
comes

sbﬁ’l),g' + N(N+4)AZA£%Z/47?§M2_9_/(4.51),\/‘6 . (6)

It is well known (KRICHEVER I.M,) that eq. (6) has,for arbitrary

N, N eigenvalues / 150y

The corresponding eigenfunctions may be found by using the facto-
rization which is equivalent to the SSQM “square root",as it is usu=-
al:

bt
we can define AL in the following way

Al - f% +/g(:7)=t%+,£,@/4%7

If we denote” "supercharges” as ,
%= (%2 ) 6 - (5%
then the SSQM "superalgebra® has the form:
() - (0°)- 0,
[HS)Q;] i} [Hs, Q;J -
{Q,,0'1=H,

where o (AZA/: -Of) . (—-%‘L -r,v;z‘(x) +/£);X(r\')2 0
S 0 AA, 0 -%.+40) -4
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As is usual in SSQM,we define

Aff“" ¢/6 ' ¢,c+4, ﬂ (7)
A}“f ¢1q ¢ﬂ-4,g' ()

From (7) and (8) using
gbz}/ = C) : . (9)

for /Z>/V ,we obtain all the solutions to eq.(6).
Some of them follow directly:
for N = ? : we get

Ay Qo = 0
and from this | ¢NIN ~ Aﬁ%/v%g . (10)

Generally,we have the recurrent formula

+ ¥
qsﬂ,g = A ,4+ o Ag.M %./.- , (11)

Thus we obtain for N = 7% m .l.e. /é g ’7 from (10)
¢,, P Aich /%? (12)
I

For N=2 we have two solutions corresponding to ;A = '/g A "/é
Then,from (10),it follows

¢2,z ~ /JLO&Z/Z'y (13a)

and from (11) and (12) we get

¢z,4 - /4: ¢4,4 ~ ///i,@? Aﬂ%-%? . (13b)

So,we obtain from the relations (4) and (12) the known one-=soliton
solution of the U(1)-=NLS

. (.F M;; - C // Alﬁc/v /é? (14)

For N=m=2.the soliton solution to the U(2)=NLS can be expressed

g, o0 - (C o Mff)/mz%? -

\

as
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2
where [Cﬂlz = [CL/l = 6.6’
Analogously for N=m=3 and so on.
The general expression for the symmetric reflectionless poten-
tials,L%v(X)in (3) can be given in SSQM following Sukumar (SUKUMAR

C.V.): 2
‘10'{%((7/&“0&/{&/\/ . (16)

where the elements of the matrix [7N are given by
13-4 X K -p X
[DN]JK ] i{(%)K) [’@ﬂk f (“/// /6./(./(17)

and the normalised eigenfunctions for the eigenenergy

N y .,
%« (E;,') - [%L ‘gj'///K /7 {/l/ﬁN ]W e

where j=1,2,...,N. .
For N=2,from the relations (16-18) it follows

hpax b pox
D‘ : (%/Jé// /‘ﬁﬁéﬁ) ! e
- - 2_ 2 4’220&2%‘4)( 4 %(72A412ﬁ2)( 20
m,x) = 2(?/2 /4,, }(/(7_10&/“1” /W “/”‘4%/‘;\/’%/,,/\’)2/( )

GE) - Ryt e
q;l (Ez) ) [%’-‘ //(12 —/42)]3 gé—}é\'ﬁ . (22)

We now show how this results of SSQM coincide with results in
ref.(MAKHANKOV V.G. and MYRZAKULOV R.).

The possibility to use the eq.(2) for constructing the solutions
of the eq.(1) is valid from the following:

in the k-plane there exist N points A%i.Jnl,Z,...,N and the rela-
tion N

M, (x4 =2 G i b A1 e

may be written in the form

4=
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where C = const. ,is valid,
It means ,that the functions

90”44 = SU (X'Af A% )

are the solutions U(N) of the eq. (1)
The solution of eq.(2) has the form

AR+ anl o,
Wix, &, k) = ‘7 (A h Fpriareor i), es

where 4 = 4{ (X —'—’;[/t)/ f’f ‘ﬁ(/?) , /7=x-mf.
We discusss these solutions for m=1,2,When N=1 and ﬂhf>'4 we

get the known vector generalization of the solution (14).
For N=2 we put (24) in (2) and we get

A A AU AN L A

From (24) follows: ) A 2
%L ! fy t 3 f;

114

'_ A al Yool b o (26)
< dgt e g ef o260, |
where a,b=const,
Eliminating fz from (26) aﬁd putting
e
{1 i 2
we obtain:
(I” Za/,dJ # (CL )R = O (27)

One solution of eq.(27) has the form

By > Z%C/LW] + Zyo&:){(j

/

when a /‘(y +j() : ,6':2’,‘ vi-a®) .
So we get LFCX(&)"' l-égoﬁélt\‘“z ¢ /'4):
, XY by tobve] wt-v? wohovy - YOKx_q
¢ 4& ) - M&v}}fw&xg 4,&‘ mcﬂwﬁwa@c?

wix ) == JKy »2 wy +-(dCy )ogtmjo&m 2%)',4&2[,0%9@
! (W a&v% . va&ocz )?

(28)
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The function l]U{X,’{,/‘é) in the points /é.,,; = 1 ‘é‘(V;é‘C}

has the form: ) e
ALJ ~4£,4‘ +

Wi, 4 k,)

(% - y)('/»vﬁ olmq /Jéw,; —,of»m;)(ag)

T
A 2 &‘I{TMZ A —-cﬁ, -
Wix, £ k) =1 { 9“'V)A ”a;cﬁét% # vvd‘é;? cﬂﬁcy_'(go)

The following is valid:
Moxf) = - e ] /(,ufxfl)/‘ —/C//gﬂfx/%;/
where {L’%/Z"‘ /C,_lz ((?%V)

Formulae (28),(29),(30) coincide exactly with formulae (20),(21),
(22) obtained via SSQM after reparametrization 90=”'WE"1)‘ 12 ’/&‘ 2.

It can be also shown,that for given N,the number of coefficients

is the same as the number of the binomial coefficients in the
following expansion:

vE .A%Z/f?)mm/aﬁz(w“ ﬁz/

In this short communication we showed the application of SSQM
to the U(N)=NLS. '

The symmetric reflectionless potentials are obtained here as li-
near combinations of the eigenvalue solutions,

The symmetric reflectionless SSQM potentials from ref.(SUKUMAR
C.V.) and those obtained via familiar factorization method natura-
lly coincide up to reparametrization,
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