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CHARACTERIZATION OF THE EXTREMAL RAYS OF THE CONES OF 
POSITIVE ELEMENTS IN TENSOR ALGEBRAS 

Gerald Hofmann 

In this paper we give an explicit characterization of the 
extremal rays of the cones of positive elements in tensor algebras. 
This is an answer to a problem formulated in /3/, /I/. 
In section 1 we give definitions and some basic properties of the 
cones of positive elements in tensor algebras. The fact that the 
cones of positive elements are generated by its extremal rays 
follows. In section 2 the extremal rays of the cones of positive 
elements are explicitly characterized. First we discuss the 
special case of the algebra of polynomials in one real variable 
and then the general case of tensor algebras. In section 3 we 
illustrate the results by some examples. 

1. Tensor algebras and their cones of positive elements 

Let E£>7 be a locally convex space with a continuous involution "*" 
Then the tensor algebra E over E is defined by 

E_ = C Q E Q (E <2> E) ® (E <$ E ® E) © . . . , 
C is the field of complex numbers, i.e. the elements of E^ are of 
the type 

f=(fQ/fr...,fN,o,o,...) 

with f.eE®1:- E <8> E <£>. . .<g> E (i times), E®°=-C. 
E^ becomes a *-algebra with unity by the following componentwise 
defined algebraic operations: 

(f+9>n - fn + V 

(fg)n - 2Г fi « g
г 

n
 І + J--П

 x
 J 

(f*) = f(
n
>* <s> fí"- 1)* # ... ® f(l)* for 
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for FR=F <8 ••• ®f and their continuous extension to 
E®", n=o,l 

f., g. 6E®1, i=0,l,2,... . 

The element 1=(1,0,0,...) is the unity. 
In the following the subindex n of f^1' denotes f C O ^ ^ and the 

(i) n 

index i of V ; is a numeration index. Grad(f) denotes the highest 
index N with F^O. 
The cone of positive elements of E_ is defined by 

E® m l t f (°*f ( i ); f ( i )€E^, M€llj. 

E* induces a semiorderinq on the hermitean part E!1=/F^E^; f=f*? 

of Ê .. This semiordering is given by a < b iff b-a 6E' , a, beE . 
(a,bj = {x6E^; a * x * b } = (a + E^) n (b - E + ) 

is the order intervall between a and b, see e.g. /15/. Further 
{лk; k€E*,Л2o/ 

is an extremal ray of E_ if x 6[o,kJ implies x= uk, 0 < u -* 1 . 

® (1) (2) 
This is equivalent to the condition that k=k

v y
+k

v
 , 

k^\ k ^ € E ^ , implies k= Mik = M2
k ' M 1'M 2

> 0 # 

Let us regard the projective tensor product topology V on E 
and the direct tensor product topology tr̂  of ® E^n Crn-1 

n=0 
on E . Some properties of the topologies on tensor algebras are 
investigated in /9/, /ll/, /21/. 
The physical motivation for the investigation of tensor algebras 
comes from quantum field theory and is due to /2/, /18/. 

First let us prove the following key lemma. 

Lemma 1.1: .. 

Let f^fiE®" and T ?i^*?i^ = 0 For a Fixed index n. 
jti n 

Then f ^ ^ f ^ 2 ^ . . .=F^=0 follows, n n n 

Proof: 

Let f̂  V O and T be a hermitean linear functional on E n with 

Tn^n ) ^ 0 ' 1'^fl/2,.../MJ. Such functionals exist because of 
the theorem of Hahn-Banach and the isomorphism oC between the 
hermitean linear functionals W on E^ and the real linear functionals 

h 1 ® 
(«W) on E" given by W(g)=-|( X W(g+g*) + i <K W(g-g*) ) . Then 
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But this is a contradiction to V f ^ * f ^ = 0 . 
j = l n n 

The central properties of E are sumed up in the following theorem. 

The notions are in the sense of /10/, /15/. 

Theorem 1.2: 

a) E* is a proper and generating cone in E^ . 

b) E^ has no order unity with respect to the semiordering 
+ h 

induced by E^ . Further E does not have the Riesz 

decomposition property. Thus E^, =* is no vector lattice. 

If E CVJ is a nuclear LF-space, then 
oo 

c) E* = { £ f ^ ^ f ^ 1 ) ; f'^fiE , the sum is 7^-convergent ] 
( "* denotes the topological closure with respect to tr 
in the completed tensor algebra E^ ). 

"•+ ~h 

) E_ is a proper and generating cone in E— 
) E , T. have no topological interior point 

d 

e) E , E have no topoloqical interior points 

f) E is not locally compact. 

g) The order intervalls with respect to E^ are compact sets,/l/. 

h) There are locally convex topologies *£ on E with the 

property that E is -^-normal and y h = V . 
E®n 

Proof: 

a) k, -k €E implies k=0 by lemma 1.1. 

Because of f= -i((l+f )*(l + f )-(l-f )*(l-f ) ) for f=f* we have 

Eh=E+-E+ 

b) Let k 6E_ be an order unity with Grad(k)=2N. Further let 
+ 

f€[p,kj, Grad(f) = 2M. But M>N implies -f 2M 6 E_ which is a 

contradiction to a). Thus M^N and k is no order unity. 
©2 Now let x=2g1 <& g±, y=2g2 ® g^ with g1=gj e.E, g2=g*eE . Then 

h + ( 0 , g 1 , g 2 , 0 , ) ( 0 ^ , g 2 , 0 , . . . ) = x + y f o r 

h = ( 0 , g 1 , - g 2 , 0 / . . . ) ( 0 , g 1 , - g 2 , 0 , . . . ) . Thus h e [ o , x + y ] . f € [o ,x j | and 

g e [ o , y ] imp ly f = ( 0 , 0 , f 2 , 0 , . . . ) and g = ( 0 , 0 , 0 , 0 , g 4 , 0 , . . . ) . 

Thus h &\Q,x] + (O/Y^ and the Riesz decomposit ion p r o p e r t y i s no t 

v a l i d . 

c) The proof for E= $ (Schwartz space) is contained in /4/, /7/. 

Afterwards other proofs were given in /l/, /16/. 

d) is a consequence of a) and c). 

e) In every ^-neighbourhood we find elements g6E with the proper-

ty that Grad(g) is an odd number. But a consequence of keE is 
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that Grad(k) is even. Thus every t^-neighbourhood has elements 

not contained in E* /20/. Because of c) the proof is valid for E* 

too. 

f) is a consequence of e). 

g) Because of h) and /15,V.3.1/ the order intervalls are bounded. 

The statement follows by the nuclearity of E^Ct^] and /14, 4.4.7, 

5.2.2/. 

h) was proved in /8/, /9/, /ll/, /21/. 

Remarks 1.3: 

a) Because of theorem 1.2.f) the theorem of Klee (/10/) on the 

representation of a cone by its extremal rays is not applicable to 

the cone of positive elements in tensor algebras. 

b) E ^ f ^ J is complete by /15, 11.6.2/ and dualnuclear by /14,4.3.2/. 
OP + 

Thus E is the closed convex hull of its extremal rays by a 

theorem of E.G.F.Thomas (/7/), cf. /!/, /22/. 

c) Because of theorem 1.2.c) every extremal ray of Ê . is an 
-+ . ^ 

extremal ray of E^ and vice versa. 

2. The extremal rays of the cones of positive elements 

a) The algebra of polynomials C~ 

Let us start with the simplest case of a tensor algebra. This is 

the tensor algebra over the field of complex numbers C. C^ is 

isomorphic to the algebra of polynomials in one real variable t 

and with complex coefficients. The following isomorphism holds: 

°®B P = ( p o ' p l ' ' * • 'PfM'0' * • •> < » p(t)=pQ+p1t+p2t
2+. . .+pNt

N/ 

(p(t) means the complex conjugated value). 

Theorem 2.1: 

a) p€C* iff p(t)^0 for all t€R. 

b) C* « C+ 

0 0 
c) The element p=c*c, c €C , is an extremal ray iff c(t) 

has only real roots. 

Proof: 

a),b) were proved in /12/. 

c) We assume that c(t) has the decomposition 
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r n 

c ( t ) = 7 T ( t - ( a . + i b . ) ) Tf ( t - a . ) , a . , b . e R , 
j = l J J j = r + l J J J 

i i s the imaginary u n i t y . Then 

c * c - « — ^ 7 T ( ( t - a . ) 2 + b 2 ) 7 T ( t - a . ) 2 = 

j = l J J j = r + l J 

= ÍГ(t-a. ) 2 +£ b2 TГ (t-a.) 2 + £ b2b2 7Г (t-a.) z +. 
j = l J s = l s j = l J s , t = l s г j = l J .+ 

• ^ . . . » r

2 

s^j злt s/j (1) 
U j 

•®-

I f c ( t ) has complex r o o t s , i . e . r * 2 , then 

c*c = x ( 1 > * x ( 1 > + x ( 2 > * x ( 2 > + . . . + x ( m > * x ( m > , m > 2 , x ( 1
> x

( m
>6C, 

Thus c*c is no extremal ray. 

Now let c(t) have only real roots,i.e. c*c(t)= "JT (t-a.) , 
j=l

 J 

a. €R, and we assume that c*c is no extremal ray. That means that 

c*c = x ^ ^ x ^ + x ^ ^ x ^ , c/-p.x^J), u.>0, j = l,2. 

On the other side x ^ **x^ J*(t)= "ft (t-a ) 2 p^ J *(t) , p^(t)£0, 

r = l r 

for all t€R/ j = l/2, and p ^ ( t ) + p ^ (t)=l has to be fulfilled. 
This is a contradiction to our assumption. 

Remarks 2.2: 
a) Because the elements on the right hand side of equation (1) are 
extremal rays equation (1) gives a decomposition of an arbitrary 
k € C * into extremal ones. This decomposition contains only finite 
many terms. Thus this is a sharper statement than that which followed 
by tiie theorem of E.G.F .Thomas, cf. remark 1.3.b). 
b) Let f=(f ,f1,...,fN/0,...) 6E . f is called to be generated 
by one element f. if 

•••{'•.• 
® ... <8) f. for j=mio 

o 
otherwise 

A. 6 C, j,m=l,2/ 
Let us regard the *-homomorphism /3 from E into C given by 

/3(f) = (f0/C1/C2, ... ,cN,0, ) 
with 

c j 
u PJ i f frVi0

8-- f i f i0 
[ 0 o therwise 
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If ECrJ is a nuclear LF-space then P(E^)^C^ and /^(^ciC^ . 

c) A consequence of theorem 2.1 is the following assertion: 

Let f be generated by one element f. . Then f*f is an extremal 
S*K o 

ray of E* iff /3(f) has only real roots. 

d) p £ q iff p(t) ̂ q(t) for all t£R. Thus the order intervall 

[o,p] is given by 

{qec^; 0*q(t)*p(t) for all t <- R ] . 

Consequently q 6 [0,pJ implies Grad(q) -= Grad(p) . The following two 

examples illustrate the theorem 2.1: 

i) Let p(t) = t4-2t2+l. Then p^t) € [o,p] iff p1(t)=c(t
4-2t2+l), 

0 -=• c -£ 1, see figure 1. 

ii) Let q(t)=t2+l, q1(t) = t
2, q2=l, q3(t)=|t2-|t+|. It is 

q. 6 [o,q], i=l,2,3, and q1+q2=q>
 s e e figure 2. Further q=c*c 

with c=(i,1,0,...). 

Figure 1 Figure 2 

b) Arbitrary tensor algebras 

In this section we prove an explicit characterization of the 

extremal rays of the cones of positive elements in tensor algebras 

over arbitrary vector spaces. Let us start with the following lemma. 

Lemma 2.3: 

Let Ғ n , g ^ e E ® * 1 and Ғ * ® Ғn-2T g j 0 * ® g n ° , n = l , 2 , 

Then g < - > . a < - > l < І > . 
i = l 

f , * V W £ C , i = l , 2 , . . . , M , holds. 

Proof; 

Let F = fc f ; c ecJoE^11, n = l , 2 , . . . . Let us regard a direct 

decomposition E^=F © G and the corrosponding projectors P, Q. 
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g ^ ' P g i ^ ® Qg i ° and thus 

Ž gi°* • gí i}-( Ž (pgj0)* • Pgn°) <*> ( t (Pgn°)* » Qg^0 

i = l n n i = l n n i=l n n 

• (QgJS0)* (9 PgJ0) © (.1 (Qg^0)* ® Qg^0) . 

X g * ® gl 6 F* <g) F holds by the assumption. Hence 

i(Qg(i))*®Qg(i)=o. 
i=i n n 

This implies Qg( =0, i=l,2,...,N, by lemma 1.1. 

A consequence of lemma 2.3 is the following corollary. 

Corollary 2.4: 
The elements f * ® f , ri = l,2,... are extremal* rays of E_ 

Lemma 2.5: 
Let f=(fo,f1,...,fN,o,...), g

( i ) = (g(i)
/g

(i),...,g(i),o,...KE(2 

and f*f=I g ( i )*g ( i ). Then g(i >. A ( i )f (J > , A ^ e c , 
i=l J J - J 

j=0,l,...,N, i=l,2,...,M. 

Proof: 

Grad(g(l))=N. 4 N follows by lemma 1.1 and g(i = *|yj fN/ 

i=l,2,...,M, follows by lemma 2.3. Now let g^ B \ f
k
 for 

k=r+l,r+2,...,N, r € N . We put F.= {cf.; c 6Cj, j=l,2,... . Let 

g(i ) ^ F p for an i' €{l,2,...,M}. On E®
1^ we define a linear 

hermitean functional T with T (F )=0, 
r r r 

T * T ( Z ( f f * <f - £ A ( i ) g ( i ) ) + ( f * - l A ( i ) g ( i ) * ) ® f ))=0 
r r l+k=2r l k i = l l k k i = l l k l 

1< k 
and Tp (Qg^ ')**() with a decomposition E(Sr = Fr e Gp and the 
corresponding pro jectors P, Q. Then 

T r®T r ( Z f * l ® V X I 91°* * g|[
i)) -r r l+t=2r x k i = i i+k=2r l k 

-Tp • T p ( | ( Q g ( i ) ) * ® ( Q g ( i ) ) £ - T p ® T r ( ( Q g ( i , ) ) * ® ( Q g ( i , ) ) ) = 

- i T p C Q g " ^ ) ! 2 ^ . 
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But this is a contradiction to our assumption and thus gp '= ^ l f t 

i=l,2,...,M. The assertion of the lemma follows by finite many steps. 

In the following let f-(f ,f-,...,fN,0,...) eE^, Grad(f)=N/ 

V=max(r-N/0), 

Mp-{(r
,,r-r,),r,+.l,r-p,-l),...,([r/2l ,r-[r/2])}, 

Lr={(U/V)€Mr; Re(fJ £> fy)=OJ , 

where [r/2j denotes the greatest integer which is less or equal to 

r/2 and Re(f* Q f
v
)s4(fu" ® fv + fv ® fu)# F u r t h e r l e t 

^(U/vT€Mr
 f u < v Re(f" X f v > = ° ; S»<ve*' 1Sl/2 lJ 

be a maximal system of linear independent nontrivial relations 

between the elements Re(f*®f y)/ (u,v)eM , J-J V
€ R -

We put 1 = 12+1,-.+ . • •+1?N-2' N o w l e t u s r e 9 a r d t n e (N+l/N+l)-matrix 

S(t1/.../t,) with the elements 

l ^ p V i 1+ . . .+ A + q t , ) forp<q 
r M p+q -1 Pli p+q —1 p+q 

S p , q = ^ S q / p f o r q < p 

yPtp l 2 p . 1 + l > P , P I z p . x + l g p 

p , q = 0 , l , . . . , N , depending of the r e a l parameters t - , t „ , ." . . , t * . 

Further l e t A be a ( N + l / N + l ) - m a t r i x wi th the elements 

( 1 i f ( p , q ) € M r \ L p 

' / q = / 
{0 i f ( P / q ) 6 L p , P / q = 0 / l / ,14. 

Then N 

f* f %,?=o(Vq+Vq(ti t l ) } ^ e ( f P * V (2 ) 

ho lds f o r a r b i t r a r y t . € R , 1 = 1 , 2 , . . . , 1 . 

Theorem 2 . 6 : 

f/<f*f; p?oJ is no extremal ray iff there are t?eR, 

1=1,2,...,1, such that the matrix A+S(t?,...,t?) is positive 

semidefinit and rk(A+S(t°,...,t°))^ 2. 

(rk(.) denotes the rank of a matrix . ) . 

Proof: 

a) Let S •S(t1,...,t?) and U be a real symmetric matrix which 

diagonalizes the matrix A+S0
; i.e. 
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(fo 
U*(A+S°)U= Лi 0 

0 ы) 
with u , rM

N
 *0, û  , 

s=rk(A+S
u
) £2. We put 

Then we get 

.<•).(.«). /C(i))=(0, 

> 0, І ,...,! Є{Ъ,1,...,NJ, 

,0,|J
i
/0/.../0) U 

N 

p / q p / q /r ̂ 
c

( i )
 c

( І ) 

p q 

,g
( s )

A ) , s >2, foг 

,
+
g

( N )
*g

( N )
 with g<

ll
>/0, 

c
( i )

f 0 ,c
N
 t

N
,u,, ) 

and the decomposition f*f=g
(l)
*g

(l)
+. 

(i)
= ( c

(i)
f
 (1) 

1
 ^

c
o V

c
l

 r
l" 

by equation (2). 

b) Lemma 2.5 implies that every decomposition of f*f is of the type 

(2) because otherwise there would be some new independent relations 

between the elements Re(f* <g> f )• Thus f*f can not be decomposed 
^ o * 

if there do not exist parameters t. €R, i = l, 2, . ... , 1, with 
A+S° is positive semidefinit and rk(A+S°) >2. 

Remark 2.7: 

We constructed a decomposition of f*f in part a) of the proof. 

But the items of these decompositions are no extremal ones in 

general. We investigate this problem in a subsequent paper. 

3. Examples 

We demonstrate the main theorem by some examples. 

a) 

Let f» 
/l 0\ 

(l/f1/0/...) €E with f1^0 and Re(f1)=0. Thus A= ^Q 1J 

and S(t)=0. f*f is decomposable because A is positive definit 

and rk(A)=2. This decomposition is given by f*f=g(l)*g(1)+g(2)*g(2) 

with g(1)=(l/0/...)/ g(2)=(0,f1/0,...). 

b) 

Now let f=(l/f1/f2/0, ...) with f* ® f 1=4Re(f2)/0, Re(f1)r<0, 

Re(f* tf f2)r<0, f* Q f2/0. Then 

A+S(t)= 

A+S(t) is positive semidefinit iff t^O. rk(A+S(t))=3 for t >0 

and rk(A+S(0))=rk(A)=l. 

1 1 l - 2 t 

1 1 + t 1 

l - 2 t 1 1 І 
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Let us const ruc t the decomposit ion f o r t = l / 2 . The eigen values of 

A + S ( l / 2 ) are U- - -1 , p 2 = i ( 5 - V 3 3 ) , p3=~(5+V3^) and the normed eigen 

v e c t o r s a r e c ( l ) = ( l /V2 , ,0 , - l /V2 1 ) , c ( 2 ) = 2V21 1/33- V.35""1(l ,± ( l -V33) , 1) 

c ( 3 ) = 2V2T V33+V3S | ,"1(1,~(1 + - ^ ) , 1 ) . Hence the decomposi t ion 

3 
f * f = £ g ( i ) * g ( i ) with g ( 1 ) = ( l / V 2 , , 0 , ( - l / V ? ) f 9 / 0 , 0 , . . . ) , 

i = l ^ 

g ( 2 ) = 2/2TV33-V5T' ' 1( l i ( l - V 3 5 ) f 1 , f 2 , 0 , . . . ) 

g ( 3 ) = 2Y2 , V33-Y .33 , ' " 1 ( l , i ( l+VS3 , ) f 1 , f 2 / 0 ) 

h o l d s . 
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