WSAA 9

Michel Talagrand
Separation of orthogonal sets of measures

In: Zdenék Frolik (ed.): Abstracta. 9th Winter School on Abstract Analysis.
Czechoslovak Academy of Sciences, Praha, 1981. pp. 173--175.

Persistent URL: http://dml.cz/dmlcz/701248

Terms of use:

© Institute of Mathematics of the Academy of Sciences of the Czech Republic,
1981

Institute of Mathematics of the Academy of Sciences of the Czech Republic
provides access to digitized documents strictly for personal use. Each copy of any
part of this document must contain these Terms of use.

This paper has been digitized, optimized for electronic delivery
and stamped with digital signature within the project DML-CZ:
The Czech Digital Mathematics Library http://project.dml.cz



http://dml.cz/dmlcz/701248
http://project.dml.cz

A%}
KINTH WINTER SCHOOL OF ABSTRACT ANALYSIS (1981)

'Separation of orthogonal sets of measures

Michel Talagrand (Results of G,Mokobodziki)

Let K be a compact space, Let X be the set of pesiti-
ve measures on X of mass € 1 , A subset of X is said to be
measure-convex if for each compact set LcA and each Radon
measure qu on L we have fmdlq (£) e A .

A function ¢: [0,1] ¥ —» B 'is called a medisl limit

if it is strongly affine (i.e:. universally measurable, and

¢ (fx du(x) ) = flf(i) au (-l) ‘s Tor each Radon measure pon
[0,0]% ) end if for each x= (%) e[0,1]1%,

lim inf x < Y(x)< lim sup a;n'.llokobodzki‘ proved that
continuum hypothesis implies the exigtence of a medial limit
[1). €It is known now that Martin’s axiom is enough to imply
the result), . AR oo -
Theorem (Xokobodzki) . Assume there existse medial limit. Then
given two K—analytic measure convex sets 4, Bc X which are
--orthogonal (i.e.” /«eA , Ve B =? MmLV) there exists a
universally measurable set VCE with pred =2 u(V) =1,

MEB = u() =0,

FNote that, as the result of D Preisa ahows, it is impossi-

ble in general to take V Borel. ' ' s

Proof., We first think to X as a convex gompact set of its own,
forgetting about its special structure., For any set ACX .
Xe X, let

lA(x}= sup {/J.'(A). S, <M }



1%

where 8_,, is the Dirac measure in x , M€ H’(I) , and < is

the Choquet order, i.e. &-(f«@ £(x) 5/“ (£) for each con-
vex continuous £ , It is classical that if A is compact

A
1, (x) =Int {#(x) ; £ affine continuwous, 1,< £} (1)
Hence for each decreasing sequance (ln) of compact sets,
A A
1 () =Inr 1 (x) .,
nAn n An
Now for A,BCX , let

€' (4,8) = Sup 1 (k) +1 (k) -1
n A - B

Ir (a), (B)) are two decreasing sequences of compact
sets, €'(NA,NB)) = inz € (A ,B) .
For A,BcX , 1let

€(a,B) = Int {€; J £ strongly affine on X with
15t l-13+€} .

Let 4 ,B, be two increasing sequances of sets in X ,
For each n let € & 28 4 f(An,Bn) such that

1An$ n< l- lnn + €, , where £ 1is strongly affine.

Let flv)=.f( (£,(x)) where ¢ is a medial limit (note
that £ (w)e€ (0,3 , ¥, +¥x ). Then £ 1is strongly affi-
ne, and 1,€ £€ ] - l; +€ , where € = limsup €, . This
proves that €(UA ,UB) = sup €(a,B) .

Now, suppose 4,B compact. If 1,€ £<1 = 1p +£ where
£ is girongly affine, from (1) we get ’iAé £f< 1=~ iB + €

A A A A
80 IA +1ly - 1< & , Koreover, if 1, + 1p - 1< & , then
iAS l- iB +€ , and since iA is concave u.8,Cey 1 = 1B+E

concave l.s.c., the Hahn-Banach theorem shows that there
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exists an affine continuous £ with , l,sf<1-1p+€ .
We have shown that £(4,B) =¢(4,B),

We have shown that €(A,B) is a capacity. Let 4,Bc X
as in the statement. The c;apacitability theorem shows that

€(4,B) = Sup {¥(4,,B)) , 4,c4A, B,CB, 4,,B) compact }.

Since A,B are measure convex, we can assume Al,Bl convex,

Let xe€ X, It is easy to see.that «x = ay + (1-a)y = by'+

+ (1-b)y where a=12(e), b=13(x), ye€A, ye B,
Al Bl 1l 1l

Now by hypothesis there exists a Borel set VCEK with
y(V) =1, y(V) = 0, Hence we get 1-b 2x(V) > a and so
a+b-1<0, that is €(a,B) = €(4},B,) = 0 . Hence
€(4,B) = 0, Using again medi;al limits, we get a strongly affi-
ne £ on X with 1,&f£€ 1;- 13« blet g on K given by
g(t) = 2(J;). for t€K, Since f is strongly affine, for
each measure & on K, f(,ﬂ) = fg(t) am (t). It is clear
now the universally measurable set V = {teK; g(t) = 1} works,.

(1] P.A.Meyer, Limites mediales, d apres Mokobodski
Seminaire de Probabilités de Strasbourg,1971/72,Springer,
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