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NINTH WINTER SCHOOL ON ABSTRACT ANALYSIS (1981)

LOCAL UNIFORM CONVEXITY OF DAY'S NORM ON Co(T)

K. MUSIAL and S. swaMINATHAN(Y)

The object of this note is to give an alternate proof of the famous

theorem of Rainwater [2] ‘that Day's norm [1] on co(r) is locally uniformly

convex. The main feature of our proof is that it does not rely on auxiliary

results involving sequences and permutations as, for example, (2) p. 336
of [2]. Fufther, our proof has the merit of being easier for presentation

in a course.

1. let T be a set. The space co(r) is the Banach space of all real
valued continuous functions x on T such that {yel: |x(y)|>e€} is
finite for every € > 0 , with the supremum norm. M.M. Day's norm [1] on
co(l‘) Ean be expressed as follows: Let & be the set of all sequences
¢=1{y} in T . Define Fyzcy(r)+2, by [Fyx1(n) = 27"x(¢(n)) .

¢
Then Day's norm is

M 1Ixl] = suptlIFally : ¢eod .

The supremum is attained for any ¢ for which the sequence x(é(n)) fis
non-increasing. Thus, if E(x) = {v,} is the support of x enumerated
so that Ix(yk)l > Ixhkﬂ” for all k , then

Hxl| = 2875ty )22 .

Day proved that the function || || s actually a norm on co(l") and

1) Supported by NRC Grant A 5615
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that it is strictly convex (rotund). Further %1|xl|c (P) < 1]
< x|l .
= co(T)

2. Theorem (Rainwater). Day's norm on co(r) is locally uniformly
convex, i.e., given x and a sequence {x .} in co(r) such that
Hxll =1, ||xn|| =1,n=1,2,..., and ||x+xn|| + 2, then
[x-x 1] +0 .

Proof: We shall show that for each {yn} in T it is true that
(x-x)(y,) + 0 .

Without loss of generality we may assume that the sequences
{x(v,)} and {(x+x )(y,)} are convergent, that (x#+x )y,) # 0 for

all n and that one of the following cases hold:
(A) v,=v n=12,...

(B) yn's are all different.

Let E(x) = {o,} , E(x ) = {uk} and E(x+x ) = {BE} be the supports

of x, X and x+xn respectively, enumerated so that, for n,k = 1,2,...

(e )] > Ix(eg )1+ Ix(ap)| > |x(af,;)] and
(2)
[ex ) (8] > 1(xx M8y, -

Since, for each k , the sequence {x(B:)} is bounded we may choose

se uences {n }1 =1 * =1,2,..., such that {n:J > {n¥+]) and
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k i

n, o . n
{x(eki)}i=1 is convergent. It follows that {x(eki)}i:] is convergent,
for each k , say, to bk . From now on, we shall be considering only
the subsequence {n:)izl and so, for simplicity, we drop the 1i's and

write

(3) lim x(s:) =b . k=1.2,...
neo

It follows from (1) that
lx112 -z 4*x(0 )2 > 214 kx(8)? .

Using this and similar inequalities for X,» = 1,2,..., we get

2 2 2
a-1lxex 12 = 21 1x11% + 20 1x, 11 - [lxex, )]

£ 47 2x(a) e2x, (o) 2= (xex ) (81D
(4) k
“kr2x(af) Ze2x (81 2- (xex ) (B1) 2]

v

a7 [x(8])-x (B I? .

By assumption ||x+xn||2 +4 and, so using (3), we obtain, for each k ,

(5) lim x (8)) = m x(8y) = by

| { e

and further,

(6) 1im(x+xn)(82) =2, -

[ (Raad
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Then,from the last inequality of (2) we get

2,2 2
(7) by2b; > ... >2by > ...

Since

a%2 = 47V Yinz ™% ex ) (8])2
k ne K

8
(8) o

TinlJx#x |12 =1
Mo n
we must have at least b, # 0 , and so, by virtue of (5) the sequence
{x(s?)} is constant for large n's . Thus there must exist 8 such
that B] = B? for infinitely many n , say for all i 1in a sequence
{n!} . It is obvious that B, = a, for some a, e E(x) .

i 1 'i.I i1

Suppose we have already sequences
l} > tnd} > ..o (a0

and different points O 304 seeesly such that
1 2 m

Bk =a, , k=1,...,m and i=1,2,...,

and bm 0. If bm+1 # 0 , then we apply the preceding method to get

m+]
n
{nm+1} c ("™ and « e E(x) such that B i =q, for all i .
i i im+l m+] LI

Clearly we have, for all k =1,2,...,ml, the equality
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and, by the definition of E(xx,) , all members of {g} , k=1,2,...
are distinct, and so, if j £k, 1sj<k<mtl , then u” # uik .

If there exists m such that bm # 0 but by = 0 , then we denote
the sequence n': by {ni] , and if all bk are non-zero we denote

by {"i} the sequence {n:} . It follows, then, that {"i} has the
following property: for each k with bk # 0 we have B:i = uik and
consequently b, = x(uik) for all sufficiently large i . Then, by (8),

we have

I lt'kx(cl,i )2 =1

k k

and since all the points a, are different, we see that {ui } 1s only
k k

a permutation of {ak} . So, without loss of generality, we may enumerate

E(x) so as to have @ =0 and rewrite (5) in the form
k

(9) 'rl:: xn(ak) = x(ak) = bk , for all k.

In particular, we have bk + 0 . Using this, (6) and the last inequality of
(2), we see that, for every infinite sequence {kn} and any increasing

sequence {"i}

n
s i
10 1 [ =0 .
(10) 1m(X+xni)( )

We claim now that there is a subsequence {v ) of {y,} such that
J
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(n) | m( x-x.) (Ynj') =0 .

To see this, suppose (A) holds. If y e E(x) , then (11) follows from (9).
If y & E(x) , then, by assumption, we have ¥ e E(x+xn) , 1.e.,

Y =8y ,n1,2,... If {k} {s infinite, (11) follows from (10) and

if the:e exists ko such that y = 8:0 for infinitely many n , we
deduce (11) from (5).

On the other hand, suppose (B) holds. Then, since x e co(r) we have
x(yn) +0 . If there is {nk} such that vy ¢ E(x+xnk) , then, we have
also xnk(ynk) +0 and so (x-xnk)(ynk) +0 and (11) is true. If
Y, € E(x+xn) for all sufficiently large n , then Yp < 8: . Then

n
assumption (B) implies that {k].k } is an infinite set and (11)

I
follows from (10). This completes the proof.
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