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ON RINGS OF CONTINUOUS FUNCTIONS

Dedicated to Professor K. Morita, on his sixtieth birthday

Jun-iti Nagatg

. Amsterdam

In the following discussions all topological spaces are at least
Tychonoff, and all mappings are continuous. C(X) (C* (X)) denotes the
ring of all real-valued continuous functions (real-valued bounded
continuous functions) on a Tychonoff space X.

As pointed out by late Professor Tamano, a remarkable property
" of rings of continuous functions is that they have infinite operati-
ons like infinite sum, infinite join etc., and thus it is desirable
to study them together with infinite operations. For example, one
cannot characterize very important topological properties like metri-
zability or paracompactness of X in terms of C(X) or C*(X) as long
as they are regarded as ordinary rings with finite operations, but
one can give nice characterizations of those properties once infinite
operations are taken into consideration. From this point of view the
author [ 7] characterized metrizability and paracompactness in terms
of C(X) with operations u and N for infinitely many elements. H.
Tamano [12], Z. Frolfk [ 3] and J. Guthrie [ 4] also got interesting
characterizations of paracompact spaces, Gech complete spaces and ot-
her spaces in terms of C(X) and C* (X) though they did not necessari-
ly aim characterizations by purely interngl properties of C(X) or
C*(X). The purpose of this paper is to extend characterization to
some generalizations of metric spaces and also to discuss relations
between C*(X) and uniformities of X.

Remgrk. Only C*(X) will be used in the following though many re-
sults can be extended to C(X) with no or slight modification of their
forms. For a (not necessarily finite) subset {f£_ loc_e A? of C¥(X),
Q foo and g f, are defined as usual; namely

'ﬁQfx )(x) = inf {£, (x) |l € A} (gfw )(x) =supif_ (x) lce a%.
In those theorems where gfx (or Q fx) is involved, it is imp-
lied that g‘ £, (or Qafoo) is bounded and continuous; also note
that N, Q and R denote the natural numbers, the rational numbers and
the real numbers, respectively.
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As for standard symbols and terminolcgies of general topology, see
(10].

Definition 1: A subset L  of C*(X) is called normsl if Q_fac and
U, £, belong to L, for every subset { £, o e A§ of L. A sequen-
ce Ly,Ly,... of normal subsets of C*(X) is called a normal seguence.
A subset L of C*(X) is 6 -normally generated by the normal sequence
1L 11 =1,2,0.0 % 1€ L = {£eC*(X) | for every & > O there are
subsets {f, [ e B} and {f, |7e C? of U,, L; such that

{a) ffs - fll<e and llUf,x,— £l «ce%. (We may simply say that
L is generated by {L;} when the latter is known to be a normal se-
quence.

In the following is a slight modification of an old theorem pro-
ved in [71.

Theorem O. A Tychonoff space X is metrizable iff C*¥(X) is 6 -nor-=
all enerated by a norma ence.

Proof. The "if" part of this theorem is implied by Corollary 8 of
[7]. The proof of "only if" part 1is also not so difficult if we put
L = {feC*X)| l£h&n, |£(x) - £(y) | £ n @ (x,y) for all x, ye
€ X?. Some works are necessary to choose, for given fe C*(X) and
€ >0, asubset ££3[Be B} of UL, such that (l,sfrse. c*(x)
and such that | ﬂf{5 - f < e , but the detail is left to the
reader. (In view of Corollary 8 of [7] we know that a weaker condit-
ion is sufficient for the metrizability of X.

The author, however, needs the stronger' condition for L as given in
Definition 1 to chaeracterize other spaces in the following, and he
does not know if the condition can be weakened there or not.)

Among the various generalizations of metric spaces which are
actively being studied M-space due to K. Morita [5] and p-space due
to A.V. Archangelskii [ 1] are some of the most important ones. M and
p coincide and are especially good if combined together with para-
compactness. In fact, -

Theorem (K. Morita - A.V. Arghangglggiiz. he following conditions
for X are gguiggleg :

(1) X is paracompact and M,

(2) X is paracompact and p,

(3) X is the pre-image of a metric space by a perfect mapping.
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Thus our first aim is to characterize paracompact M-gpaces in
terms of C*(X).

Definition. A meximal ideal J in C¥(X) is called fixed iff for eve-
ry subset {f, |ce A} of J such that U £ e C*(X), U £ eJ
holds. A subset X of C*(X) is fixed iff there is a fixed maximal i~
deal which contains K; otherwise K is called free. A subset H of

C *(X) is called gtrongly free iff there is a subset 1€5 |Be Biof
H such that Uﬂ £g € C #*(X) and U[sfﬂ > € for some positive num~
ber € .

Remark. It is easy to see that Ke C* (X) is fixed iff there is xe X
for which f£(x) = 0 for all feK.

The following theorem suggests us what form of theorem we can
expect to characterize paracompact M-spaces.

Theorem 1. Let f be a map from X onto Y. Then f induces an imbedding
of C*(Y) into C*(X) if geC*(Y) is sssociated with g ofe C*(X).
Ihen £ rfect he induced imbedding i that

very free maximal ideal J in C*(X), Jn C *(Y) is free in C¥*(X).

To prove this theorem we need the following lemma whose proof
is left to the reader.

Lemma l. Let f be a map from X onto Y. Then £ is_a perfect magp iff
for every free ( = has no cluster point) maximal z-filter (_= filter
ngist of zero sets wher e _mean b ero_set the get 1
zeros of a resl-valued continuous function) F 4in X, £(F) ={£(F) |

|F e 3} is free in Y.

Proof of Theorem l. The first half of the claim is obvious, so only
the last half will be proved.

Assume that f is a perfect map and J is a given free maximal i-
deal in C*(X), For each ¢ &€ C*(X) and € > O, we put 2, ($) =
=4x| [px)1=¢el.

(This symbol will be used throughout the rest of the paper).
further, let '

F () = 42|2 is a zero set in X which contains Z4 (§) for some
$ &€ J and for some € = O0}.
Then F(J) is obviously a free z-filter.

Expand ¥ (J) to a maximal z-filter F,. Then since f is perfect,
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by Lemma 1 £(3’,) is free in Y, Let x be an arbitrary point of X, and
let £(x) = y. Then there is 2 e ?r’o such that y& £(2).
Since £(Z) is a closed set, there is ¢ e C*(Y) such that

¢ (y) >0, $(u) =0 for all uer(2).
Then o £(x)>0, and o £eC*(Y), where C*(Y) is considered to
be imbedded in C* (X).
To prove ¢ o feJ, let P o £ =y . Then J’ = C*(X)y +J is an
ideal of C*(X) containing J. For each §e J, and ¢ > 0, Z.(§ )n
n Z+ @, because these sets both belong to Foe
Since ¥ (2) =0, this implies [y + §| <% € for every « e C¥(X)
and at some point of X. Thus J':]= C*(X), which implies J° = J because
J is meximal. Thus < & J. Namely % & Jn C*(Y). Hence Jn C*(Y)
is free in C*(X).

Conversely, to prove the "if" part of the theorem, let F be a
free maximal z-filter in X. Put

J=dy e C*(X) [ Z (y)e ¥ forall e=> 0}.
Then J is a free maximal ideal in C* (X). To see that J is maximal,
let J° be an ideal such that J§ J’. Select ¢ € J° = J; then
Zg(d) ¢ F for some e > O. Since 3 is maximal, this implies
Z2¢(d)nZ =0 for some Z e F . Put v =min (0, [P| - € ); then
¥ e J, because Z,(y )>Z for all & > 0. Thus $° + 'qrz‘e J° and

. 2 ,
¢+ y2z ~%— , which imply J° = C*(X). Therefore J is maximal.

Now, we claim that £(%’) has no cluster point in Y. To see it, let
y &Y be arbitrary and select xe f-l(y). Since by the condition of
the theorem Jn C*(Y) is free in C*(X), there is ¢ € C*(Y) such
that ¢ o feJ and ¢ o £(x)>0. Let ¢ o £(x) = € . Then

Zg (o £n £ 1(y) = 6, which implies y£(Zg Qo £)). On the other

hand Z¢g (= £) e % follows from the definition of J. Since
f(Z%(go £)) = Z%((b), I (u) | < % holds for all

uef(Z%:(cbo £)). Let V= fueY | d(u) = -%:} ; then V is an open
nbd of y which is disjoint from f(z%(cp a £)). Thus y is no cluster

point of £(%); namely £(F ) is free. Hence by Lemma 1, £ is a per-
fect map. , ‘

Now, we can characterize paracompact M-spaces in terms of C*(X) as
follows.

Theorem 2. A Tychonoff spasce X ig pargcompact and M iff there is &
6 -normally generated subring L of C*(X) guch that for every free
maximal ideal J in C*(X), JnL is free.
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Proof of the "only if" part. Let X be paracompact and M; then by
the previously mentioned Morita-Archangelskii's theorem there is a

perfect map from X onto a metric space Y. By Theorem 1 this map indu-
ces an imbedding C*(Y)= Lc C*(X) satisfying the condition of this
theorem. It easily follows from Theorem O that L is & -normally gene-
rated in C* (X).

To prove the "if" part we need some lemmas.

Lemma 2. Let ¥ = §V_, |cc<w} be a well-ordered open cover of X
such that Vo =ix |£_(x)>0¢n<{x|g(x)>03, < <= , where £,
g.,€ C*(X) for all <<=, (o and © denote ordinal numbers). If
p'LGJBfa g_ngpysgﬁ belong to C*(X) for every subset B of 4| 0 £
4o <%, then 7 has g 6=discrete n ref; ent consisti
cozero open sets ( = complements of zero sets).

Proof. Note that V= £x|h(x)>0% for h,=£_n g, and that
d<\Jﬂ h, s C*(X) for every 3 £ @ easily follows from the assump-

tion of lemma. Let

Vie =-fx|hx(.x)>%-} )
Vnac={x\hx(x)>%--2‘2L-.-.;nL} n=2,3,...-

Then Vncr. cV

n+lee € Vo » Further, let
Y = Vn1» N
= ‘ i1 _ -1
'n&‘— {Xlxevn“, @9‘ h{s (x)<2~ 22 (XX 2n+1}'

Then each W, . 1s a cozero set. It is also obvious that Wp |n-=
=1,2,,..5 x < © % covers X. Since W, c V., this cover refines .
Thus it suffices to show that {W |« < = % is discrete for each
fixed n.

Let x€X satisfy xeV

n+lec 204 x#Vn_'_l@ for all (3 < e , where cc £
é,'r:.’l‘henh/s(x)é%-—;‘—é—-...-;n -23‘“_1 , B = c
Thus ﬁkgwhﬂ(x)-‘-% - 271— = e = E—}l—_.;l-, and hence x has a nbd W on
el 21,
hich ,U_h, (x)<5 - " eee = holds.
" pZcp 2" 2 2P

Hence WnW, , = g for all B <o ,
On the other hand if 4 > o¢c , then V .y, 1s a nbd of x which is
disjoint from Wy, - Therefore {W, |o <=z} 1s discrete.
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Lemma 3. Every open cover U satisfying the condition of Lemma 2 ig

normal; namely there is s seguence 77, 7/’2, of open covers such
that Y>>V = UV, =UF-... .

Proof. The proof directly follows from Lemma 2 and a known theorem
(Proposition D) on page 254 of [101).

Proof of the "if" part of Theorem 2. First of all we define some no-
tations, Assume that L is (6-normally) generated by the normal se-
quence Ll’LZ”" . Then

Lm= £r* [ fely %, where £ = fuo,

L= $f | feLy %, where £ = £nO,
- + -

Kp = Ly (- L).

For x€X and n, meN,

Ap(x) = £ |feky, £(x)>2 3,

VR = {1y INLe() | fear0i>
VRt = {y N4y | feafni> L L
wpx) = 4y [N{£(y) | el > 1 |

Then Uﬁ(x), Vg(x) and Wﬁ(x) are open sets satisfying
m m
W?;(x)c V() U (x),
because N{f | fe Aﬁ(x) ? is continuous.

The proof will be carried out in several steps.
Claim 1. Let 3 be s free maximal z~filger in X.
Then for each x€ X, there are n,meN and Z ¢ ¥ such that Ug(x)n Z =
=@ . To prove it, let

J=4ye C*X)| 2 (y)e F forall e > 0%,
Then as proved before for Theorem 1, J is a free maximal ideal in
C*(X). Hence JnL is free by the condition of the present theorem.
Namely there is f, &€ Jn L such that £ (x)=0 or -£, (x)> 0.
Assume that the former is true; then there is £ e U,, L, such that
£(x)>0, £4 £ because L is generated by {L ¥. (Recall Definition
1). Thus there are n,me N for which fe L tte LH1 and f"“(x)>-?1 .
Then z (£ )< zd-(f )e z 5 (£7), for eVery o> 0. Since f e J,
Zg(£) e :}‘ and accordingly zd-(f ) e F for every &> 0, which
implies ¥e J. On the other hand £ e Am(x) follows from the above ob-
servation on £'. Hence U, MNx)a iyl £ (y)>-——§- This implies Up D(x)n
r\Z_/L__ (£%) = @. Since Z4 (£*) ¢ ¥ , our claim is proved. Even if

(Y'U
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-fo(x)>0 is assumed, we can prove our claim in a similar way.
Clgim 2. Let YcX to define

MO(Y) = Int LNEUL(x) | xe¥31 N Int L N{X - Whlx) | xeX - Y31,

.M.g = {Mﬁ(x) | YcX §, where myne N, Then each .M.ﬁ is a normal open
cover of X.
To prove it, define for m, ne N and x'e X,

Po(x”) =4y |[U1£(y) | £e Ky, f(x')<3i—}< % inty|niely) | eexy
o g 1 g 1.

Furthermore, define (Pg = { Pg(x') | x“ex3.

Then by Lemma 3, G’\‘g is a normal open cover, because each I;g(x') sa=
tisfies the condition of V., in Lemma 2, since L_ is a normal set.
For each x'€ X, let Y = {x [N{£(x") ]| s Ag(x) 3 > %; ? .

.Then it is not difficult to prove that PR(x")c M{(Y). Thus P [} <
< -M.g, and hence .M.g is also a normal open cover.
Claim 3, S(x, .M.g) c Uﬁ(x) at each point x of X.

To prove it, let Mg(Y) be an arbitrary element of M g which contains
Xe. Then it follows from the definition of M:‘(Y) that xe Y.

Thus the same definition implies Mﬁ(Y)c Uﬁ(x). Therefore S(x, M g) c
c Uﬂ(x) .

Now, we are in a position to complete our proof. Combine claim 1
and claim 3; then we see that for every free maximal z-filter % and
for each x& X there are m, neN and Z € $° such that S(x, Mg)n zZ =
= @. Since each .M,g is normal by claim 2, there is a sequence QLl,
Uyse.. of open covers of X such that for each (m,n) and for some i,
Uy =< .M,g and such that U, >‘LL; =U, > 'IL’;>... . Then for every

free maximal z-filter ¥ and for each x& X, there are some i and so-
me Z e ¥ such that S(x,%U;)nZ =0d. Assume that F;>Fy,>... is a
decreassing sequence of nonempty closed sets in X such that for a fix-
ed point x, S(x, %U;)> Fy holds for each i and for some k. Let 3 be
a maximal z-filter which is obtained by expanding the collection
42 | Z is a zero set containing Fy for some K} . Then S(x, % )N Z+8
for every i and every Z € ?’ « Hence by the above observation we
know that 3 converges. Since N{F|E € F3 c 4/, F, follows
from complete regularity of X, we have ij 4 F+9, which proves that
X is an M-space.

Let € = .V, S(x,U,;); then as shown in [ 5], there is a closed
map g from X onto a metric space Y such that for each ye¥, g'l(y) =
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= Cx for some x€X. To prove compactness of the closed set cx, let
‘}' o be a collection of closed subsets of Cx with finite intersection
property. Let '}"' be a maximal z-filter which is obtained by expand-
ing the collection €2 |2 is a zero set containing some element of
'}'o} . Then obviously S(x,% )N Z+P for every i and every 2 e §* .
Thus % converges, and hence ({F|F e ’}'o?v #+ @. Therefore Cy 1s
compact, i.e. g is a perfect map. This proves that X is paracompact,
and now the proof of Theorem 2 is complete.

Now, let us turn to another generalization of (complete) metric
spaces. Paracompact, Gech complete spaces are characterized as foll-
owWS.

Theorem (Z. Frolfk [21). X is_sa paracompact, Cech complete space iff

t re=-image a_co metri rfect map.

This theorem is in its appearance similar to the previously men-
tioned Morita-Archangelskii ‘s theorem and indicates that all paracom-
pact Gech complete spaces are paracompact M. In fact the latter theo=-
rem is a sort of generalization of the former. Thus it is natural to
try to characterize paracompact Jech complete spaces in a similar way
as we did for paracompact M-spaces. As a result we obtain the follow=
ing theorem.

Theorem 3. A _Tychonoff space X is paracompact and Cech complete iff
there is g normal sequence Ly,L,,... of subsets of C*(X) guch that
for every free maximal jdeal J in C*(X), JnL, is strongly free for
some n.

Proof. To prove the "only if" part, let X be paracompact and 8ech
complete. Then by Frolfk’s theorem there is a perfect map £ from X
onto a complete metric space Y. Let

L, = {dor|dec*(V), ol an. Dy - d(2)] < n @(y,z)
for every y,ze1%,
where we assume @ is a metric of Y such that [
Then each L, is a normal subset of c*(X).
Let ¥ be a maximal z-filter in X which contains Zg¢ (¢) for all
4 a J and for all € > O. Since J is free, so is ¥ . Since f is
perfect, by Lemma 1 f('}') is free. Since Y is a complete metric spa-
ce, there is & > O such that S¢ (y)H£(Z) for all ye¥Y and for all
Ze Y . For each yeY define & ye c*(Y) by

¢,(2) = p(z,Y - S¢g(y)).
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Let 3y =¢yof; then yyeLy. Since 2(y InZ ¢ (§ )P for all
€ >0 and all § € J, -qryeJ follows from maximality of J, where

Z(qry) = {xeX | 'qry(x) =0%.

(See the proof of Theorem l.) Thus qr €Edn Ll for every ye€ Y. On the
other hand uy ¥y =€ is obvious, and hence JnL; is strongly
free.

To prove the "if" part, first note that by Theorem 2, X is at
least paracompact and M. Thus it suffices to prove that X is tech co-
mplete. For each xeX and n,me N we define Aﬁ(x) and Up(x) exactly in
the same way as in the proof of Theorem 2.Now,let % be an arbitrary
free maximal z-filter in X; then we shall prove that there are n,meN
such that X - Um(x) e ¥ for all xe X. This would prove Cech comple-
teness of X by N.A. Shanin’s theorem [11]: X is Bech complete 1iff
there is a sequence sqil i=1,2,...% of collections of zero-sets
with finite intersection property such that i) N {G|G € C"i; =g,
i) for every free maximal z-filter F , there is i for which Gjc
c ¥ . For this end, let

= fye C*(x)|Z (y)eF forall e> 03,
Then as proved before for Theorem 1, J is a free maximal ideal. Hence
In L is strongly free for some m. Namely there is a subset £ b lx e
& A} of JnL such that Q‘L.éA ¢ = € for some positive number € .

Choose ne N for which §> b Then for each x€ X there is o & A such
that ¢ (2% & Thus ¢Fead(x).

Since 0 £ ¢ é%— on z4 (¢,
UNx)ciy | ¢"(y)>l—scx -Z4 ().
3In
Thus x-um(x):z4 (¢ ) e T . (Note that Qe I).

This proves that X - U'r’:(x) e ¥ for every x, and accordingly X is
Gech complete.

Next, let us turn to a class of generalized metric spaces which
contains gll paracompact M-spaces as a proper subclassi.

Definition 3. A Tychonoff space X is called a G, -space iff it is
homeomorphic to a Gy =-set in the product of a metric space and a com-

pact Tz.-spa cee.

G~—space was defined in [9] as a natural generalization of pa-
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racompact M-spaces, because in [8] a paracompact (TZ) M-space was
characterized as a closed Gy -set in the product of a metric space
and a compact Tz-space.

In [9] the aguthor gave the following characterizations to G -spaces.

Definition 4. Let f£f be a continuous map from X onto Y.

Then £ is called a complete map if there is a sequence QLl, 2L2,...
of covers of X by cozero sets such that for every free maximal z-fil-
ter ¥ in X satisfying G, = 1X-U(U eU, } ¢ ¥ ,n=1,2,...,
£(%) is free in Y.

Theorem A. X is a Gy —space iff it is the pre-image of a metric spg-
ce by a complete mapping.

Theorem B. X jis a Gy zspace iff there are sequences {W; |i =1,
2y0005and {U;|41=1,2,...% of open covers of X such that

(1) Uy = UT =U, UL,

(2) if 9 is a maximal closed filter such that

FseWynsS(x,Uy), 1 =1,2,... for some Fy€¢ F , W € U

and a fixed point x of X, then ¥ converges.

Remark. As for Theorem A a somewhat different (and more complicated)
form of condition was considered for the map f in [9], but it is easy
to prove that the original condition is equivalent with completeness
of £ as long as X and Y are Tychonoff.

This theorem should be compared with the previously mentioned
theorem of Morita-Archangelskii on paracompact M-spaces. Definition 4
should be compared with Lemma 1 to recognize that complete map is &
natural generalization of a perfect map. Thus a complete map may be
defined more generally for topological spaces X and Y while replacing
cozero sets and zero sets in the present definition with open sets
and closed sets, respectively.

The following diagram is to clarify relations between generali-
zed metric spaces being discussed in the present paper.



146

paracompact ===y paracompact —_ G4 e p
and becllml complete and Mn(or p) ”

perfect pre-image perfect pre-image complete pre-image
of a complete metrie of a metric space of a metric space
R [ I

closed Gy -set closed G4 -set in Gy ~set in the pro-
in the product of the product of a duct of a metric

a complete metric metric space and space and a compact
space and a compact a compact Tz-space Tz.-space.

Ta—space:

It was proved in [9] that an M-space X is a G_r=space iff it is
a p-space but it is not known if the same is true without the assump-
tion that X is an M~-space though a negative answer is supposed. Name=-
1y

Problem. Give an example of a p-space which is no Gy -space.

As suggested by Theorems A and B we can easily characterize the G -
spaces in terms of C* (X) in a similar way as we did for two other
spaces in Theorems 2 and 3.

Theorem 4. A_Tychonoff gspace X ls g Gy =gspace iff there is 8 6" —nor-
mally geperated subring L of C*(X) and a seguence G;,Gy,... of free

gubsets of C*(X) guch that for every free maximgl jideal J in €* (X)

satisfying 6 ¢J, n =1,2,..., JNL is free in C*(X).

Proof, The proof is similar to that of Theorem 2, so only a sketch
will be given in the following. Let X be a G,;-épace; then by Theorem
A there is a metric space ¥ and a map £ from X onto Y, which is comp-
lete with respect to open covers U4, i =1,2,... of X, Put G, =

= {dp|{p & C*(X), X -2(¢) € U, 3. Then each G, is a free subset
of C*(X). Now, suppose that J is a given free maximal ideal in C¥(X)
such that G,¢J, n = 1,2,... . Then let ¥ be a maximal z-filter

. containing Zg (¢ ) for all ¢ e J and € > O. Then we claim that
Gp=fX¥-U|UeU,34&F ,n=1,2,... . Since G,¢ J, there is
$ e G, -J. Then 2(p) € G . Z(P) & F follows from maximality
of J, because otherwise JE C* (X)$ + J#C*(X) would hold. Thus ¥
is a free meximal z-filter satisfying G, ¢ ¥, n=1,2,... . Sin-
ce £ is a complete map, this implies that £(¥) is free in Y,

Thus we can use an argument like the one in the proof of Theorem 1
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to conclude that Jn L is free in C* (X), where L is the isomorphic
image of C*(Y) in C*(X) induced by the map f. Since L is 6 -norm=-
ally generated, necessity of the condition is proved.

Conversely assume that C*(X) satisfies the condition of the
theorem. To prove that X is a G4 -space, define a normal sequence
U, > '“-Z, > ’uz > %3*>... of open covers of X in the same way as in
the last part of the proof of Theorem 2. Further we define 'urn =
= {X =24 (y) |y e Gy € > 03%; then 71/;1 is an open cover of X.
Assume that ¥ 1is a given free maximal closed filter in X such that
for every n there is W € %, and F ¢ ¥ satisfying FcW. Put J =
={y | ye C*X), Z2,(y)eF for all ¢ > O}. Then as in the
proof of Theorem 1, we can prove that J is a free maximal ideal. Mo-
reover we can show that G ¢ J, n =1,2,... . Because W =X - Z¢ (¢)
5F € ¥ for some y € G, end € > O. Hence Zo(y) & ¥ proving
that 3 & J. Therefore JnL is free in C* (X), Thus in a similar way
as in the proof of Theorem 2 we can prove that for each xe X there
are Z € ¥ and i such that S(x,%;)n2 = @#. This means that
F¢S(x, U;) holds for all F e ¥ . Hence by Theorem B X is a Gy -
space.

It would be easy to characterize (general) Gech complete spaces
and perhaps general M-spaces, too, in terms of C*(X) by use of a si-
milar method. How about p=-spaces? There is asnother group of generali-
zed metric spaces which can be characterized as jmages of metric spa-
ces by certain types of maps, e.g. La3nev space ( = closed continuous
image of metric space), stratifiable space, 6 -space, etc. Is it pos-
sible to characterize them by simple properties of C* (X) as we have
done for pre~images of metric spaces? In any case one may need a new
technique which is different from the one we have used.

Now, let us turn to an extension of Theorem O to another direc-
tion. If X is metrizable, then by that theorem C*(X) is generated
by a normal sequence. Then what is the relation between various norm=-
al sequences generating C*(X) and metric uniformities of X ? We
shall see in the following that they correspond to each other in cer=-
tain manner.

Theorem 5. Let X be a metric gpace; then there is a normal sequence
{Lp)n =1,2,...7 generating C* (X) such that t A(4L %) = {£e CH(X)|
i;ﬂorgvgrx € > O there is g € Udme“f-gn<e}L
equal to the set V* (X) of all bounded uniformly continuous (real=-va-
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lued) functions on X. Moreover we can select € L} tis t
following condition.
€A) L,cL,c...,

fe Ln implies fuO, aneLn,

fel,and o« € R jpply £ + <, cfely

for some m = m(n,oc).,

Proof. Let L, = {feC*X)) I¢ llén, |£(x) - £(y) | £ n @ (x,y) for
all x,ye X} . Then {l,ln=1 2,... ? is a normal sequence satisfy—
ing the required conditions.
AL Lnd JcV*¥(X) is obvious because each element of m@ﬂ L, is boun-
ded and uniformly continuous. To prove V* (X)c a( € L, %) assume that
the metric @ of X is bounded and also let fe V*(X) and € > 0.
Further suppose Il £l £ A. Seleet k& N such that gc(x,y)<i‘ implies
@ (£(x). f(y)) <<€ . Thenput Fy =fx |ne<f(x)scn+1e i ,n=
=0, %1, £2,... . (We define F only for such n that satisfies
Cne, (n+1)elnl -A,Al*ﬁ.
For each n¢ N, let p e N be such that

P, - 1< k(A - ne)épn.

Put fn(x) = pngo(Fn,x) +ne ; then fel, for some g €N, fn(x)

q

= ng for x&F, and £ (x)2A for x§¢F v gnu Fo41e Thus (n - 1l)e =

£ £ (x)£ne holds for each x€F.

Therefore £ - (£, 1 £2€ . Note that ()f eLy for some m ( = the

largest n for which F, is defined). This proves V*(X)c A( iL3 ) and

eventual coincidence of these two sets.

Theorem 6. Let 4L,In =1,2,...% EAMLW

C*(X) and sat i 0 A the prev h Then

yhich V(D) = A(%1 1_3), "here the svabols V* and A are defined in

e 8 ust orm.

Proof. 1l. First note that X is metrizable.
For each xe X, neN and v,v’'e @ (the rationals) such that v<v’, we
define

Bpgye (X) = ££|fely, £(x)z 323,
Bogye (X = £2|fel, (x)a T 3T ¢,
Unw'(x) = $yeX| Nig(y)| feanv,(x)§> v and
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Uiz(y) | fe’ﬁ’nv,v,(x)}< v’y
Vave(x) = fyex | N{e(y)| £eB__,(x)3> 2T and
nvv’ 6

Vi | 2eB (0 §< vy,

Spove (%) = fyex | NA 2y | £6 B ., (x)} > 3151"2 and
Ude | £eB .03 < L5223,
Then S

nvvl(X)cV’nw,(x)cUnvv.(x), and they are all open nbds of x.
For any (n,y,y’)e NxQxQ With v< v’ and for any Yc X we define
Ungwe (¥) = Int LN {Upgy (x) | x& Y3 n (NLX = Syyqs(X) [ X€X =
-Y3$)1,
Upgus =40, (1) | TcXE,
Then ,unvv' is obviously &an open cover of X. Furthermore we claim:
(a) For every (n,v,v’) & NxQxQ, there are (s,s”) and (t,t") & QxQ
such that

1Unes (¥)n Upig (3) | ye%$ < Uy *
To see it, let y be a fixed point of X.
Then for each x€ X, either ¥ €V gye(x) or y#anv,(x) holds.
If Y€ Vyyy. (x), then it is easy to see that U'(y) =,Unss=',(y)°untt' (y)

< Unyy.(x), wheres=y—6"'——5-y—..!_§§!, g% = L3 sl s

=2_.6_L’V"'_ T _v-y c_5v*+v’  vi-v

If y¢ Voyoe(x), then either N4 £(y) | feB o .(x)3 & 2Lz op

’

~ +

U££(y) | 2e B 0 (x) 32 L322,

If the former is the case, then for every € > O there is £, €

€ Byy-(x) such that g ()¢ 23T + & . Let £= (N £ ; then
£eB vwe(x), f(y)éﬂs—tl . Hence fe gntt'(y)’ and hence for each
ue U (y) ’f(u)ét'. On the other hand, since f£€ Bpyq.(x), f£lw) >
>-2-1—§-—‘L—>t' for each weS___,(x).

Thus U (y)n Sp .. (x) = 8.

Even if the latter is the case, we can prove the same in a similar

way. Thus we obtain
U (y)e Up,yw (¥), where

Y= 4{xeX |yeVyyy X} «
This proves that £Upgg,(¥)nUpgy,(¥) | yex¥< U hype, @8 claimed in

nvv’
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(a). On the other hand the following relation is almost obvious:
(b) for every (n,v,v’) € NxQxQ and xe€X,

S(x, Iunvv,) c Unvv,(x).

As easily seen, {U,,..(x) | (n,v,v")e NxQxQ, v<v'} forms a nbd ba-
se at each xe X, and therefore (b) implies that

{S(x,’anvv,)I (n,v,v')e NxQ@%Q, v<v'} is also a nbd base at x.

Now we can conclude this section of the proof with the following
observation:
£
©“= {.,,=4Iu"nv %4 \ (ni’visvi)eNxQXQ, vy< Vi, i=1..2; £=
i l 2’...}
is a countable ( = metric) uniformity base agreeing with the topology
of X.

Let Upyy, € @ Dbe given; then there are (s,8") and (t,t7) sa-
tisfying (a). Put U= Upgg: A Upgye 5 then by (b) u* < {/—
while % e @ . This proves that @ is a uniformity base while we

have seen before that this uniformity agrees with the topology of X.

2., From now on we regard X as a (metrizable) uniform space with the
uniformity defined by w .

The objective of the present section is to prove that A({Lng') c
cV* (X). It suffices to show that every f e u,, L, is uniformly con-
tinuous with respect to @ . Assume fel , a4f<D and a,be Q. Given

€ > 0; then choose ke N for which -b—'ﬁ—ﬁ <e.Puta =a +h—;—ﬁ i,

i =-1,0,l,ee0yk,k + 1, Assume that x and y are points of X satisfy-

ing

eU (X)nTVpy o (XINT,
¥ na_ya) na a, na; a3
Then assume that ay4 £(x)< 85415 then

(x)n ooof\Una (x)a

(x)na U
ay nay ;8,1

feB (x)nB
nay_,8, ., naya, .

(x) ciyle(y)>a;3 ¥, i.e. £(y)>a5_,.

(x), and hence

U

Similarly we can show f(y)< 8440¢
Thus | £(x) - £(y) | = 2¢ proving that £ is uniformly continuous.

3. Finally we are going to prove V*(x) cAlLL,3).

Note that condition (4) will be fully used for the first time in this
section. Let us begin with simple remarks, of which only the last one
is given a proof. '

(1) Let vi<v,< v3<v, be rationals satisfying
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Va *+ v Ve + V
2 -4 = _2‘__2__} 3 then Up, v3(x)c: Unvlv (x) for every neN and x€ X
2 4

(11) Let m<n be natural numbers; then
Umvv'(")f'unvv'(") for every v,ve Q and xeX.

(111) Let v,v; x € Q and neN; then there is me N (independent from
x) such that
Un, yees, ,v¢ =ac (%) € Upgy,(x) for all xeX.

To see it, let m = m(n,~oc) in the condition (A), i.e. fe L, implies

£ -o €Ly, Let yeUy n,v=cc v,_“(x)- then

N{£(y) | £e€By,,_ «, V,_“"(x)}>v X+ E>V - and
U4t(y) | fe m, V< = (x)i vex=~€<v'-x for some

e >0,

Let feB (x); then

nvv’

f-x € Bm,v-«,,v'—«,(")’ and hence

fly) -2V -« + &, le flylzv+ e .
Thus N{£(y) | fe B (X)izv+e=>v.

Similarly U{z£(y) | fe'ﬁnw,(x)i £vi-g<v’,

Hence y & Upyy.(X), proving Um’v_"v,_“’(x)c Uy olx)e

Combining (1),(ii) and (iii) we can conclude that for every U e
€ @, there is (n,v,v’) € N»Q»Q such that Up ., (x)c S(x,%) for all
x€ X,

Now we are in a position to prove that for every fe V*(x) and
for every € > O, there is y ¢ LJ4 L, such that £ -y ll<e .
Assume £l £ K. Since f is uniformly continuous there is (m,v,v’)e
€ < Q=xQ for which
$Upye () | xeX3< € £ ((ne,(n+2e)) In=0, T 1,... 3.
Let x be a given point of X, and suppose that ng £ f(x)<(n+ 1)e .
Then

Upygr X c £ H((n=e , (n+2e))
Thus for each yq;f"l(%.((’n -1)e , (n+2)e)), y¢U mvv' x).

Nemely either there is £, e Ly satisfyins fxy(x)é'H—L. Ley(P)z v

+
or else there is £, 6L, satisfying £,y (X)Z 5, g (04w,

Hence there are o« , (3 6 R such that &y =Ou(oofxy + ) satisfies

20, gxy(x) =0, Exy (y)> K-ne , and Byy€ Lp for some p indepen-
dent from y. Let h = + ng eL., where q is independent from y.
T Gy 1 ULh g} setiatie

4>x ¢ Lq’ ¢xzn€/ ’ d’x(X) = ne , ¢x(y):K for all yé&Upyy-

(x).
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Observe that q may be assumed to be common to all xef-l(.[ ne, (n+
+1)e)). Thus

Yop= 0N {¢x\xef'l([ne,(n+1)e))} satisfies
¥n€lgs ¥,o(x) =ne for all xe£ N [ne yin+1e)),
yozne , and ¥ (y)2K for all y¢£ (((n = e ,(n+2)e)).

Finally put ¥ = f)w ¥, then ye L, for some £e N
Moreover it is easy to see that ||£ - ¥ || ¢ 2¢ .
Therefore V*(x)c A({I,}), which completes the proof of the theorem.

As mroved in [6] (Lemma 2), V*(X) determines a metric uniformi-
ty of & metrizable space X, and hence Theorems 5 and 6 indicate that
normal sequences generating C*(X) and satisfying (A) and metric uni-
formities of X are corresponding to each other though the correspon-
dence is not one-to-one, because different normal sequences can indu-
ce the same V* (X).
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