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ON CONVERGENCE TOPOLOGIES

V. KOUTNIK

Praha

A closure space (P, u) is a set P and a closure operator u satisfying the following
three Kuratowski closure axioms: u) = 0, 4 = uA for each A < P and u(4 v B) =
= uA U uB for each 4 = P and B = P. The fourth axiom (u(ud) = ud for each
A < P) need not be satisfied; therefore the closure topology need not be a topology.

A convergence £ on a set Lis a set of pairs ({x,}, x) where {x,} is a sequence of
points x, € L, n € N, and x € L, satisfying the Fréchet axioms

ZL,) If ({x,}, x) € 2 and ({x,}, y) € &, then x = y.
(£,) If x, = x, neN, then ({x,}, x) € &.
(Z,) If ({x,}, x) e Land n; < n;y4, i €N, then ({x,,}, x) € L.

The convergence L is called a largest convergence and denoted by £* if it satisfies
the Urysohn axiom

(&3) If each subsequence {x,,} of a sequence {x,} contains a subsequence {x,, }
such that ({x,, }, x) € £, then ({x.}, x) € L.

Let £ be a convergence on a set L. Define mapping 4 on the family of all subsets
of Linto itself as follows: If 4 = Land x € L, then x € A4 if there is a sequence {x,}

such that ({x,}, x) € € and U x, = A. The mapping 4 is a closure topology for L and
n=1

it is called a convergence topology. The closure space (L, 1) is called a convergence
space and denoted by (L, £, 2) ([2]).

The family of all continuous functions on a convergence space (L, 2, 1) to the
closed interval <0,1) will be denoted by &(L).

J. NovAk defined [1] the notion of sequential regularity as follows:

A convergence space (L, £, 4) is sequentially regular if for each point x € Land
for each sequence {x,} such that ({x,,}, x)¢ & for any subsequence {x,} of {x,}
there is a function f € F(L) such that the sequence {f(x,)} does not converge to f(x).

We shall say that a convergence space (L, £, 1) has the property (P) if for each
xeL,yeL,x # y,thereis f e F(L) such thatf(x) + f(»).

Let (L, &, ) be a convergence space. Let & be the set of all pairs ({x , X) such
that the sequence {f(x,)} converges to f(x) for each f € F(L). The set & is a conver-
gence if and only if the convergence space (L, €, 1) has the property (P).
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Definition 1. Let (L, €, 2) be a convergence space with the property (P). The
convergence topology induced by the convergence € will be called a sequentially
regular modification of A and denoted 2.

The following statements clarify the relation between A and A:

The convergence space (L, Q, 2) is sequentially regular. The sequentially regular
modification 1 of A is the weakest') of all sequentially regular convergence topologies
stronger than 1. Consequently A = 1 if and only if the space (L, £, 1) is sequentially
regular.

Definition 2. Let (L, £, 1) be a convergence space with the property (P). Then
there exists the weakest of all completely regular separated topologies stronger than A.
It will be cailed a completely regular modification of A and denoted 1.

Definition 3. Let (P, u) be a separated closure space. Define a convergence
P : ({x,}, x) € P if for each neighbourhood U(x) of x we have x, € U(x) for nearly
all n € N. The convergence space (P, P, n) will be said to be associated with (P, u).

The following statements are true: A < 1 < 1 and A =1 The convergence
space (L, &, ) is associated with the space (L, 2). If the convergence space (L, &, A)
is sequentially regular, then A = 1 < A®* < 1 where A®* denotes the topological
modification of 4 ?).

Now we can characterize the class of sequentially regular spaces.

Theorem 1. The class of sequentially regular spaces whose convergences are
largest coincides with the class of convergence spaces associated with completely
regular separated spaces.

Consider the class P of completely regular separated spaces whose topology is
a completely regular modification of some convergence topology. The class P is no
hereditary and productive. If (P, u) is a completely regular separated space and
(P, B, ) is the convergence space associated with (P, u) then (P, u) belongs to P
ff 7 =u.

Theorem 2. A completely regular separated space (P, u) belongs to P if and only
if the following condition is satisfied: a function f on P to {0,1) is continuous on
(P, u) iff lim f(x,) = f(x) whenever for each neighbourhood U(x) of x we have
x, € U(x) for nearly all ne N.

The notion of sequential evelope was defined ([1]) as follows:
A sequentially regular convergence space (S, S, o) is a sequential envelope o(L)
of a convergence space (L, £, 4) if the following conditions are satisfied:

h If u and v are closure topologies for L, then u is weaker thanv if u4 < vA foreach 4 < L.
2) A topological modification A®1 of a convergence topology 4 is the weakest of all topologies
stronger than A.
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(60) (L, 2, ) is a subspace of (S, S, o).

(6) S = o”'L.

(0,) Each function f e (L) has an extension f e F(S).

(03) There is no sequentially regular space (S’, &', ¢’) containing (S, &, o) as
a proper subspace and satisfying (o) and (0'2) with respect to L.

It has been pointed out ([1]) that the definition of a sequential envelope is
similar to that of the Stone-Cech compactification. The following theorem states
their relation in an explicit form.

Theorem 3. Let (L, £, 2) be a sequentially regular space, let 1 be the sequentially
regular modification of A and let (P, u) be the Stone-Cech compactification of (L, 7).
Let (P, B, ) be the convergence space associated with (P, u). Then o(L) = n®'L.

Theorem 4. Let (L, £, 1) be a sequentially regular space. If (L, 2, 1) is countably
compact or if (L, 2) is a normal space, then o(L) = L.

However, neither of these two conditions is also necessary for the statement
a(L) = L. On the other hand there exist convergence rings of sets M such that
o(M) = M.

Remark. The paper with proofs will appear in the Czechoslovak Mathematical
Journal in 1967.
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