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ON URYSOHN’S LEMMA

C. H. DOWKER and DONA PAPERT

London

In this paper we show how a well known non-tautological theorem of point-set
topology can be proved in frame theory, that is in topology without points. The results
are not new but were proved in the unpublished Cambridge dissertation: Dona Papert,
Lattices of functions, measures and point sets, 1958.

A partially ordered set is a set Lwith a relation <, such that

1) ifa < band b < cthena < ¢, and
2)ifa<band b < athena = b,

A complete lattice is a partially ordered set such that

3) every subset 4 of Lhas a least upper bound.

The least upper bound is unique and is usually called the join of 4 and written
VA or, in terms of elements, Va, or a; v a,. Let 1 = VL; then 1 is the greatest
element of L. Let 0 = V0, where 0 is the empty set; then 0 is the least element of L.
The operation v is associative and commutative, for the join depends on the set A4,
not on the arrangement of its elements.

If B s the set of lower bounds of A4, each a € 4 is an upper bound of B and hence
VB = a. Thus VB is a lower bound of A. This greatest lower bound of A is called the
meet of A and written A4, Aa, or a; A a,. Clearly AL =0and A0 = 1.

The topology T of a space X, that is the set of all open sets of X, is a complete
lattice with the relation <. For any family {G,} of open sets, the join VG, is the
union JG, and the meet AG, is the interior of the intersection NG,, thus G; A G, =
= G, N G,. The elements 0 and 1 of T are @ and X.

A frame is a complete lattice satisfying the distributive law
4) a A Vb, = Va A b,

In particular a A (b v ¢)=(a ADb)Vv(aAc) Also we have a v (b A ¢) =
=(@vba(ave,for@avb)alave=(avbrayv(@vdac=
=av(aac)yv(bac)y=av(bac) From 4) by commutativity we have
(Vay) A b = V(a, A b). Applying 4) again gives Va, A Vby = V(a, A Vby) =
= VaVya, A by, and, by induction, Va, A Vbs A ... A Ve, = V, V... Vydq A
ANbgAa ¢, The topology T of a space X is clearly a frame.
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If Land M are frames, a function ¢ : L » M is called a frame map, or simply
a map, if ¢ Va, = Voa, for each family {a,} and ¢ Aa; = Aea; for each finite
family {a;}. In particular, when the families are empty, we have @0, = 0,, and
el = 1y,.

Let X,, X, be spaces with topologies T;, T,, and let f: X; — X, be a con-
tinuous function. For each GeT,, f !GeT,. Also f~*VG, = f"' UG, =
= Uf'G, = Vf"!G,, and, for finite families {G;},f ' AG; = f"'NG; =
=Nf"'G;= Af"'G;. Thus f~': T, > T, is a frame map. We shall now show
that all frame maps of topologies of Hausdorff spaces are obtained thus from con-
tinuous functions.

Theorem 1. If X, X, are spaces with topologies Ty, T,, if X, is a Hausdorff
space and if ¢ : T, — T, is a frame map, there exists a unique continuous function
f:X{—> X, such that f~! = ¢.

Proof. For any point x € X, let G be the union of all open sets G, of X, for
which x ¢ ¢G,. Then ¢G = ¢ UG, = UpG,, so x ¢ ¢G. Thus G is the greatest open
set of X, for which x ¢ ¢G.

Since @l = 1, that is ¢X, = X, and since x € X;, hence G # X,. Let ye
€ X, \ G. If z is any other point of the Hausdorff space X, there are disjoint open
sets U, V with ye U, ze V. Then oU n @V = @U n V)= ¢d = 0. Then x €U,
x ¢ @V,s0 V< G and z € G. Thus there is only one point ye X, \ G.

For each x € X, let f(x) be the point of X, not in max {G : x ¢ ¢G}. Then for H
open in X,, f(x) € H if and only if x € ¢H; that is f "'H = @H. Thus f ~'H is open,
so f is continuous. And we have f~! = ¢.

If g : X, » X, is another continuous function, choose x € X, for which g(x) *
# f(x). Let H = X, \ (g(x)). Then x e f "'H = oH but x ¢ g 'H. Thus g~ * ¢.
This completes the proof.

A base B of a frame Lis a subset of Lsuch that every element of Lis a join of
elements of B.

Theorem 2. Let Land M be frames, let B be a base of Land let ¢ : B — M be
a function such that if {b;} is finite and Ab; £ V¢, then Aob; < Voc,. Then ¢
extends to a frame map u: L—> M.

(When the family {b;} is empty, the hypothesis states that if 1 = V¢, then
1 = Voc,. In particular V ¢gc = 1.)

ceB
Proof. For h e Lwe define pth = \ ¢b. If b < ¢ in B then @b < @c. Thus
beB,b<h
for ¢ € B we have c = \/ b= @c. Thus p is an extension of ¢.
b=c

Ifh = kthen uh = \ @b < V @b; hence uh < k.
bsk

b<h
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For a finite non-empty family {h;}, i = I, ..., n, we have

Ah;=VoarnVoban...AVoc=V...Voan..nAoc.

ash; b<h;y c<hn ash; c¢Zhy

Since a A ... A ¢ = Ah; = VYV b, hence by hypothesis

b= Ahi

pa A ...ANpc S V ob=uAh;.
b= Ahi

Thus Aph; £ p Ah;. But since Ah; £ h;, u Ah; £ ph;, and hence u Ah; £ Auh;.
Therefore u Ah; = Anh,.
In case {h;} is empty this is still true, namely ul = 1, for ul = V @b = 1.

b<1
For any family {h,} we have u\Vh, = V o¢b. When b < Vh, =V, V ¢,
b=Vh, ceB,c<hy
then @b =V, V ¢c = V,uh,. Hence u Vh, £ Vph,. But since Vh, = h,, u\Vh, =
c=Zhg

= uh, for each « and hence u Vh, = Vuh,. Thus in each case u \Vh, = Vuh,.
Thus u is a frame map, as was to be shown.
A frame Lis call@d normal if, whenever u v v = 1, there exist g, h such that

gvv=1l, uvh=1, gAah=0.
Clearly the topology of a space X is normal if and only if X is a normal space.

Theorem 3. If Lis a normal frame and u v v = 1 in L there exists a frame
map p: Ty = L, where Ty is the topology of the real line R, such that y(R \ (0)) <
<u, RN (1) =20

Proof. Let Q be the set of rational numbers. We shall construct g, h, € L for
peQsothat g, A h, = 0and, if p < g, g, v h; = 1. When they are thus defined
for p and q with p <q we have h,=h, A1 =h, A (g, v hy) = h, A h,, s0
h, < hgpandalso g, =g, A1 =g, A(g, Vv h)) =9, A 9,509, = g,

The rationals between 0 and 1 are countable; call them ry, r,, ... Let Q, consist
of all the rationals £0or =Z1land r, r,, ..., r,. For p € Q, we define g, h, as follows:
g,=1, h,=0for p<O0; go=u, h =0; g, =0, hy =v, g,=0, h, =1 for
p>1

Suppose g, h, have been defined for p € Q,. We now define g,, h, for r = 1, ;.
Take the greatest p € Q, with p < r and the least g € Q, with ¢ > r. Then p < g and
g, v h, = 1. By normality there exist g,, h, for which g, v h, =1, g, v h, = 1,
g Ah=0.1fseQ, ;ands<rthens=<p,g;=g,andg;v h,=11Is>r
then s = g, hy = h, and g, v hy = 1. Thus g,, h; with the required properties are
defined for all s € Q,+. Hence by induction they can be defined for all s € Q.

Take the base B = Ty consisting of all open intervals (x, y) with x < y. The
function ¢ : B —» Lis defined by

I

o(x,y)= V g,Anh,=Vg,AVh,.

x<p<q<y x<p q<y
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Let (x;, y;), i = 1, ..., n be a non-empty finite family of intervals, and let (x,, y,)
be a family of intervals such that N\(x;, y;) € U(X, y,). Then

ANe(xop)=( V gy Aah)rn...A( VNV g, Ah)

xX1<p1<q1<y1 Xn<Pn<qn<yn

=V ..Vg,, Ay Ao A g, A Dy,
= V e ngnxp A hminq
= \ g, A hy

maxx;<p<qg<miny;

=0 ﬂ(x,-, J’i) .

For any rational numbers p, g such that max x; < p < ¢ < min y;, the compact
interval [p, q] is contained in U(x,, y,) = U U (r,s) for r, s rational. Hence
a

& Xg<Fr<s<yqg
[P, q] is contained in some finite number of these intervals (r, s), so the open interval

(p, q) is a finite union U(r;, s;) of such intervals. We may assume that no (r;, s;) can

be omitted from the uéion and that (r;, s;) overlaps (rj,y, S;41)-

If r<t<s<u we have (g, A hy) v (g9, A h,) = (9, v g)) A (g9, v h,) A
A(hsv g) A (hy v h,) =g, A h,. Hence g, A hy = Vg, A hy, £ Vo(x,, ¥,)-
Hence Ap(x;, y;) = Vo(Xa Va)-

If U(xe y) =R then (—2,3) = U(x, y,) and hence 1 =g_; A h, <
< o(—2,3) £ Vo(x, y,). Thus Ae(x;, ;) < Vo(x,, y,) even when the family
(x5 y;) is empty. Therefore ¢ extends to a frame map p: Ty — L.

If x <y < 0then ¢(x, y) = 0.If0 < x < y then for x < p < g < y we have
g, A hy £ go = u, and hence ¢(x, y) < u. Hence u(R \ (0)) = V o(x,y) < u.

O¢(x,y)

If x <y <1 then for x < p < g <y we have g, A h, < h; = v and hence
¢(x,y) Sv. If 1 < x <y then ¢(x, y) = 0. Hence y(R \ (1)) = V o(x,y) < v.
1 )

#(x,y
This completes the proof.

Theorem 4 (Urysohn). If E, F are disjoint closed sets of a normal space X
there is a continuous real function f: X — R such that f(x) = 0 when x € E and
f(x) = 1 when x e F.

Proof.Let U = X \ E, V=X \ F; then U u V= X. By Theorem 3 there is
a map pu:Tyg — Ty, where Ty is the topology of X, such that u(R \ (0)) = U,
#(R ~ (1)) € V. By Theorem 1, since R is a Hausdorff space, there is a continuous
function f:X — R such that f~' = u. Since f~(R \ (0)) € U, f(E) = (0). And
since f (R \ (1)) = V, f(F) = (1). This completes the proof.
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