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ON SOME CONVERGENCE CLOSURES GENERATED
BY FUNCTIONS

V. KOUTNIK

Praha

0. In this note we shall consider several convergences defined on a given closure
space and investigate relations between corresponding convergence closures and
their modifications.

Let L be a set. Let € be a set of pairs ({x,}, x) where x,e L, ne N, and xe L
satisfying the following axioms

(ZLo) If ({x,}, x) € 8, ({x4}, y) € £ then x = y.
(£y) If x, = x, neN, then ({x,}, x)e L.
(Z2) If ({x,}, x) e £ and {n;} is any subsequence of {n}, then ({x,,}, x) € £.

Then £ is called a convergence on L. For each 4 = Llet A4 = {x|x e L, 3{x,},
x,€ 4, neN, 3 ({x,}, x) € £}. Then (L, 1) is a Tj-closure space. It is denoted by
(L, 2, 2) and called a convergence space [4]. Note that in general 124 + 14 and
hence a convergence space may not be a topological space. To each convergence £
there corresponds convergence £* inducing the same convergence closure and satis-
fying the Urysohn axiom

(&5) If each subsequence {x,} of a sequence {x,} contains a subsequence
{xn,,} converging to a point x, then the sequence {x,} itself converges to x.

Let (L, £, 1) be a convergence space. The finest topology coarser than 4 is called
a topological modification of A and denoted by A°!. Recall that a convergence space
(L, 8, 2) is called a Fréchet space if A°* = 1, i.e., if (L, 1) is a topological space.
A topological space (P, u) is called a sequential space if there exists a convergence
closure u for P such that u®! = u, i.e., if u is a topological modification of some
convergence closure. If (P, u) is a closure space we shall denote by C(u) ') the set
of all continuous real-valued functions on (P, u).

A convergence space (L, £, 4) is called sequentially regular [4] if for each
point x € L and each sequence {x,} of points of L such that xe L — 4 {J (x,) there
is a function f € C(4) such that {f(x,)} does not converge to f(x). n=1

1) We write simply C(u) instead of C((P, u)) because we shall consider different closures
for the same given set P.
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Let (L, £, ) be a convergence space such that C(1) separates the points of L.
The finest sequentially regular convergence closure for L coarser than 4 is called
a sequentially regular modification of 1 and denoted by 1 [3]. The finest completely
regular topology for L coarser than A is called a completely regular modification
of A and denoted by 1 [3]. The following relations hold

l<li<lin<],
A<in< ],

i=1.

1. Let (P, u) be a closure space and suppose that C(u) separates the points of P.
Clearly (P, u) is a separated space.

Consider the following convergences on P:

P: ({x,}, x) € P if for each neighborhood U of x we have x,e U for nearly
all neN,

PBew: ({xa} X) € B if {f(x,)} converges to f(x) for each fe C(u).

Denote © and 7, the corresponding convergence closures. P is the usual
convergence on P. The convergence space (P, B, n) was called a convergence space
associated with (P, u) in [3] and = is called a sequential modification of u in [1].
The convergence P, Was introduced by J. Novak in [5] who pointed out that there
are interesting relations between the closures u, 7, m¢(,, and their modifications.
Let us define still another convergence

Pemy: ({(Xa}s %) € Bey if {f(x4)} converges to f(x) for each fe C(m).

Denote n¢(,y the corresponding convergence closure. We shall show in Example 1
that generally C(x) # C(u).

Lemmal. 7 < o) < T (u)

Proof. Let({x,}, x) € B. By definition of C(r) and PB¢(,, we have ({x,}, x) € Bc(e)-
Since © < u we have C(u) = C(r) and hence ({x,}, x) € Bcq)-

Proposition 1. The convergence spaces (P, Bciy Temy) and (P, Bewy Tew)
are sequentially regular.

Proof. The assertion follows immediately from the definition of sequential
regularity and from definitions of Pcxy and Py,
In view of Corollary 3 in [3] we have

Corollary 1. The following are equivalent
(2) ey = Teqwy-
(b) 7":.’C,(lu) = ng(lu)'
(©) ficw = ficq-
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The question arises whether m¢(yy = 7ic(,) does not always hold. The following
example shows that we may have 7¢(xy + 7).

Example 1. Let P =[0,1]. For x + 0 let U, =P n(x — 1[n, x + 1/n)
be the usual local base at x and let the local base at 0 consist of sets U, s = {0} U
U ((0, 1/n) — S) where ne N and |S| < N,. Denote u the corresponding topology.
Clearly (P, Bcwy Ticq) is the interval [0, 1] with the usual topology. On the other
hand 0 is n-isolated and therefore also 7¢()-isolated. Hence Teeny F ey Note that
both spaces (P, Pcxy> Teemy) and (Ps By Teqwy) are Fréchet spaces.

Proposition 2. If C(n) = C(u) then m¢ry = ncyy,).
Proof. C(n) = C(u) implies that Pcery = Beg)-

Corollary 2. If (P, u) is a convergence or a sequential space then Ty = e,

The condition in Proposition 2 is not necessary as the following example shows.

0 0
Example 2. Let P = J U (%) Y (%o). The points x,, are isolated and the
1 [ [} N

m=1 n=

local base at x, consists of sets Uy, = U U (X) U (xo) Where ke N and r

m=k n=p(m)

is any mapping of N into itself. Denote u the corresponding topology. The space
(P, u) is normal. The spaces (P, B, %), (P, Bcay Mceny)s 2nd (P, By Tew) are all
discrete and hence gy = e, While C(n) & C(u).

Proposition 3. If ({x,}, x) € B whenever {f(x,)} converges to f(x) for each
fe C(u) then Ter)y = Te(u)-

Proof. The condition implies P¢(,) = P and the assertion follows by Lemma 1.

Corollary 3. If (P, u) is completely regular then miciy = mgy,.

Again the condition in Proposition 3 is not necessary as the following example
shows.

Example 3. Let P =[0,1]. For x 0 let U, =P n(x — 1/n, x + 1[n)
be the usual local base at x and let the local base at 0 consist of sets ¥, = [0, 1/n) —

— U (1/m). Denote u the corresponding topology. We have ({1/m}, 0) ¢ P while
m=1

{f(1/m)} converges to f(0) for each f € C(u). However, (P, u) is a Fréchet space and
hence 7¢(yy = M,y by Corollary 2.

Problem 1. What is the necessary and sufficient condition for the equality
”C(n) = nC(u)?

2. Now let us characterize the convergence closures m¢(x) and 7).
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Theorem 1. n¢(,, = #.

Proof. By Lemma 1 and Proposition 1 7¢, is a sequentially regular conver-
gence closure coarser than 7. On the other hand let A be a sequentially regular con-
vergence closure for P coarser than . To complete the proof we must show that
Ticny < A. Let A © P and x € mgmy4. Then there is a sequence {x,,} of points of 4
which ¢ ,-converges to x. Hence {f(x,)} converges to f(x) for each fe C(m).
Since 7 < 4 it follows that {g(x,)} converges to g(x) for each g e C(1). Because A
is sequentially regular {x,} £*-converges to x by Lemma 2 in [3]. Therefore x € 14.

Let (P, u) be a closure space and let w be the weak topology for P [2]. We shall
denote by (P, B,,, m,) the convergence space associated with (P, w), i.e., 7, is the
sequential modification of w.

Theorem 2. n¢(,, = =,

Proof. If ({x,}, x) € Bcw then {f(x,)} converges to f(x) for each fe C(u)
and hence for each w-neighborhood U of x we have x, e U for nearly all neN.
Therefore ({x,}, x) € ®,,. On the other hand if ({y,}, y) € P,, then clearly {f(,)}
converges to f(y) for each fe C(u) so that ({y,}, ¥) € Bcw)-

Since (P, w) is a completely regular space it follows that if v is any of the closures
U, T, Teemys gy OF their modifications then we have 7 < v < w.

3. Finally let us consider the relations between the convergence closures .
Ty Tewy and the closure u.

If (P, u) is just a closure space then the only statement we can make is the obvious
T <u.

I (P, u)is a topological space then clearly n < n < u. However, both m¢(,, 5

+ u (Example 2) and u ¥ mc,, (Example 3) may occur. The same holds for 7¢(z).

Finally, if (P, u) is a completely regular space, then ¢, < u. It follows from
Lemma 6 and Theorem 6 in [3] that 7, = u if and only if C(n) = C(u).
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