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ON A GROUND STATE AND TWO SYMMETRIC GROUND
STATE SOLUTIONS IN A DOMAIN

HWAI-CHIUAN WANG*

Abstract. Let Q be a domain in RY, N > 1, and 2* = oo if N = 1,2, 2* = 2 if N > 2,
2 < p < 2*. Consider the semilinear elliptic equation

—Au+u=uP%u inQ *)

u € HY (D).
The existence, the nonexistence, and the multiplicity of positive solutions of equation (*) are affected by
the geometry and the topology of the domain €. In the article, we first present various analyses and use
them to characterize which domain 2 is a ground state domain or a non-ground state domain. Secondly,
for a y-symmetric domain €2, we study their index a(2) and y-symmetric index as(€2). We determine
whether a(Q) = as(R2) or a(Q) < as(2). In case that a(Q) < as(2) and that both «(2) and as(92)

admits ground state solutions, then we obtain that in 2, the Equation (*) has three positive solutions,
of which one is y-symmetric and other two are not y-symmetric.

1. Introduction. Let Q be a domain in RN, N > 1, and 2* = 0o if N = 1,2,

2% = % if N >2 2 <p<2* Consider the semilinear elliptic equation

~Au+u=[ulf"2u in Q;

1.1

u € Hi (Q). (L)
Let H}(Q) be the Sobolev space in . Associated with Equation (1.1), we consider the
energy functionals a, b and J for u € Hg(£2)

atw) = [ (VuP+u ) = [ o I = Fal - b,

p

It is well known that the solutions of Equation (1.1) and the critical points of the energy
functional J are the same.

The existence, the nonexistence, and the multiplicity of positive solutions of Equa-
tion (1.1) in a domain 2 have been the focus of a great deal of research in recent years.
They are affected by the geometry and the topology of the domain €. To characterize
in what kind of domains we have the existence, the nonexistence, and the multiplicity of
positive solutions of Equation (1.1) is an open question. In this article, we try to answer
partially the question.

The aim of our study is twofold: first, we characterize what kind of domains €2 are
ground state domains or non-ground state domains; secondly, we characterize in what
kind of y-symmetric domain €2, the index «(f2) is equal to or less than the y— symmetric
index (), Suppose that Q is a ground state domain for H}(Q) and for H!(2) such
that () < as(Q), then Equation (1.1) on 2 has three positive solutions, of which one
is y-symmetric and other two are not y-symmetric.

*Department of Applied Mathematics, Hsuan Chuang University, Hsinchu, Taiwan
(hwang@hcu.edu.tw).

559



560 H. C. Wang

2. y-symmetric Domains. Let z = (z,y) € RN-1 x R:RN, N > 3. In the
followings, we denote the infinite strip A” = {(z,y) € RY : |z| < r}; a finite strip A}, =
{(z,y) € A" : s < y < t}; an upper semi-strip A, = {(z,y) € A" : s < y};, the infinite
strip with a hole A"\w, a ball BY(z;s), an interior flask domain F7 = Af U BY(0; s);
the upper half space Rf, a horizontal infinite strip Rivp’p ={(z,y) eRN : —p <y < p};
a positive paraboloid P = {(z,y) € RY : y > |z|?}; an infinite cone C = {(z,y) € RY :
|z| < y}; and an epigraph IT = {(x,y) € RY | f(z) < y}.

We have the following definitions of y-symmetric domains:

DEFINITION 2.1.
(i) Suppose that (z,y) € Q if and ouly if (z, —y) € £, then we call  a y-symmetric
domain;
(ii) Let Q be a y-symmetric domain in RY. If a function u : Q — R satisfies
u(z,y) = u(z, —y) for (x,y) € Q, then we call u a y-symmetric function.

EXAMPLE 2.2. The whole space RV, a ball BY(0;s), the infinite strip A" = {(z,y) €
RY : |z| < r}, a finite strip A", = {(z,y) € A" : —s < y < s}, and the infinite strip

—s,8

with a hole A"\ B™ (0;7/2) are y-symmetric domains in RY.

Let Q be a y-symmetric domain in RY and denote the space H2(Q) by the H'-closure
of the space {u € C§°(Q) : u is y-symmetric}. Note that H1(£) is a closed linear subspace
of H}(£2). Let H;1(Q2) be the dual space of H.(Q). Throughout this article, let X (Q) be
either the whole space HE () or the y-symmetric space H1(Q). Let X () be the dual
space of X (Q).

3. Palais-Smale Theory. We define the Palais-Smale (denoted by (PS)) sequences,
(PS)-values, and (PS)-conditions in X () for J as follows.

DEFINITION 3.1.
(i) For § € R, a sequence {u,} is a (PS)g-sequence in X (Q) for J if J(u,) = B+0(1)
and J'(u,) = o(1) strongly in X () as n — oo;

(ii) 0 € Ris a (PS)-value in X(Q) for J if there is a (PS)g-sequence in X () for J;

(iii) J satisfies the (PS)g-condition in X () if every (PS)g-sequence in X () for J

contains a convergent subsequence;

(iv) J satisfies the (PS)-condition in X () if for every 5 € R, J satisfies the (PS)g-cond-

ition in X ().

For any 0 € R, a (PS)g-sequence in X(Q) for J is bounded and a (PS)-value § is
non-negative.

LEMMA 3.2. Let B € R and let {u,} be a (PS)g-sequence in X (Q) for J, then a positive
sequence {c,(B)} exists such that ||un||m < cn(B) < ¢ for each n and cp,(B8) = o(1) as
n — oo and 3 — 0. Furthermore,

alien) = () + of1) = 35+ o(1)
and 3> 0.

Consider the Nehari minimizing problem

ox(@) = _inf (),

where Mx () = {u € X(Q)\{0} : a(u) = b(u)}. Note that Mx () contains every
nonzero solution of Equation (1.1) in X ().
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We have the following three useful results:

THEOREM 3.3. If {u,} is a (PS)s-sequence in X(Q) for J, then there is a sequence {s,}
in RY such that {spun,} is in Mx(Q) and is a (PS)g-sequence in X () for J.

THEOREM 3.4. Every minimizing sequence {u,} in Mx () of ax(Q) is a (PS)ax()-
-sequence in X () for J.

By THEOREM 3.4, we have that ax (Q2) is a positive (PS),, (q)—value in X (£2) for J.

THEOREM 3.5. Let u € Mx () be such that J(u) = minyem, (o) J(v). Then u is a
nonzero solution of Equation (1.1) such that J(u) = ax ().

DEFINITION 3.6. ax () is called the index of J in X (). If u is a nonzero solution of
Equation (1.1), then v € Mx(Q). Thus, J(u) > ax(€2). We say that a nonzero solution
u in X () of Equation (1.1) is a ground state solution for X () if J(u) = ax(Q), and is
a higher energy solution if J(u) > ax ().

REMARK 3.7. We denote ax() by the (general) index «(€2) of a domain Q for
X(Q) = H(Q) and by the y— symmetric index a,(Q) of a y-symmetric domain § for
X(Q) = HX(Q). Therefore, a y-symmetric domain 2 has two indexes: the index a(f2)
and the y— symmetric index as(Q) such that a(Q) < as(Q). The two indexes «(Q2) and
as(2) may be equality or inequality.

The Palais-Smale conditions are conditions for compactness. They are useful in as-
serting the existence, the nonexistence, and the multiplicity of solutions of Equation (1.1).

THEOREM 3.8. If J satisfies the (PS)q  (q)-condition, then there is a ground state solution
for X(Q) of Equation (1.1).

Let Q' C Q2 and o = ax(Q) for i = 1,2, then clearly o < o. If o = ok,
then we have the following useful results.

THEOREM 3.9. Let Q! S 02 and J : X (%) — R be the energy functional. Suppose that
ok =ak. Then
(i) ok does not admit any ground state solution;
(ii) J does not satisfy the (PS)q1 -condition;
(iii) J does not satisfy the (PS),z2 -condition.

4. Non-ground State Domains and Higher Energy Solutions. We give the
following definition.

DEFINITION 4.1. Let Q be a domain in RY.
(i) Qis acompactness domain for X () if the embedding X (£2) < LP() is compact;
(ii) €2 1is a ground state domain for X () if there is a ground state solution u in X (£2)
of Equation (1.1). Otherwise, we say that € is a non-ground state domain for
X(9Q).

REMARK 4.2. By a domain Q for X(Q), if X(Q) = H!(Q), then Q should be a y-
symmetric domain in R,

By THEOREM 3.9, we have
THEOREM 4.3. Let Q' G Q2 and o% = o). Then Q' is a non-ground state domain, for
X(Q).

In this section, we prove that proper large domains, Esteban-Lions domains, and
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some interior flask domains F7 = A} U BY(0; s) are non-ground state .

DEFINITION 4.4.
(i) For Q C RN, we call Q a large domain in R if for any r > 0, 2z € Q exists such
that BN (z;7) C
(ii) For Q C A", we call Q a large domain in A" if for any positive number m, a, b
exist such that b —a =m and A} , C (2

EXAMPLE 4.5.
(i) The whole space RY, the upper half space Rf , a positive paraboloid PT, an
infinite cone C, and an epigraph II are large domains in R
(ii) The infinite strip A", an upper semi-strip A’, the infinite strip with a hole A™\w,
and the interior flask domain F are large domains in A".

DEFINITION 4.6. A proper smooth unbounded domain Q in RY is an Esteban-Lions
domain if y € RV exists with ||x|| = 1 such that n(z) - x > 0, and n(z) - x Z 0 on 99,
where n(z) is the unit outward normal vector to 9 at the point z.

EXAMPLE 4.7. An upper half strip A%, an epigraph II, an infinite cone C, the upper half
space Rf , and a positive paraboloid Pt are Esteban-Lions domains.

We have the following result.
THEOREM 4.8.
(i) A proper large domain Q in RN orin A" is a non-ground state domain for X ();
(ii) An Esteban-Lions domain Q is a non-ground state domain for H}(€2);
(iil) so > 0 exists such that the interior flask domain F7, for each s < sg, is a non-
ground state domain for H}(FT).

For h > r and B =BY((0,h);7/2), let Q5 = (A5 U BN (0;7))\B be the upper half
strip with a hole. €y, is a proper large domain in A”. By THEOREM 4.8 (i), there is no
any ground state solutions of Equation (1.1) in . However, we prove that a positive
higher energy solution of Equation (1.1) exists in Q,, for large h.

THEOREM 4.9. Suppose that the positive solution of Equation (1.1) in the infinite strip
A" is unique up to y-translations. hg > 0 exists such that if h > hg, then there is a
positive higher energy solution v of Equation (1.1) in the upper half strip with a hole

such that a(A"™) < J(v) < 2PT_204(AT).

5. Ground State Solutions and Ground State Domains. In this section, we
prove that comapctness domains for X (Q2), the union of a finite numbers of ground state
domains for X (), periodic domains, and the interior flask domains F7 for s > sg are
ground state domains for X ().

REMARK 5.1. It is known that a ground state solution in X () is of constant sign. Note
that if w is a solution of Equation (1.1), then —wu is also a solution of (1.1). By the
maximum principle, if u is a nonzero and nonnegative solution of (1.1), then u is positive.
By a ground state solution in X (2), we mean a positive solution of Equation (1.1). If
is a C1'! domain in RV, then by the regularity, by a ground state solution in X (2), we
mean a C2—positive solution of Equation (1.1). In this article, the example of domains
may not of C!, but after smoothing it out, then it is of C'*1.

THEOREM 5.2. Let Q be a domain in RN of finite measure. Then the embedding X (Q) —
LP(Q) is compact.
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THEOREM 5.3. If the embedding X () — LP(S2) is compact, then J satisfies the (PS)q . ()-
-condition. In particular, there is a ground state solution for X () of Equation (1.1).

THEOREM 5.4. Let Ay, Ao, ..., A, be domains such that there is a ground state solution
for X(A;) of Equation (1.1), for eachi. Let A = Ay UAyU...UA,. Then there is a
ground state solution for X(A) of Equation (1.1).

DEFINITION 5.5. A domain © in RY is a periodic domain if a partition {Q,,}55_, of ©
and points {z,,}5°_; in RY exist, satisfying the following conditions:
(i) {zm}°_, forms a subgroup of RV;
(ii) Qo is bounded;
(iil) Qm = zm + Qo for each m.

Typical examples of periodic domains are the infinite strip A" and the whole space
RY.

THEOREM 5.6. Let © be a periodic domain. There is a ground state solution for H}(O)

of Equation (1.1). In particular, there is a ground state solution for H}(A™) and for
H}(RYN) of Equation (1.1).

We have the following results for the whole space RY.
THEOREM 5.7.
(i) Ewvery positive ground state solution for H*(RY) of Equation (1.1) is spherically
symmetric about some point xo in RN, @/'(r) < 0 for r = |z — 20|, and
1

. N-1
limr~2 e"u(r) =~ >0,

r—00

lim r%erﬂ'(r) = —;

T—00
(i) There is a ground state solution for H*(R™) of Equation (1.1);
(iii) The positive solution of Equation (1.1) in RY is unique.

In the infinite strip A” = BY=1(0;7) x R, let A\; be the first eigenvalue of —A in
BN=1(0;r) with the Dirichlet problem, and ¢; the corresponding positive eigenfunction
to A1. We have the following results for the infinite strip A".

THEOREM 5.8.
(i) Let u(z,y) be a C%— solution of Equation (1.1) in A". Then u is radially sym-
metric in x and in y; that is to say, u(x,y) = u(|z|,|y|);
(ii) For each positive solution u of Equation (1.1) in A", and for every 0 < § < 1+X;
v >0 and 8 > 0 exist such that

Y1 (z)e VI < y(2) < Boy (z)e VMO for 2 = (z,y) € AT

(iii) There is a a ground state solution for H}(A™) of Equation (1.1).

Next we present ground state domains from the perturbations F7, of a non-ground
state domain AJ.
THEOREM 5.9. sg > 0 exists such that Equation (1.1) has a ground state solution for
H}(ET) if s > sq, but does not have any ground state solution for H} (F") if s < so.

REMARK 5.10. In THEOREM 5.9 we have asserted that the interior flask domains F
= AL U BN (0; s) are ground state domains if s > sg. In fact, if we replace Ay U BN(0;s)
by Ap U S, where € is a bounded domain containing BY (0; s), the theorem still holds.
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We have the following theorem.
THEOREM 5.11.
(i) A domain in RN of finite measure is a compactness domain for X (9);
(ii) A comapctness domain for X(Q) is a ground state domain for X (Q);
(iii) The union of a finite numbers of ground state domains for X (2) is a ground state
domain for X (Q);
(iv) The whole space RY is a ground state domain for H} (RN) and for Hy(RN);
(v) The whole space AT is a ground state domain for H}(A") and for Hy(A"), More-
over, A" is a comapctness domain for Hs(A");
(vi) A periodic domain © is a ground state domain for H}(©);
(vii) An interior flask domains F" for s > sg is a ground state domain for H}(FT).

6. A y-symmetric Domain with Two Same Indexes. In this section, we assert
that if © is one of a ball BN (0; R), the whole space R, a finite strip A", ;, and the
infinite strip A", then a(Q) = as(Q).

THEOREM 6.1. Suppose that each positive solution u € H(Q) of Equation (1.1) is
in HY(Q) and there is a ground state solution for H}(Q) of Equation (1.1). Then
a() = as(Q).

By THEOREM 6.1, we have
THEOREM 6.2.
(i) a(BN(0;R)) = as(BY(0; R));
) a(RY) = a,(RY);
ii) O‘(Azt,t) = aS(Azt,t);
) a(A”) = as(AT).

7. A y-symmetric Domain with Two Different Indexes. We have the following
multiplicity result.
THEOREM 7.1. Suppose that Q is a ground state domain for H}(Q) and for HX(Q) such
that () < as(82), then Equation (1.1) on Q has three positive solutions, of which one
s y-symmetric and other two are not y-symmetric.

In this section, we prove that if {2 is one of a y-symmetric large domain separated by
a y-symmetric bounded domain, the finite strip with a hole, and a two-bumps domain,
then a(2) < a,(Q2). Related results see Wang-Wu [13] and [14].

(Case A)

DEFINITION 7.2. Let € be a y-symmetric domain and © a y-symmetric bounded domain
in RN, If two disjoint subdomains §; and Q5 of  exist such that Q\© = Q; Uy, where
(x,y) € Qy if and only if (z,—y) € Q1. Then we say that the y-symmetric domain € is
separated by a bounded domain O;

EXAMPLE 7.3. Let 0 <7y <7, t>0, 9 in BN=Y(0;7 +r;), and

0,=A" \ BN((.’L'o,t + 7’1);7‘1) @] BN(({L‘(), —(t + 7“1));7“1) .
Then the infinite strip with holes ©; is a y-symmetric large domain in A" separated by
a bounded domain A”, ;.

Let © be a y-symmetric large domain separated by a y-symmetric bounded domain,
then we have the following results:
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THEOREM 7.4. Let E be either RN or A”. Suppose that Q is a proper y-symmetric large
domain in E separated by a y-symmetric bounded domain, then () < as(Q). Moreover,
If as (Q) < 2a0(Q2), then J satisfies the (PS)q, (q)—condition in Hy (€2).

By THEOREM 7.4, we have

THEOREM 7.5. There exists tg > 0 such that as(0;) < 2a(©y) for all t > to. In
particular, there is a ground state solution for H(©;) of Equation (1.1) in Oy, for all
t>tp.

(Case B)
Let 0 <7y <7,t>0,and 29 in BY~1(0;7 +r;), consider the finite strip with a hole ¥,
where

Wy = Ait,t\BN((CU»O);Tl)-
Then we have the following assertion.

THEOREM 7.6. There exists tg > 0 such that for t > tg, we have a(¥;) < ag(Py).
Moreover, Equation (1.1) on W, has three positive solutions of Equation (1.1), in which
one is y-symmetric and the other two are not y-symmetric.

(Case C)
We consider the two-bumps domains.

DEFINITION 7.7. Let © be a proper ground state domain for H(0) in R bounded in
the z—direction. For R > 0, let Q} and Q% be two bounded domains in RY such that

(9] contalns a ball of radius R, Q% Cc RV \ RNp for some p > 0, and Q% = {(z,y) :
(z,—y) € Qk}. The y-symmetric domam Dy is called the two-bumps domam where

Dr=QRLUBOUQOY.

By THEOREM 5.4, the two-bumps domain D is a ground state domain for H}(Dg).
Here are some examples of two-bumps domains.

EXAMPLE 7.8.
(i) For t > R >r > 0. The bounded dumbbell domain D%, is a two-bumps domain,
where

DY = BN((0,—t),R)UA", ,UBN((0,t), R);

(ii) For t > R > r > 0. The unbounded dumbbell domain D% is a two-bumps
domain, where

= BN ((0,-t),R)UA" U BN ((0,1), R);

(iii) For t > R > r > 0. The curved dumbbell domain D$ = QL U© U Q% is a two
bumps domain, where Q) and Q% be two bounded domains in RY such that
dist{0,QL} > 0, QL contains a ball of radius R, and Q% = {(z,y) : (z,—y) €
QL}, and O is a curved bounded y-symmetric domain in RN

THEOREM 7.9. Let Dg be a two bumps domain. There is an Rg > 0 such that for
R > Ry, we have a(DRr) < as(Dg). Moreover, Equation (1.1) in Dr has three positive
solutions, of which one is y-symmetric and other two are not y-symmetric.

Since finite dumbbell is a two bumps domain, the results of Byeon [1], Chen-Ni-Zhou
[2], and Dancer [6] are the consequences of our THEOREM 7.9.



566

(2]
(3]
(4]
(5]
[6]
(7]
(8]
[9]
(10]
(11]
(12]
(13]

(14]

H. C. Wang

REFERENCES

J. Byeon, Ezistence of large positive solutions of some nonlinear elliptic equations on singularly
perturbed domains, Comm. Partial Differential Equations, 22 (1997), 1731-1769.

G. Chen, W.-M. Ni, and J. Zhou, Algorithms and visualization for solution of nonlinear elliptic
problems, Internat. J. Bifur. Chaos Appl. Sci. Engrg., 10 (2000), 1565-1612.

K.-C. Chen, K.-J. Chen and H.-C. Wang, Symmetry of positive solutions of semilinear elliptic
equations on infinite strip domains, J. Differential Equations, 148 (1998), 1-8.

M.-C. Chen, H.-L. Lin and H.-C. Wang, Vitali convergence theorem and Palais Smale conditions,
Diff. and Integral Equations, 15 (2002), 641-656.

K.-J. Chen and H.-C. Wang, A necessary and sufficient condition for Palais-Smale conditions,
STAM J. Math. Anal., 31 (1999), 154-165.

E. N. Dancer, The effect of domain shape on the number of positive solution of certain nonlinear
equations, J. Differential Equations, 74 (1988), 120-156.

M. J. Esteban and P.-L. Lions, Ezistence and non-existence results for semilinear elliptic problems
in unbounded domains, Proc. Roy. Soc. Edinburgh, Sect. A, 93 (1982), 1-12.

B. Gidas, W.-M. Ni, and L. Nirenberg, Symmetry of positive solutions of nonlinear elliptic equations
in RNV, Adv. in Math. Suppl. Stud., 7TA (1981), 369-402.

M.-K. Kwong, Uniqueness of positive solutions of Au —u + uP = 0 in R™, Arch. Ration. Mech.
Anal., 105 (1989), 243-266.

W.-C. Lien, S.-Y. Tzeng, and H.-C. Wang, Ezistence of solutions of semilinear elliptic problems
in unbounded domains, Diff. and Integral Equations, 6 (1993), 1281-1298.

C. A. Stuart, Bifurcation in LP(RN) for a semilinear elliptic equation, Proc. London Math. Soc.,
45 (1982), 169-192.

H.-C. Wang, A Palais-Smale approach to problems in Esteban-Lions domains with holes, Trans.
Amer. Math. Soc., 352 (2000), 4237-4256.

H.-C. Wang and T.-F. Wu, Symmetry Breaking in a Bounded Symmetry Domain, Nonlinear Dif-
ferential Equation Applications, 11 (2004), 361-377.

H.-C. Wang and T.-F. Wu, Symmetric Palais-Smale Conditions with Applications to Three Solu-
tions in Two Bump Domains, Diff. and Integral Equations, 16 (2003), 1505-1518.



		webmaster@dml.cz
	2012-09-13T08:15:48+0200
	CZ
	DML-CZ attests to the accuracy and integrity of this document




