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ON EXISTENCE AND SCHAUDER REGULARITY OF SOLUTIONS TO
A CLASS OF GENERALIZED STATIONARY STOKES PROBLEMS*

NGUYEN DUC HUY! AND JANA STARA?

Abstract. We investigate existence and Schauder type estimates of weak solutions to a class of
generalized Stokes problem. The generalization we consider here consists in two points: Laplace operator
is replaced by a general second order linear elliptic operator in divergence form and “pressure” gradient
Vp is replaced by a linear operator of first order.
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1. Introduction. Let Q C R¢ (d > 2) be a bounded domain with boundary 992. We
study a generalization of linear Stokes problem : For given f = (fi,---, f4) : © — R?

d

andg:Q — R, A= (A%ﬂ) :Q — RTX and B = (Bij)?jﬂ a d x d constant
,J,0,8=1 h

matrix we look for u = (u1,--- ,ug) : @ — R? and p : @ — R solving

—div (AVu) + BVp = f in Q,
divu=g in €, (1.1)
u=20 on 0f2.

The generalization of classical Stokes problem consists in two points: instead of Laplace
operator we consider a general second order elliptic operator in divergence form and
instead of gradient of p we consider a class of general first order linear operators. The
new feature of system (1.1) compared with classical Stokes system lies in the fact that
operators div u and BVp (for B different from the identity matrix F) do not act as
adjoint operators in suitable Banach spaces. While existence of weak solutions and their
properties with —Aw instead of —div (AVu) and B = E has been studied for a long
time (see for instance [6], [16]) both existence and smoothness properties of solutions to
system (1.1) — as far as we know — have not been studied yet in full extent.

Our motivation to investigate system (1.1) began with study of smoothness of flows
of incompressible fluids with viscosities that depend on shear and pressure (see [17], [5],
(1], [13]).

The arrangement of the paper is as follows. In Section 2 we introduce notations and
definitions and recall some results used later. In the next section we present the existence
and Hilbert regularity results obtained in [18]. In Section 4 we show the interior Schauder
estimates of solutions based on a suitable form of Caccioppoli’s inequality.
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124 Nguyen Duc Huy and J. Stara

2. Preliminaries. Let 2 be a domain with Lipschitz boundary in R%(d > 2).
For 1 < ¢ < oo, k € N; L), Wk4(Q) and WS (Q) denote the usual Lebesgue
and Sobolev spaces and Sobolev spaces with zero trace on the boundary. The norm of
u € L1(R) is denoted by

1/q
lully = lullge = ( / uje d:c) do.

The norm of u € W 4(Q) is defined as

1/q

e = g i= | [ 3 |D"r)  do.

al<k

Further, W&”jiv(Q) = {u e Wy A (Q)%; divu= O} where the equation div w = 0 is satisfied
in distribution sense. We denote by W~1¢'(2) the dual space to W ?(£2) for % + % =1
If f e W=h7(Q), v e W) we use the notation [f,v] for the value of the functional
f at v. Norms in spaces of scalar functions and of vector valued functions are denoted by
the same symbols. For u >0, 0 < a < 1; L2#(Q), £L2#(Q) and C%%(Q2) denote Morrey,
Campanato and Holder spaces with norms ||ul|p2.u (), [|ullz2.0(0) = [Jull2 + [u]2,;0 and
[ullco.a ) » respectively.
For f:R? — R? we will use notations

:87]0 DQf L 82f

D;f: ==
]f 8mj’ J 81’?’

V= D V= (DD

Next, we review some well-known facts needed later. We start with the following
lemma showing the property of the orthogonal projection of W&’2(BR(x0))d on
Wo v (Br(x0)).

LEMMA 2.1. Denote by
Ppo) + Wy (Br(xo))* — Wy T (Br(x0))

the orthogonal projection of Wy*(Br(zo))® onto Wolﬁiv(BR(mo)). Then there is a con-
stant C' > 0 such that for all ® € W, *(Bg(x0))?, we have

IV (PBr(20) P2, Br(20) < Clldiv @|l2 By (x0)-

The constant C does not depend on xg and R.
See in [10, Corollary 0.4].
LEMMA 2.2. Let f € L*(Br(z0))? with fBR(%) f dxz = 0. Then there exists a unique

solution u € W, (Br(x0))% N (Wolﬁiv(BR(aco))"l)L to the equation div u=f, moreover

V|

2,BRr(zo) < C||f||2,BR(fIIQ)

with the positive constant C which does not depend on xo and R.

See [10, Theorem 0.3 and Corollary 0.4].
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Finally, we recall a well-know facts verified easily by iterations.
LEMMA 2.3. Let f(t) be a nonnegative bounded function defined in [1o, 1] where 79 < 0.
Suppose that for 1o <t < s <1 we have

f(@) <[A(s =)™ + Bl + 0 (s),

where A, B, a, 0 are nonnegative constants with 0 < 0 < 1. Then for all o <t < s <7
we have

f(t) < ClA(s —t)"" + B],

where C' is a constant depending on o and 6.
See [8, Lemma 3.1, page 161].

LEMMA 2.4. Let ®(p) be a nonnegative and nondecreasing function on (0, Rg]. Suppose
that there are monnegative constants A, B, «, 3 with a > (3 so that

o(p) < A [(%)a +e| ®(R)+ BR®  Jorall0 < p< R< Ro. (2.1)

Then there exists positive g = €o(a, 3, A) such that the following holds:
If (2.1) is true for some € < g then

@(p) < Cla 5, A) [ (£)" B(R) + B

See [9, Section III. 2, page 51].

3. Existence and Hilbert regularity of solutions to (1.1). Let Q C R¢ (d > 2)
be a bounded Lipschitz domain with boundary 0€). The existence and uniqueness of
solutions for the generalized linear Stokes system which we quote further was proved
in [18].

We consider system

—div (AVu) + BVp = f inQ
divu=yg in Q (3.1)
u=0 on 0f).

Let f € W—12(Q)%. Recall that by a weak solution to system (3.1) we understand a
pair (u,p) € Wy 2 ()% x L2(Q) if divu =g a.c. on Q and

—div (AVu) + BVp = f (3.2)
holds in the sense of distributions, i.e.
d d
z /A;BDgujDavi dx — Z /ij(Blvjvi) dz = [f,v] (3.3)
a,Bi,j=1"9 ij=1"9

holds for all v € W, %(Q)%.
For the existence of solutions, we assume that A, B satisfy the following conditions
(3a) B is a constant regular matrix,
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(3b) A%ﬁ belong to L () and there is a positive A4 such that

AT |l < Aa forall i j,a,8=1,--- d.

3c) B714 generates elliptic (generally nonsymetric) bilinear form on W L2 d27 i.e.
Y Y 0
there exists a A > 0 such that

d d
a(u,v) = /Q(B_lAVu) : Vo do :/Q Z Z(B_l)ik/lif D%v; DPv; dx

a,Byi,j=1k=1

> \||Vol3 for all v € W),

THEOREM 3.1. Let the assumptions (3a), (3b), (3¢c) be in force and Q be a bounded
Lipschitz domain, let o be a nonempty subdomain of Q and f € W=12(Q)?. Then
there exists unique pair (u,p) € W01’2(Q)d x L2(Q) satisfying fQo p dx =0 and solving
system (3.1).
Moreover, the inequality
lulli2 + lIpllz < Cl[f]-12 (34)

holds with a constant C = C(A, B,Q,Qg) > 0.

ExaMPLES. To illustrate the type of systems we have in mind we show some examples
that satisfy conditions (3a), (3b), (3c).

PROPOSITION 3.2 (A elliptic, B near to identity). Suppose that
. A%ﬁ belong to L () and there is a positive A4 such that

HAZ.O‘jﬁ”ooSAA foralli,j,o,3=1,--- .d,

o A generates an elliptic bilinear form a on Wol’z(ﬂ)d) i.e. there is a positive
constant Ay such that

d
a(v,v) = / Z A?jﬁ D%v; DPv; dx > Aa|[Vol2 for allv € Wy 2 (Q)4,
Q

a,B,1,j=1
e B is a constant d X d matriz such that

Aa

=|B—F _
v=| |<)\A+d4AA<

1, (3.5)
where E is the identity d X d matriz.
Then conditions (3a), (3b), (3c) hold.

PRrROPOSITION 3.3 (A Laplace operator on the diagonal, B positive definite). Suppose
that div (AVv) is Laplace operator on vj in j-th equation, j =1,--- ,d i.e.

Aiajﬁ = 0ap0;5 foralli,j,a,0=1,---,d

and B is constant, self adjoint and positive definite matrix.
Then conditions (3a), (3b), (3¢c) are satisfied.

Next, we show the regularity of solutions to (3.1) in W*2(2). For Hilbert regularity
we assume that A B satisfy the following conditions
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(3d) B is regular,
(3e) B~!A satisfies uniformly strong ellipticity condition, i.e. there exists a positive
A such that

d d
S Y B haAplerel > MglP forall ¢ € R
a,Byi,j=1k=1

In [18] we proved that under natural conditions on f,g, A, B,Q any solution pair
u € WH2(Q),p € L3(Q) satisfies u € WET2(Q) and p € WrFL(Q), (k € N).

THEOREM 3.4. Let assumptions (3d), (3e) be in force and k € N, Q be a bounded
C*2-domain in R?, (d > 2). Suppose that f € WF2(Q)4, g € WH12(Q) [, g dz =0
Ae Q)Y B e CH Q)Y (u,p) € WEA(Q)4 x L2(Q) be a weak solution of system
(3.1). Then we have

we WH22(Q)d pe WhHL(Q), (3.6)

and inequality

lullrzz + P12 < CULF k2 + lgllkiz + llul
holds with a constant C = C(A, B,Q) > 0.

1,2) (3.7

As a consequence we get the following result on the interior regularity

COROLLARY 3.5. Let assumptions (3d), (3e) be in force. Suppose that f € C(Q)?,
geC=(Q); Acc>@)™, Be Q). If (u,p) € W5A(Q) x L},(Q) is a local weak
solution of system (3.1), then u € C=(Q)?, p € C=(Q).

4. Schauder estimates in Ho6lder spaces. In this section, we study Schauder
type estimates for systems

—div (AVu) + BVp = div F' in Q,
divu=yg in ©, (4.1)
u =0 on 0f).
where A and B are matrices of sufficiently smooth functions, I : Q — R? and

g : Q — R% We assume throughout this section that A, B satisfy the following
conditions B
(4a) A%’ﬁ € L>(Q) for all 4,j,«, = 1, ,d, B is regular, B;; € C%(Q) for all
iaj: 1a 7d7
(4b) B~!A satisfies strong Legendre-Hadamard ellipticity condition i.e. there exists a
positive A so that

d
S Y B YA lan'? > NP> inQforall§,n € RY
a,B,i,j=1 k=1

Under the assumption (4a), system (4.1) can be transformed to
—div (AVu) + HVu+Vp=B~'divF  inQ,
divu=yg in Q, (4.2)
u=0 on 05}
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where A:=B7'A, H= (H?)d = (Zi,k:l Da(B_l)ikAzjﬁ))d

V) Big=1" Bij=1"

d 8 d
HYVu = (25,2 H) Dau; )

i=1
First we show a local energy estimate — Caccioppoli’s inequality.
THEOREM 4.1 (Caccioppoli’s inequality). Suppose (4a), (3¢c) are satisfied. Let (u,p) €

VVﬁ)f(Q)d x L2 (Q) be a weak solution of system (4.1). Then there is a positive constant
C such that for all xg € Q and all p, R with 0 < p < R < dist(xg, 90), we have

1
||VU’H§,BP(IO) s¢ [(R,))?H(U - V)H%,BR(M) + || F |§,BR(:1:O) + ||9||§,BR(IO)} (4.3)

1 = ool 5oy < C [IVUl ) + 1F I3, 5 (oo (4.4)

where v € RY is an arbitrary constant vector.

Proof. Let u,p be a weak solution of system (4.1) and v € R%. Choose a test function
1 =n*(u—v), where n € C§°(R?) is a cut-off function :

suppn C Br(zg), 0<n<1 onBg(xp),

C
n=1 onB,(x); mn, IVWISR_p.

Then we have
/ W AVu : Vu do = — / {ZAZBDguj(ui —v)nDan +n*(HV) - (u — v)
Q Q

— (P = Pao.R)20VN - (u = V) = (p = Pao,R)N°G
—F-V(0’B ' (u—v))}da.

Therefore

)\||77VU||§,BR(10) < 2||A||00||77vu||2,BR($0)||vn(u — V)l2,BR (x0)
+ | Hll oo 11V ull2, B (20) M(w = V) |2, 87 (20)
+ 2[[n(P — Pxo, B2, Br (o) IVN(w = V)|l2, B (20)
+11(p — Pao,R)|2,Br (20) |19ll2, B (20)
+ C(||77VU||3,BR(IO) +[IVn(u = v)l2,Br20)) |1 Fll2,Br(x0)

and then by Young’s inequality we have estimate

INVUll3, 520y < €l = Poo,R)I2, 5 (a0)

1 (4.5)
Th 2 - ;,BR(CE()) g,BR(CEU) gsBR(«”O)
+C(e) = Ju— v + £ + llgll

Next, because of LEMMA 2.2, we choose a test function ¢, € WOI’Q(BR(iro))dﬂ(WOl ’CzliV(BR(xo)))J—

which is a unique solution of equation

div 2 = 7*(p — pao,r) — M2 (P = Pao.R))zo.R in Br(xo),
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Recall that [|Val||r2 < Cln(p — puo,r) | L2- We have

/ AV : Vs + (HVu) - 2 4+ 1 (p fpme)z dzx = / F-V(B™'. ) du.
Q Q

Applying LEMMA 2.2, we have

|§,BR(x0) <C [HVUHQ,BR(QZ())”T/(I)_pQ?o,R) 2,Br(x0)
+ R2||Vulla, 5y (20) 1P = Pro,R) |2, B (o))
+ ||F||2’BR(IO)||77(p_pme)

7P — Pao.r)

2,BR(ZL’0)]
< 1|| (p— 3 +C|IVull3 +IIFI3 :
> P = Pxzo,R) |2, Br (x0) 2,Br (%) 2,Br(wo)

Thus

%,BR(J;O) < C(HVUH%,BR(J;O) + ||F||§,BR(;E0)) (4.6)

It is easy to check that as the inequality (4.6) holds for all n € C§°(Bgr(z¢)) with
0 <n <1, it implies the inequality (4.4).
Substituting (4.6) into (4.5), we conclude that

11(P = Pao,r)]

IVull2 5, (x0) < VU3 B0

+C | Gt = VB st + 1B gy + 161 e o

By application of LEMMA 2.3, we obtain the inequality (4.3) and THEOREM 4.1 is proved.

Now, we consider systems with constant coefficients ’
—div (AoVu)+Vp =0 in Q,

divu=0 in Q, (4.8)

where A is a d? x d? constant matrix.
In a standard way (see for instance first [9, Theorem in III.2]), we have first estimates for
the Holder continuity by a following proposition

PROPOSITION 4.2 (Campanato’s inequality). Suppose that Ag is a constant matriz sat-
isfying strong Legendre-Hadamard condition (see (4b)). Then there is a positive constant
C such that for any weak solution (u,p) € VVliCQ(Q)d x L2 (Q) of system (4.1), for all

xo € Q and all p, R with 0 < p < R < dist(xg,0Q), the following two estimates are valid:

p d
1l 6, 20) < € (%) 10l 5 (o0 (4.9)
p d+2
e =t 35,0000 <€ (%) Mt = g pl3 5 - (4.10)

The constant C depends on the dimension d and on Ag.
Next, we state first regularity theorem in Morrey spaces.

THEOREM 4.3. Suppose assumptions (4a), (4b) be satisfied, A € CO(Q)4" | F € L2*(Q)T,
g € L>M(Q) with 0 < p < d and (u,p) € Wy>(Q)? x L*(2) be a weak solution of system
(4.1). Then Du € LE"(Q)%, p € L3"(Q), and for all @ CC Q we have the estimates

loc loc

1Vl 2 gz + 12l ey < € (190l + IFl oy + lgllzzney)  (411)

with a constant C = C(A, B, dist(Q,Q)) > 0.
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Proof. Fix xp € Q and R < dist(xg,dN). Let v be the weak solution to system
/ A(zo)Vv : Vi dz =0 for all ¢ € Wol’jiv(BR(wo))
Br(zo) )

divv =0, u—v € Wy*(BRis,))*

The existence of such a solution is guaranteed by Lax-Milgram theorem. By PROPOSI-
TION 4.2 we get that if 0 < p < R

Vv

2 A% 2
2,B,(z0) = ¢ (E) Vvl 2,Bg(z0)

Set w = u — v, then

p\?
196 5y e = € () 1908 g+ 17018 0 (4.12)

For each ¢ € Wol’Q(BR(zO)d we test (4.1) by ¢ — Pp,(ay)® With Pp (2,9 given in
LEMMA 2.2 and use definition of w. It is easily seen that w € Wol’Q(BR(l.O)d satisfies

/ A(20) Vo : Vo — Paponye] da = / [A(zo) — A(@)]Vat : Vo — Prpany ]
Br(zo)

— (HVu) - [¢p = Ppp(a0)#]
+F- V(Bil[gp - PBR(IO)(p]) de,

div w=

By choosing ¢ = w, using the assumptions of THEOREM 4.3, LEMMA 2.1 and Poincaré’s
inequality, we deduce

||Vw||§7BR(zO) <C{[wR)IVull2,Br(wo) + 1 Fll2,Br(20) + RH:VUll2,Br(a0)]
[IVwll2,4(20) + 192,85 (0)] }
where

w(R) = max; jas] sup A7 () — A3 (x0)]], H, = max; ;5| sup [HJ (z)]].

Br(zo) Br(zo)

Thus using smallness of w and Young inequality

< C [ (R) + BHA VUl g (20) + 1 FI3 5o + 1913 5aany | (4:13)

VW13 B (o) <

Substituting (4.13) into (4.12), we get

p d
190l 5,00 < O | () + P00 + R 19008 ey + 1 it + N |-

Since A, H € C°(Q) there exists Ry < dist(zg,d€) such that for 0 < p < R < Ry, we
have

P4
IV 5y e < C [ () + 2] 19008 ey + ORI + )
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Thus applying the LEMMA 2.4 with € < g9 we have that for 0 < p < R < Ry
IVull3 5,20y < CRTIVUIZ pao) + I FIIZ20 + llgllT20) 0" (4.14)
It follows that Vu € L12<;5 ()%, and for all © CC Q we have the estimates
1900l o yer < C (IVulls + 1 Fl o yen + o)

with a constant C = C(A, B, dist (Q,Q)) > 0.
Thanks to the inequalities (4.4), (4.14), it follows that p € L>*(€2) and we also obtain

loc

the inequality (4.11). The proof is complete. d

THEOREM 4.4. Suppose that the assumptions (4a), (4b) are satisfied and, moreover,
A e COQ), A e L), F e ()P, g e CO%(Q) with of system (4.1). Then
Vu e CHO), pe C25(Q), and for all @ CC Q we have the estimates

loc loc
IVl go.s@yaz + lIpllcos gy < € |:||VUH27Q/ + 1 Fll o.s @y + Hcho,é(W)} (4.15)

holds with a constant C = C(A, B, dist((, Q), diam Q) > 0. Here

Q= {x € Q; dist(x, 00Q) > % dist(fl,@Q)} )

Proof. Fix z¢ € Q, R > 0 sufficiently small. Let v be the weak solution to

/ A(z0)Vv: Vipdzr =0 for all p € WI’CQI. (Br(zo))
B(zo) 0,div

divo =ggr, U—VE Wol’Q(BR(xo))d

The existence of such a solution is guaranteed by Lax-Milgram Theorem. Clearly, as v
solves a system with constant coefficients and zero right hand side, also Vv is a solution
of the same problem. Thus (4.10) is valid for Vv i.e. if 0 < p < R < 1dist(€2, 0€2) then

p d+2
10 = (Voansl3 5,000 € (%) 190 = (V0)ao,rl3 50

Set w = u — v, then
p d
190 = (Vs B, 000 < | () 190 = (da B sy + V018 | €0:10)

Moreover, w € Wy'*(Bg(x0))® solves the system

/ A(zo)Vw : Ve — Ppp(z0)p) doz = / [A(20) — A(2)]Vu : V[p — Ppp(20)¥]
Br(zo) B

r(zo)
—(HVu).[p = Pppe)el + FV(B™" - [ — Ppp(ay)¥)) dz,
Vo € Wy (Bray)% divw = g — gug,r-

As in the proof of THEOREM 4.3, we choose ¢ = w and get
Vw3 5, @) < C |(WR) + RPH)|Vul3 5 a0)

1P = Fro,l3 (o) + 19 = ookl e |
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Since A € C%9(Q) we have w(R) < [A]os.0-R°. Thanks to the assumptions on F,g it
implies that

2 pI+2 2
[Vu — (VU’)JKOJ)HZ,BP(Q:O) <C [<R> [Vu — (Vu)$07R||27BR($o)

+ R¥(|Vull3 5, (20)
+ ([F]g,d+26;§l’ + [9]3,d+25;9/)Rd+26] .

For any ¢ > 0, we have F, g € C%9(Q) ~ £24+20(Q) ¢ £>97¢(Q) C L>97¢(Q). Therefore,
fe Lz’d_E(Q)dz. According to THEOREM 4.3, we have Vu € sz‘Jl_E(Q)d2 and inequality

(4.17)

163 5oy < CUIVaB g + 1 eyt + 0l 3nme o JRES (418)
It implies

2 pI+2 2
19 = (V) 5y < € | () 190 (Tl

+(IVul3 o + 117 20— gy
- §
+ ||9|‘L2vd—e(n/))Rd+26 *+ ([F13 ag26,00 + (913 a126,0) ) ROT? } :
Applying LEMMA 2.4, we obtain

Ve = (Voo pll3 5, (0) < C IVUlE 0 + IF 720 e + l9l1E20-2 () | 972
’ (@) (@)

which implies that Vu € co=e/ 2(§Z)d2 for all € > 0, and the inequality

loc
1900205y < C (10 0+ 112 s yan + 19051250 -
In particular, Vu is locally bounded and thus
IVl o) < C [IVul 0 + 1P 1205 e + Nl20s | BE (419)
Substituting this inequality into (4.17), we get

p d+2
1V = (Vo sl 5,00 < € (5) 1V = (V). 5o

+C |IVulB 0 + 110 s gy + gl | B2
Applying again the LEMMA 2.4, we conclude that Vu € C’lo o’g(Q)dz, and the estimate

1901200 0y < C [IVulB + 11200y + 1912 (4.20)

holds with a constant C' = C(4,B,Q) >0
In a similar way, we conclude that p € Clo O’S(Q) and it satisfies the required estimate. 0O
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