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Irregular boundary value problems for ordinary
differential equations
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Abstract. Birkhoff-irregular boundary value problems for quadratic ordi-
nary differential pencils of the second order have been considered. The spec-
tral parameter may appear in a boundary condition, the equation contains
an abstract linear operator while the boundary conditions contain internal
points of an interval and a linear functional. Isomorphism and coercive-
ness with a defect are proved for such problems. Two-fold completeness of
root functions of corresponding spectral problems is also established. As
an application of the obtained results, an initial boundary value problem
for second order parabolic equations is considered, and the well-posedness
and completeness of the elementary solutions are proved. These and some
other results have been published in [1] .
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1 Isomorphism and Two-fold Completeness
Consider a principally (because of the addition of B, T, and z;;) boundary value

problem for ordinary differential equations

L(N)u = Nu(z) + Xarv' () + bru(z)] + [agu” (z) + bou ()] +
+ Bu|, = f(z), =€(0,1), (1)
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L1(>\)u = )\{allu( + ﬁllu + Z’Ool :I,'Oz }
+ [a10u’(0) + Brou’(1 )+710U( ) + brou(1)] +

N1 N2
+ Z M (z1:) + Z Noiu(w2;) + Tu = fi,
i=1 i

Lou := [aou(0) + B2ou(1)] + anz u(xsi) = fo,

where ag, bk, avk, Buk, Y10, 010, Mji, fu are complex numbers, f(z) is a given
function; z;; € (0,1); B is a linear operator in L4(0,1) and T is a linear functional
in L,(0,1), a real ¢ € (1,00).

We assume that as # 0 and denote by

oy = —ay + (a} — 4a2)% g i —ay — (a} — 4a2)%
' 2a2 ’ ' 2(12

the roots of the equation
a2w2 +aw+1=0,

arg z

where 22 := |z|Ze , —m < argz < w. We also assume that argw; # argws.

Further,

w := min{argw;, argws + 7},

W := max{argw,argws + 7},

and values argw; are chosen up to a multiple of 27, so that w —w < 7.
Introduce now the following notations:

a1 + agowr Bir + Brows
o (w1, w2) := )
a0 Bao

—alo% + 710 510%‘“510
(a3—4a2)2 (af—4a3)?
91((.{)1,(,{)2) =

020 Bao

Definition 1. Problem (1)—(2) is called regular (regular with defect 1) with re-

spect to the numbers wy, ws if:

(1) a2 # 0, argw; # argws;

(2) zj; € (0,1), for some real ¢ € (1, 00) the operator B from W, (0, 1) into L4(0,1)
is compact and the functional T" is continuous in L,(0,1);

(3) fo(wi,wa) #0  (fo(wi,wa) =0, 1w, ws) #0).
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Theorem 2. Let problem (1)—(2) be reqular with defect 1 with respect to the
numbers wy, ws.

Then for any € > 0 there exists R. > 0 such that for all complex numbers A
that satisfy |\| > Re and lying inside the angle

3T
—g+€<arg)\<7—w—s,

B

the operator
L(A) : w— L(Au:= (L(Au, L1 (N)u, Lau)

from W2(0,1) onto Ly(0,1) + C? is an isomorphism and for these X the following
estimate holds for a solution u(x) of problem (1)—(2)

2

2
_ sl
S I Hlullwaon < CGe) (|f|Lq<o,1> ISl «m).
v=1

k=0

Theorem 3. Let |a,o|+|8u0| # 0, v = 1,2 and let homogeneous problem (1)—(2)
be regular with defect 1 with respect to the numbers w1, ws and regular, or reqular
with defect 1 with respect to the numbers wy, wy, for ¢ = 2.

Then the spectrum of homogeneous problem (1)—(2) is discrete and a system
of its root functions (eigenfunctions and associated functions) is two-fold complete
in the space

H:= {’U ‘ V= (’1)1,’[)2) S W21(0, 1) D LQ(O, 1), Lovi = 0}

2 Well-posedness and Completeness of Elementary
Solutions

Consider, in [0,T] x [0, 1], the following initial boundary value problem

ue(t, ) + [augy (t, ) + bug (¢, x)] + Bu(t, )]s = f(t, ), (3)
Liu:= [alou;(t, 0) + ﬁlou;(t, 1)} + [’Vlo’u(t, 0) + (510U(t, 1)] +
Ny Na
+ ) mitd(tw1) + > masult, wa:) + Quit, ) =0,
i=1 i=1 (4)
N3
Lou = [agou(t, 0) + ﬁgou(t, 1)] + aniu(t, .’Egi) =0,
i=1
u(0, z) = uo(x). (5)

Let E, F41, and Es be Banach spaces. Introduce two Banach spaces

Cu((0,T], E):={f | f € C(O, T], E), Ifl = . [ f @) < o0}, =0,
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Cu((0,T), E) :={f | f € C((O, T), B), |If] = S IIt“f( )+

+ sup  [[f(t+h)— f( )Hh ”t“ < oo}, u>0,7€(0,1],
0<t<t+h<T

and a linear space (in the case F1 C E»)
CH(0,T), Bx, Ez) == {f | f € C((0,T), E1) N C*((0,T), E2)},

where C((0,7], E) and C'((0,T], E) are spaces of continuous and continuously
differentiable, respectively, vector-functions from (0, 7] into E.

Theorem 4. Let the following conditions be satisfied:
(1) a#0, |arga| > 5, a10820 + 20810 = 0, V10820 — d10020 — Lv1020 # 0;
(2) the operator B from W, (0,1) into Lq(0,1) is compact;
(3) the functional Q is continuous in Lg(0,1).
(4) fe C’Z((O,T],Lq(o7 1)) for some v € (%, 1] and u € [0, %),
(5) uo € W2((0,1), Lyu =0, v =1,2).
Then problem (3)—(5) has a unique solution
u € C([0,T],Ly(0,1)) N CH((0,T], WZ(0,1), Lg(0,1))
and for the solution the following estimates hold
[u(t, )lL,0,1) < Clluollwzo,1) + [ flle, 0.0,240.1)):
and
l[u(t, Mlwzco,1) + W' (E ) zy0,0) < Cf_l(HUoHWqZ(o,l) + 1 fllegc0,8,L40,10))
fort € (0,T].
Consider now a spectral problem coresponding to the homogeneus (3), (4):
Au(x) + [au” (z) + bu'(z)] + Bul, = 0, z € (0,1), (6)
Liu = [aou/(0) + Brow’ (1)] + [y10u(0) + d10u(1)] +

N1 N2
+ Z 7711'“/(1'11') + Z N2iu(xe;) + Qu =0,
i=1 i

Lou := [azou(0) + Baou(l)] + Zﬁgz u(zszi) = 0,
A function of the form

L[t thi=t
wlta) = () + @)+t @) )
becomes an elementary solution of the homogeneus (3), (4) if and only if a system
of the functions wjo(x),u;1(x), ..., u;k,; () is a chain of root functions of problem
(6)—(7), corresponding to the eigenvalue ;.
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Theorem 5. Let conditions of the previous theorem be satisfied with q = 2.
Then problem (3)—(5) (with f(t,x) = 0) has a unique solution

u € C([0,T], L2(0,1)) n C*((0,T), W3(0,1), L2(0,1))

and there exist numbers cj, such that

lim sup |u(t, Cint(t, )| Lay0,1) =0
N 1¢(0,T) Z " j 20D 7
"ILH;Otes(%pT]t [|lui(t, chnujt M ea0,1) +
+ [lult, chnuj MNwz,1)) =0,

where u(t,x) is a solution to problem (3)—(5) (with f(t,z) = 0) and u;(t,x) is
an elementary solution (8) of homogeneus problem (3)—(4).
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