EQUADIFF 10

Marko Svec

Some remarks on the terminal value problem in hereditary setting

In: Jaromir Kuben and Jaromir Vosmansky (eds.): Equadiff 10, Czechoslovak
International Conference on Differential Equations and Their Applications, Prague,
August 27-31, 2001, [Part 2] Papers. Masaryk University, Brno, 2002. CD-ROM; a
limited number of printed issues has been issued. pp. 391--396.

Persistent URL: http://dml.cz/dmlcz/700371

Terms of use:

© Institute of Mathematics AS CR, 2002

Institute of Mathematics of the Academy of Sciences of the Czech Republic provides
access to digitized documents strictly for personal use. Each copy of any part of this
document must contain these Terms of use.

This paper has been digitized, optimized for electronic delivery and
O stamped with digital signature within the project DML-CZ: The Czech
Digital Mathematics Library http://project.dml.cz


http://dml.cz/dmlcz/700371
http://project.dml.cz

Equadiff 10, August 27-31, 2001 Equadiff 10 CD ROM
Prague, Czech Republic Papers, pp. 391-396

Some Remarks On the Terminal Value Problem
In Hereditary Setting

Marko Svec

Dept. of Mathematics, Faculty of Education, Komensky University,
Moskovska 5, 811 01 Bratislava, Slovakia
Email: fyzisvec@savba.sk

Abstract. The terminal value problem (TVP) is investigated. Conditions
for its solvability are examined.

MSC 2000. 34C10

Keywords. differential equations, terminal value problem

1 Introductory remarks

In the last 50 years the theory of differential equations with delayed argument
has been widely developped, mainly for the initial value problems. The boundary
value problems for such differential equations were more or less omitted. In the
paper [1] from 1975 I considered two boundary value problems:

For the differential equation

&= f(t,z1), x € Ry, t € [to,T), (1)
1. given X; € R, it is to prove the existence of the initial conditions (¢o, ¢) such
that the equation (1) has a solution existing on the interval [tg,T) with the
property lim; 7 = Xj;
2. let Xy, X7 be two points of the space R,. It is to prove the existence of a
solution z(t) of (1) such that z(tg) = Xo, lim;—r— = X;.

I have assumed that:

This is the final form of the paper.
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R, is the n-dimensional euclidian space with the norm |.|. If
z(t) : [to—h,T)— Ry,

then

x(t) = x(t + s), s € [~h,0] for t € [to, T).
C = C([-h,0], R,,) denotes the Banach space of all continuous functions ¢(¢) :
[—h, 0], R, with the norm

t)|| = t
(@)l e lo(t)]

and CY = C°([~h,0], R,,) denotes the Banach space of all () € C with ¢(0) =
0. B = B([to,T), Ry) is the Banach space of all functions u(t) continuous and
bounded with the norm
lu@®)z = sup |u(t)].

tE[to,T)
By is the Banach space of all functions u(t) € B such that u(tp) = 0 and B, is
the metric space of all functions z(t) such that

Z(t) = (p(t — to), te [to — h,to], Z(t) = u(t) € By fort € [to,T)

with the distance p(z1, 22) = ||u; — uz2|| B, where

Zl(t) = ul(t), ZQ(t) = Ug(t) for t € [to,T)

and
Zl(t) = Zg(t) = gO(t - to) fort € [to —h, to].

The following assumptions are made:

H; The function f(¢, ) is defined and continuous on [tg,t) x C' and

T
/ If(t,0)dt = K < oo

to

H, There exists a function 3(t) defined and continuous on [ty,T) such that

|f(t 1) — f(tp2)| < B(t)]lp1 — pal| forall o1, pe € C

and t € [to, T) and [, B(t)dt =k < 1.
It is proven:

Lemma 1. Let H; and Hs be satisfied. Let X; € R, and ¢ € Cy be given. Then
for a given z € B, there exists a unique Xy € R, such that

T
X0+/ f(S,Xo-i-ZS)dS = Xi.
to
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Theorem 1. Let H; and H; be satisfied and let be K < 1/2. Let X; € R,, and
¢ € C° be given. Then there exists a unique X} € R, such that the solution
x(t, to, X* + @) of (1) exists on [tg,T) and

thIJI} x(t,to,X*—Hp) = Xl.

From this theorem follows immediately

Corollary 1. Let Hy and Hs with k < 1/2 be satisfied. Let X; € R,, be given.
Then for each ¢ € CY there exists one and only one point X () and the solution
x(t, to, X* + @) of (1) on [tg, T) such that

tlir:,r} x(t, to, X5 + ) = Xi1.

It is evident that for a given T the value Ty may be chosen such that the require-
ment k& < 1/2 from Theorem 1 will be satisfied.

Lemma 2. Let H; and H; be satisfied. Let ¢ € C° and X, € R,, be given. Then
for every z € B, there exists unique X; € R; such that

T
Xo + f(S,Xo-i-ZS)dS = Xi.

to

Theorem 2. Let Hy and Hy be satisfied. Let be 1) € C. Then the solution z(t)
of (1) given through the initial conditions (to,%) exists on [tg,T'), is unique and
limep_x(t) = X1 € Ry,

Lemma 3. Let H; and Hj be satisfied. Let ¢, ¥o € C and x(¢, to, 1), (¢, to, ¥2)
be the corresponding solutions of (1). Then

t

24 (to, 1) — @i (to, ¥2)ll < exp] ) B(s)ds Jl|vr — o
for ¢t € [to, T).

Other problem which is to solve is the following:

(P) Let be given Xg, X;. It is to find ¢ € C° such that there exists the solution
x(t) = z(t, to, Xo + ) of (1) satisfying the boundary conditions

x(to) = Xo, tli}r%l_x(t) = Xl.

The following two theorems give us some information about the solvability of the
theorem (P).

Theorem 4. Let H; and Hs be satisfied. Let Xo € R, and |Xo| + K # 0.
Let ¢ € C° be such that |¢| < K12, where a > 1. Then for the solution
x(t, to, Xo + ) of (1) holds

()] < [| Xo| +K]ﬁ, t € [to, T).
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From Theorem 4 we get

Theorem 5. Let the assumptions of Theorem 4 be satisfied. If X1 € R, |X1| >
[|Xo| + K]1%%, then there is no solution of the problem (P) for ¢ € C°, |¢| <
K.

It seems to be evident that the problem (P) can have, in general, no solution.
The question which has not been answered till today is:
What is the weakest condition to add to H; and Hj, (k < 1/2) to guar-
antee the solvability of the problem (P)?

Remark: In my paper [1] mentioned at the beginning of this contribution the
solutions are from space C'*. The authors Marcello Ragni and Paola Rubbioni from
the University of Perugia in the paper [2] have considered this problem and have
enlarged the class of the solutions to the AC (Absolute Continuous Functions).
So, in the Carathéorody setting they give an existence theorem and have obtained
the classical results on terminal value problems in the functional and also in the
nonfunctional case.

I will give a short review of this paper:

Let be a € RY U {+o00}, I = (—00,a), t,s,€ IU{a}, Iy = (—00,5), I1s = [t,s),
t<s.

Let L7S.(I) be the space of essentially bounded measurable functions, C'(1) the

subspace of continuous functions on I taking values on R™.

Let w be a subset of C(I) endowed with an inner operator T : w — w such that

TfL' : XIOa = T- XIOa

and such that for every z,& € W with z(0) = $(0) we get Tx - x1, = TP - X1o;
in other words, we assume that w is endowed with a map 7 : w(0) — wy, such
that, put

(), te
Txz(t) = {T({IJ(O)) (t)(j tel for every z € w ,

the element T'x belongs to w.

A recurring hypothesis will be:
(r) 7 : w(0) — wy, is a continuous map.

Remark: If (7) holds, T is continuous.
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Condition (C’): for every fixed (y,z) € R™ x w the function f(e,y,z) is
measurable in the set {t € I : (¢t,y,2) € D x w},

Condition (CV): C’ holds and, for a. e. t € I, for every sequence (y,)n in
w(t) converging to yo € w(t), for every sequence (x,, ), in
w and xo € w with dy, (z,,,z9) — 0 we have

f(ta ynamn) - f(t7y0v'r0)'

2 Statement of the problem (Terminal Value Problem)

Let be f : D x w — R™. We have to solve the problem:
Fixed y € R", determine an impact - time p € (0,a] and a function z € w
(absolutely continuous on Ij,) such that

a'(t) = f(t,
(TVP) limy ., z(¢)
|1, = 7(2(0)

a(t)
)-

,x), a. e x € Iyp,
Y,

The following theorem of the existence of solutions of problem (TVP) is founded
on an admissibility condition on the mark y and the impact - time p with respect
to the other data of the problem.

Definition: we will say that a couple P = (p,4 € (0,a] x R" is admissible for
problem (TVP) if

(A) there exist two functions @, v € L*(Io,, R")
such that
(Al) VIO’S C W55

(A2) —9(t) < f(t,z(t),Tz) < —u(t) for a. e. t € I,; and for every z € V Nw,

where
- P P
V={zeCl) : g +/ a(s)ds <z(t) <y +/ 0(s) ds for every ¢ € Ipz}.
t t

Theorem 6: Suppose that w C C(I) satisfies the property (7) and let f : Dxw —
R™ be a given function satisfying condition (CV). If P = (p, %) € (0,a] x R" is an
admissible couple for (TVP), then there exists a solution of (TVP).

Proof: Put M(t) = [/ max{|u(s)|,|0(s)|} ds for every t € I,5, and consider the
set

G={zeV, + wx, L) <wM, L)}

The set is trivially nonempty and it is a compact and convex set in C'(Iyp).
Moreover, G C Wr,,. Consider the functional F' : G — C(I,p) defined by
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P
Faxt)=y— / f(s,z(s), Tx) ds for every t € I,5.
t

From (A) we get F(G) C G. Besides, F' is continuous functional. Continuity follows
from Lebesque dominated convergence theorem. So we can apply the Schauder-
Tichonov fixed point theorem. Thus there exists € w such that

x(t)=y — ftﬁf(s,x(s),x) ds in I,p,
z|r,=7(z(0)) in Iy.

So z(t) is the solution we were looking for.

Now it is to be answered:

— how many solutions there exist;
— which are the conditions to guarantee the unicity;
— if there is a set of all solutions, which properties has this set?
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