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Abstract. The question of uniformly stabilizing the solution of the Schrédinger
equation y: — 1Ay = 0 in 2 x (0, 00) (2 is a bounded domain of R™) sub-

ject to boundary conditions y = 0 on Ip X (0,00) and g—z = F(y,y¢)

on I x (0,00),(I0, 1) being a partition of the boundary, is studied. We
shall show that if {2, Iy, I'1} is almost star-shaped, then a suitable choice
of F' leads to exponential energy decay. Moreover exponential decay rate
estimates will be obtained. The approach adopted is based on multipliers
technique.
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1 Introduction

Let {2 be an open bounded domain in R™ with sufficiently smooth boundary I.
Assume that I" consists of two parts Iy and [7satisfying

Lnl=0 (1)

We set Q = 2 x (0,+00), Xy = Iy x (0,400), X1 = I x (0,+00). Let a and |
be two nonnegative functions of class C'such that

In#Dora+#0 (2)

This is the preliminary version of the paper.
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Consider the problem

p—idy=0  mQ (3)
y(x,0) =y  inf2 (4)
y=20 on Xy (5)
0

a—i-ﬁ-ay—klytzo on X (6)

d
where y; = d_gtJ and v is the unit normal of I" pointing towards the exterior of

(2. The natural space for initial data is
V={pecHY(2):¢=00nIp}
When I has non-empty interior in I', by Poincaré’s inequality, we have

el 22y < BIVell 2oy VoeV (7)

In view of this inequality, we shall consider in V' the norm induced by the inner
product

(o, ¢)v = g%fg VwVEdQ
Associated with each solution of (3)—(6) is its total energy at time t;
E(t) = [,|Vy|*d2 + [, aly[*d
A simple calculation shows, at least formally, that
LB(t) = — [y, Ul 0 <0

hence F(t) is nonincreasing.

The question we are interested in is the following: under what conditions can
we establish the exponential decay of the energy and if possible obtain explicit
decay rate estimates. An affirmative answer to the above question has been given
by Machtyngier and Zuazua [3] under the following assumptions:

(H1)- {2, Iy, I} is “star-complemented-star-shaped”, scss for short (see [1]).
This means that there exists a point o € R™ such that

-(x — xo).v(z) <0 on Iy (I is star-complemented with respect to xp)
-(z —xo).v(z) > 0 on I (I is star-shaped with respect to x¢)
(H2)-a=0and [ = (z—x0).v(z)

The aim of this paper is to extend the result of Machtyngier and Zuazua, in
two ways: first by replacing the scss domains by a larger class of domains known
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as almost star shaped domains, second by replacing the boundary feedback (H2)
by a more general one with a # 0.

The rest of the paper is organized as follows. In Section 2, we recall the notion
of almost star-shaped domains. In Section 3, we state and prove the boundary
stabilization theorem.

2 Almost star-shaped domains

Definition 1. {2,1,,I1} is an almost star-shaped domain if there exists ¢ €

C?(£2) such that

Ap=1 in 2 (8)
Alp) =Inf{\(z),z€ 2} >0 (9)
g—(j < 0 on Fo (10)
0

a—f >0 onl} (11)

where A1(x) is the smallest eigenvalue of the real symmetric squared matrix
D%p(z).

The simplest example is the case where {2,1, 1} is a scss domain. The
function ¢ is then given by

2
p(x) = 5 v — o

Remark 2. We refer to [4] and [5] for other examples and further details.

3 The boundary stabilization theorem

We first state the following existence and regularity theorem for the system (3)—(6)

Theorem 3. Assume (1) and (2).
1- Given yo € V, the problem (3)—(6) has a unique weak solution

y € C((0,+00), V) N C((0, +00), L*(£2))
2- If yo satisfies the stronger conditions

yo € H*()NV (12)

% +ayo + ilAyo =0 on I (13)
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Then the solution y has the stronger reqularity property
y € L>((0,400), H*(£2)),y: € L°°((0,+00), V)

To prove this theorem, semigroups approach can be adopted (see [2]). Our main
result is as follows.

Theorem 4. Let {2, 1,11} be an almost star shaped-domain, and choose
L1 _ [rog
81IVell%, v 3 v

Then for every yo € V, the energy corresponding to the weak solution of (3)—(6)
satisfies the estimate

and 1 (14)

A1(yp)
(V6Vel. +0) Vel

Vvt >0, FE(t)<E(0)e' ™! with w =

This theorem will be only proved for smooth initial data. The general case
follows by a standard density argument. To proceed the following preliminary
results are needed.

Lemma 5. Given yg verifying (12)—(13). Then the strong solution of (3)—(6) sat-
isfies

VO<S<T<+400, EWS)—ET) = [ lly| dx (15)
P

Proof. We multiply both sides of (3) by 77 and we integrate by parts over {2 We
obtain

0= / (y¢ — 1 Ay)gd 2
0
- /Q (e — i Ay)de

=/ |yt\2d9—|—i/ Vy.VEdQ—H’/ (ay@—i—l\ytf)dﬂ
0 0 Iy
It follows that

5}3(/ Vy.vmdfwr/ aymdx)z—/ Lye|” dx
(9] I I

d
But the left-hand side of the above equality is precisely EE(t) Hence the desired

result.
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Lemma 6. Given 0 < S < T. Then the following identity holds true for any
strong solution of (3)—(6):

.0
—2/ (ay +ly)Vo.V7dE —R [ (|[Vy]* + Zyyt)a—(pdx B
=1 b v
9y

R (a7 + lg7)yd X + / Em

2

9% 45 — 53X + 2 / (D%pV).VydQ
(91/ Q

(16)

where
T

X = {/ ngp.Vde]
2 S

Proof. (i)- We multiply both sides of (3) by V¢.Vy and integrate over Q. We
obtain the following identity (see the Appendix):

Yy 2 Op / __0p
2 V. VydY — 243 L4y
%/ZaVVgOVyd /E|Vy\ o TS Eyytayd +

R / @yAcpdE = QX +2R / (D*oV7)VydQ (17)
b (91/ Q

(ii)- We now use the boundary conditions (5) and (6). Thus

Jy

0
Onlp:y=y=0;|Vy| = ’8_11// ; Vo.Vy = (V(p.u)a (18)

Therefore using (6) and (18) in the left-hand side of (17), we find the sought- after
identity for y satisfying (3)—(6).

Lemma 7. Assume that a and | are defined by (14). Then for any initial data
verifying (12) and (13), we have:

dy ,0p 2, . 0p
S Gor5e ~ 2R [ (e + Ve vms - [ (Vo +ivm goar
1
R [ (g s < 4VB IVl (B(5) ~ B@) -7 [ alyaz (19
21 1
1
Proof. Set « = ———— and A = /2
811Vel2, Vi

Then
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_ 0 . _0 _
—2R(ay + ly) V. VY — |Vy[* a—f - §R(Zyyta—f) —alyl* — R(lym)
8 0
< 52 21Vl @ 2\y|2+A2\yt|2>+\vm2} - LIVl +

)\2—|—18<p a&p

|t\+

A +1
2o < 52 [21vplt e+ 2 +

2

Oy 2 1 2
9P 19 _ 1

% [ivela 2]a|y|

The estimate (19) follows now from the particular choice of the coefficients o and
A given by (14), from the identity (15) and (8)—(11).

Lemma 8.
|X| < 28E(S)

Proof. Using (7), we have

] /Q yw.vydrz] < Ny ®)ll 2o 1V0-VFB) | 120
< BVl ly@ll3

Thus

[ X[ < 26|Vl E(S)

4 Proof of Theorem 4

Applying Lemmas 7 and 8, we deduce from the identity (16), the inequality

1
R [ (D6V9).9iQ < VBVl +28 |96l )BLS) + 5 [ alyl*d

P

Using (9), we get

T
2 () /S E()dt < (16 [Vl + 20 [Voll ) E(S)

Letting T' — +00, we obtain for every fixed S € R, the estimate

+oo 1
E(t)dt < ~E(S)
s w
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where
A1 (@)

(V61Vele +8) Vel

The conclusion of the theorem follows by applying a Gronwall-type inequality as
in [2].

5 Appendix Proof of (17)

We multiply both sides of (3) by V.Vy and integrate by parts over Q.
Term yVo.Vy
Integrating by parts in t and using the identity

/Q h.V1pd 2 = /F hipwdl — /Q bVhd s (A1)

we obtain

T

/ytVLp.Vde: {/ ytho.Vde] —/ Y Vp.vdX —

Q Q S z

z/ Ango.Vde—i/ yAgAedQ (A2)
Q Q

Adding —i fQ AyVp.VydQ to both sides of (A2) yields

23‘:‘:/ AgVp.VydQ = X — S/ Yy V.vdY — §R/ yAGApdQ (A3)
Q X Q

Term fQ yAGApdQ
Using Green’s first theorem and the identity (20), we find

o
/ yATAGAQ = / 9 Apds — / Vyl? ApdQ / YTV (Ap)dQ  (Ad)
Q 5 Ov Q Q

Term fQ AyV . VydQ
We use Green’s first theorem and the identity (20). We obtain

/ AV . VydQ = / @w.vydx— / (D*oV7).VydQ—

Q 5 Ov Q
1 1
3 Vsl Vewds+ 5 [ Vil apdq  (a5)
2 /s 2 Jo

Inserting (A4) and (A5) into (A3), results in (17).



356 S.-E. Rebiai

References

1. Chen G., Energy decay estimates and exact boundary value controllability for the wave
equation in a bounded domain, J.Math. Pures Appl., 58, No 9, 1979, 249-274.

2. Komornick V., Ezact Controllability and Stabilization. The Multiplier Method (Mas-
son, Paris, 1994).

3. Machtyngier E., Zuazua E. Stabilization of the Schridinger equation, Portugaliae
Mathematica, 51, No 2, 1994, 243-256.

4. Martinez P., Stabilisation de systémes distribués semilinéaires: Domaines presque
€toilés et inégalités intégrales généralisées, Thesis, University Louis Pasteur, Stras-
burg, France 1998.

5. Martinez P., Boundary stabilization of the wave equation in almost star-shaped do-
mains, STAM J.Control, 37, No 3, 1999, 673-694.



		webmaster@dml.cz
	2012-09-13T06:41:19+0200
	CZ
	DML-CZ attests to the accuracy and integrity of this document




