
EQUADIFF 10

Alexander I. Nazarov
Lp-estimates for solutions of Dirichlet and Neumann problems to heat
equation in the wedge with edge of arbitrary codimension

In: Jaromír Kuben and Jaromír Vosmanský (eds.): Equadiff 10, Czechoslovak
International Conference on Differential Equations and Their Applications, Prague,
August 27-31, 2001, [Part 2] Papers. Masaryk University, Brno, 2002. CD-ROM; a
limited number of printed issues has been issued. pp. 323--325.

Persistent URL: http://dml.cz/dmlcz/700363

Terms of use:
© Institute of Mathematics AS CR, 2002

Institute of Mathematics of the Academy of Sciences of the Czech Republic provides
access to digitized documents strictly for personal use. Each copy of any part of this
document must contain these Terms of use.

This paper has been digitized, optimized for electronic delivery and
stamped with digital signature within the project DML-CZ: The Czech
Digital Mathematics Library http://project.dml.cz

http://dml.cz/dmlcz/700363
http://project.dml.cz


Equadiff 10, August 27–31, 2001
Prague, Czech Republic

Equadiff 10 CD ROM
Papers, pp. 323–325

Lp-estimates for solutions of Dirichlet
and Neumann problems to heat equation

in the wedge with edge of arbitrary codimension �

Alexander I. Nazarov

Faculty of Mathematics and Mechanics, St. Petersburg State University,
Bibliotechnaya pl. 2, Stary Peterhof, 198904 St. Petersburg, Russia,

Email: an@AN4751.spb.edu

Abstract. Coercive estimates in anisotropic weighted Lp-spaces are ob-
tained for solutions of the Dirichlet and Neumann problems to the heat
equation in the wedge with arbitrary codimensional edge (in particular, in
the cone).
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Denote x = (x′, x′′) the point in Rn, x′ ∈ Rm, x′′ ∈ Rn−m (2 ≤ m ≤ n).
Let Km(ω) = {x′ : x′/|x′| ∈ ω} be a cone in Rm, cutting a domain ω ⊂ S1

with a smooth boundary.
In the case m < n we denote by Km(ω) = Km(ω) × Rn−m the wedge in Rn

with (n−m)-dimensional edge (if m = n we set Km(ω) = Km(ω)).

We introduce the weighted spaces Lp,(µ)(Km) with the norm

‖u‖p,(µ),Km
= ‖u · |x′|µ‖p,Km , µ ∈ R,

(‖ · ‖p stands for the standard norm in Lp).

We also introduce two scales of anisotropic weighted spaces:

Lp,q,(µ)(Km × [0, T ]) = Lq
(
[0, T ] −→ Lp,(µ)(Km)

)
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with the norm
‖u‖p,q,(µ) =

∥∥‖u(·, t)‖p,(µ),Km

∥∥
q,[0,T ]

;

L̃p,q,(µ)(Km × [0, T ]) = Lp,(µ)
(
Km −→ Lq([0, T ])

)
with the norm

|||u|||p,q,(µ) =
∥∥‖u(x, ·)‖q,[0,T ]∥∥p,(µ),Km

.

Let us consider the Dirichlet and Neumann initial-boundary value problems
for the heat equation in Km(ω):

(D)


ut −8u = f(x, t), x ∈ Km(ω), t > 0

u
∣∣
x∈∂Km(ω)

= 0, u
∣∣
t=0

= 0;
(1)

(N )


ut −8u = f(x, t), x ∈ Km(ω), t > 0

∂u
∂n

∣∣
x∈∂Km(ω)

= 0, u
∣∣
t=0

= 0
(1′)

(n stands for the unit outward normal).

Theorem 1. Let ΛD be the first eigenvalue of the Dirichlet problem to the Beltra-
mi-Laplacian in ω:

−8′ U = ΛD U in ω, U
∣∣
∂ω

= 0.

Let λD be the positive root of the equation

λ2 + (m− 2) · λ− ΛD = 0.

Let p, q ∈ ]1,+∞[, and

2− m

p
− λD < µ < m− m

p
+ λD.

Then a solution of (1) satisfies the inequalities

‖ut‖p,q,(µ) + ‖D(Du)‖p,q,(µ) + ‖u · |x′|−2‖p,q,(µ) ≤ C ‖f‖p,q,(µ), (2)

|||ut|||p,q,(µ) + |||D(Du)|||p,q,(µ) + |||u · |x′|−2|||p,q,(µ) ≤ C |||f |||p,q,(µ). (3)

Theorem 2. Let ΛN be the first nonzero eigenvalue of the Neumann problem to
the Beltrami-Laplacian in ω:

−8′ U = ΛN U in ω,
∂ U
∂n

∣∣∣∣
∂ω

= 0.
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Let λN be the positive root of the equation

λ2 + (m− 2) · λ− ΛN = 0.

Let p, q ∈ ]1,+∞[, and

2− m

p
−min{λN , 2} < µ < m− m

p
.

Then a solution of (1’) satisfies the inequalities

‖ut‖p,q,(µ) + ‖D(Du)‖p,q,(µ) ≤ C ‖f‖p,q,(µ), (2′)

|||ut|||p,q,(µ) + |||D(Du)|||p,q,(µ) ≤ C |||f |||p,q,(µ), (3′)

Remark 1. In (2), (2’), (3), (3’) C does not depend on T .

Remark 2. For m = 2 , p = q the results of Theorems 1 and 2 were established in
[1].

All the details and closed results are contained in [2].
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