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Abstract. In this paper we study the existence of pullback global attrac-
tors for multivalued processes generated by differential inclusions. First,
we define multivalued dynamical processes, prove abstract results on the
existence of global attractors and study their topological properties (com-
pactness, conectedness). Further, we apply the abstract results to nonau-
tonomous differential inclusions of the reaction-diffusion type in which the
forcing term can grow polynomially in time, and to stochastic differential
inclusions as well.
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1 Introduction

In this paper we study the existence of pullback global attractors for multivalued
processes generated by differential inclusions. The theory of pullback attractors has
been developed for stochastic and nonautonomous systems in which the trajecto-
ries can be unbounded when times rises to infinite. In such systems the classical

This is the preliminary version of the paper.
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theory of global attractors is not applicable. Hence, a different approach has been
considered [4,5,6,9].

A new difficulty appears if the solution corresponding to each initial state can
be non-unique. The classical results on attractors in the autonomous and nonau-

tonomous cases are generalized to the multivalued case in [7] and [8], respectively,
with applications to evolution inclusions.
In [1,2,3] the study of multivalued dynamical systems is extended to the stochas-

tic case, generalizing in this way the results of [4,5].

In this paper we are mainly concerned with nonautonomous multivalued dy-
namical systems in which the trajectories can be unbounded in time and also with
nonautonomous stochastic multivalued dynamical systems.

In the second section we define multivalued dynamical processes, prove abstract
results on the existence global attractors and study their topological properties
(compactness, conectedness). In the third section we apply the abstract results
to nonautonomous differential inclusions of the reaction-diffusion type in which
the forcing term can grow polynomially in time. In the fourth section we give
applications to stochastic differential inclsuions with additive and multiplicative
noises.

2 Attractors for multivalued processes

In this section we shall define multivalued dynamical processes in metric spaces.
Maps of this kind appear in differential equations for which, although we are able to
prove the existence of at least one global solution for each inital condition in some
phase space, we do not know if it is unique or not. Hence, multivalued processes
generalize the concept of processes, for which the uniqueness property holds.

Let X be a complete metric space with the metric denoted by p and let P (X)
(B(X),Cy(X)) be the set of all non-empty (non-empty bounded, non-empty
bounded closed and convex) subsets of X. Let us denote Rq = {(t,s) € R* : t > s},
dist (A, B) = sug&g}fgp (x,y), disty (A, B) = max{dist(A, B), dist(B, A)}, for any

[AS

A, BC X.

Definition 1. The map U : Ry x X — P (X) is called a multivalued dynamical
process (MDP) on X if:

1. U (t,t,-) = I is the identity map;
2. U (t,s,2) CU(t,7,U (7,s8,2)), forall x € X,s <7 <.

The MDP U is called strict if:
Ut,s,z) =U(t,7,U (1,s,2)),forall z € X,s <7 <t.

Consider a parameter set X' = X x Xo. If {U, : 0 € X'} is an arbitrary family
of MDP, then for any oo € X5 the map Uy, », : Rg x X — P (X) defined by

UEl,Uz (t,S,.’E) = U Uol,oz (t75>$)~

01€X
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is a MDP.

Suppose that we are given a one-parameter group 7 (h) : X — X, where
Y=Yy xXy,heRand T (h) = (T1 (h), T2 (h)),T; (h) : X¥; — X, i = 1,2. This
is called the shift operator.

In the sequel we shall assume:

(T'1) For any (t,s) € Ry, z € X, 0 € X, h € R the following inclusion holds:
Usy oo (t,5,2) C UL, (h)oy, To(h)os (t — Ry s —h,2).
Lemma 2. Condition (T'1) implies
Usy oo (t,5,2) = Uy (hyoy, To (h)ers (E — Dy 8 — hyx).
Lemma 3. T'(h) X = X, for all h € R.

Definition 4. Let (7'1) hold. Then the family of sets {Ox, (02)},,c 4, is called a
X1-uniform global attractor of the MDP {U,} if:

1. Oy, (02) is Xi-uniformly attracting at time 0 for any oo € X5, that is,

lim dist (Us, +, (0,s,B),0x, (02)) =0, for any B € B(X). (1)

§——00

2. It is semi-invariant, that is,
@21 (T2 (t) (72) C UEl,Uz (t,s,@;l (T2 (8) 02)) s for any (t,S) S Rd,Ug € .

3. It is minimal, that is, for any o9 € X5 and any closed X;-uniformly attracting
set Y (o2) at time 0, we have

Ox, (02) C Y(02).

Theorem 5. Let X be a complete metric space in which every compact set is
nowhere dense, (T'l) hold and let for any B € B(X), o2 € Xy there exist a
compact set D (o2, B) C X such that

lim dist (Us, o, (0,s,B),D (02,B)) =0. (2)

Then the following statements hold:

1. If for all T < 0 and oy € Xy the graph of the map x — Usx, -, (0,7,2) €
P (X) is closed, then there exists the X1-uniform global attractor {Ox, (02)}.
Moreover,

@21 0'2 U Wzl O 02, )#Xv
BeB(X)

where ws, (t,02,B) = Nyt U, <s Usy 0z (8,7, B), and further for each oo € X5,
Ox, (02) is a Lindelsf, normal space. It is locally compact in some topology
Tey, Which is stronger than the topology induced by X in O, (02).
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2. 1If, in addition, X is a compact metric space, the map
Y1 xX 3 (o1,2) — Upy 6, (0,7,2) € P(X)

is upper semicontinuous for any T <0, g9 € Yo, U, has connected values for
any o € X, (0,7) € Ry, z € X, X1 is a connected space and

Ox, (Tz (1) 02) C By (02), for all T <0,

where By (02) is a bounded connected set for any o2 € Yo, then the set Ox, (02)
is connected for any oo € Y.

Theorem 6. Let us suppose that for all (0,s) € Ry and o9 € X5 the graph of the
map x — Us, 4, (0,8,2) € P(X) is closed. If, moreover, for any o9 € X5 there
exists a compact set D (o2), which is X1 -uniformly attracting at time 0, then the
set

@21 (02) = U wxy (Oa027B)
BeB(X)
is the X1 -uniform global attractor of U,. Moreover, the sets O, (02) are compact

and, if the conditions of the second statement in Theorem 5 hold, then they are
connected.

Proposition 7. Let the MDP U, be strict, 2y be a compact metric space and let
the map
21 x X3 (01,2) — Ugy 0, (0,7,2) € P(X)

be lower semicontinuous. Then the global attractors obtained in Theorems 5 and 6
are invariant, that is, Ox, (T (t) 02) = Us, 0, (t, 7,05, (T2 (1) 02)), for all T <1,
o9 € M.

3 Applications to nonautonomous evolution inclusions

Let 2 C R™ be a bounded open subset with smooth boundary 9(2. Consider the
parabolic inclusion

ou
8267;

3—) € () + o (bw) + g1 (8) + g2 (1),
nQx@nT), ()

a n 9

6_1; - Zi:l oz (
u o= 0,
U |=r= Ur,

where T e R, p > 2, fi :RxR — C,(R),i=1,2, g1 € Lo (R, L2(£2)), g2 €
LY¥e (R, Ly (£2)) and the following conditions hold:

(F1) There exists C > 0 such that

distg (f1 (t,u), f1(t,v)) <Clu—v|, forallt € Rju,v € R.
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(F2) For any t,s € R and u € R, it holds
disty (fi (t,w), f1(s,u)) <L(lul) a (|t —s]),

where « is a continuous function such that «(t) — 0, as t — 0T, and [ is
a continuous nondecreasing function. Moreover, there exist K, K5 > 0 such
that

I (u)] < K1+ Kz |u|, for all u € R.

(F3) There exist D € Ry, vg € R for which
|f1(t,v0)l,. < D, forallt€R,

where |f1 (t,v0)|, = sup [].
CEf1(t,vo)
(F4) There exist ay (t), a2 (t) >0, a1 (), a2 (-) € LY (—o00,00), such that
sup |yl < oy (t) + ag (t) |ul, for all u,t € R.
yE f2(t,u)

(F5) For each t € R, the map f3 (¢,-) is upper semicontinuous.

(F6) For each s € R, the map f5 (-, s) is measurable.

(F7) If p = 2, there exist € > 0 and M > 0 such that

yu< (M —e)u+ M, forallu e Rt € Ry € fi (t,u) + fa (t,u),

where )\; is the first eigenvalue of —A in Hg (£2).
(F8) There exist Ry, Ro, R3 > 0 such that

g2 Ol py0) < Ba+ Re |t|" | for a.a. t € R.
(F9) If p > 2, there exist R4, Rs5, Rg > 0 such that
la; (£)] < Ry + Ry |t|™  foraa. t €R, i =1,2.

First let us construct the sets Xy, Xs.
Denote by W the space C, (R) endowed with the Hausdorff metric p (z,y) =
dist i (z,y). The space W is complete. For any ¢ € W let ||, = malz( ly| . Define
ye

also the space
M = {¢ € C(va) : |’¢(’U)‘+ <D:i+ D |’U|},

where the constants D1, Do are such that |y| < Dy + Ds |u|, for all u € R, ¢t € R,
Y€ fl (tvu)

The hull of (f;,g1) will be denoted by Xy = H (f1) x H (g1), where H (f1) =
CZC(]R,M) {fl ( + ]’L) :he R}, H (gl) = ClLloc (R,L2(92)) {91 ( + ]’L) :he R} . The set

2,w

Y is compact in the space C' (R, M) x L¥¢ (R, Ly (£2)), where LY (R, Ly (12))
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is the space LY¢ (R, Ly (£2)) endowed with the weak topology. Then the set Y is
a compact metric space and Ty (h) X1 = X, for all h € R, where T3 (h) o1 (t) =
o1 (t + h) .

For the set Y5 we put

Zo=J (Fa (- +1),92(-+ D).
heR
It is clear that T5 (h) Xy = Xy, for all h € R, where T3 (h) o2 (t) = 02 (t + h).

Now let X = Ly ({2) with the norm ||-|| , and the scalar product (-,-). Consider
the abstract evolution inclusion

(BOEAO+Fbu), 1o, W

u(T) = Ur,
where 0 = (01,02) € Y and A : D(A) € X — 2%, F, : Rx X — 2% are

multivalued maps defined as follows:

2
P72 ou

O;

"9 ou
=1

Fy, (t,u)={y e X :y(z) € fo, (t,u(x)) + g0, (t), a.e. on 2},
Fo, (tu) ={y € X :y(2) € fo, (t,u(2)) + go, (t), a.e. on 02}
F, (t,u) = Fy, (t,u) + F,, (t,u).

> ,D(A) = {ueW(}’p(Q):A(u) € Ly (Q)},

The operators A and F, satisfy the following properties:
(A1) The operator A is m-dissipative, i.e.

(51 - 5273/1 - y2) < 07 for any yi, Y2 € D(A)vgz € A(yl)vz = 1727

and Im(A — A\I) = X, for all A > 0.
(A2) D(A) = Ly (£2) and A generates a compact semigroup S.
(S1) Fro :Rx X — C, (X), for all c € X.

(S2) For any fized t € R and o € X' the map uv+— F, (t,u) is w-upper semicon-
tinuous, that is, for any € > 0 there exists § > 0 such that if ||u —v| <0,
then

dist (Fy (t,u), Fy (t,0)) < €.

(S3) For any o € X there exist (1,32 > 0, 31,82 € LY (—00,00) (depending on
o9 but not on 1), such that

1Fo(tu)|ly < B (t) + B2 () ullx , for all w € Xand a.a. t € R.

(S4) For any (T,7) € Rg, x € X, 0 € X, the map t — F, (t,x) has a measurable
selection.
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Definition 8. The continuous function u, () € C ([, T], X) is called an integral
solution of (4) if u, (1) = u, and there exists [(-) € Ly ([r,T],X) such that
1(t) € Fy (t,us (1)), a.e. on (7,7, and for any £ € D(A), v € A(£) one has

o (£) = €1% < llua(s) — &l +2/ (U(r) +v,uq(r) = &) dr, t =s. (5)

It follows from (A1) — (A2), (S1) — (54) that for any u, € Lo ({2) there exists
at least one integral solution u, to (4) for any T' > 7 [10, Theorem 2.1]. For a fixed
o € X let D, (x) be the set of all integral solutions corresponding to the initial
condition u (7) = x. We shall define the map U, : Ry x X — P (X) by

U, (t,7,2) = {z : there exists u (-) € D,,, () such that u(¢) = z}.
Proposition 9. For eachoc € X, he R, 71 <s<t, x € X we have
Us (t,5,Us (8,7,2)) = Uy (t,7,2),

UT(h)o- (t,T,.’E) =U, (t+h,7+h,x).

Hence, U, is a multivalued process for each o € X and condition (T'1) holds.

Theorem 10. If (F1)—(F9) hold and g1 € Lo (R, L (2)), g2 € LY° (R, Ly (12)),
then the family of MDP U, has the X1 — uniform global compact attractor Oy, (o2).

Let us consider now the connectivity of the global attractor.

Theorem 11. In the conditions of Theorem 10, let fo = 0 and let there exist a
non-decreasing map C (t) such that ||g2 (t)||x < C (t), for a.a. t € R. Then the set
Oy, (02) is connected in X for each oo € Xs.

4 Stochastic non-autonomous evolution inclusions

4.1 Additive white noise case

Consider the following non-autonomous differential inclusion perturbed by an ad-
ditive white noise

Qu _ Aue f(t,u)+g1(t)+ g2 (t) + 50 6228 on D x (1,T),
u lap=10, (6)

U |=r= Ur,

where 7 € R, D C R" is an open bounded set with smooth boundary 0D, w; (t)
are independent two-sided, i.e. t € R, real Wiener processes with w; (0) = 0,
¢i € D(A) (where A(u) = Au, D(A) = H(2Q)N H?(2)), i = 1,...m, f :
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RxR — Cy(R),i=1,2 g1 € Lo (R, L2 (D)), go € LY (R, Ly (D)). We write
C(t)=>", ¢w; (t). Co nsider the Wiener probability space (§2, F,P) defined by
Q={w=(w (), wn()) € CRR")[w(0)=0},
equipped with the Borel o—algebra F and the Wiener measure P. Each w € (2
generates a map ¢ (-) = > i, ¢;w; (-) € C (R, Ly (D)) such that ¢ (0) =

Suppose that f satisfies (F1)—(F3), (F7), whereas g, satisfies (F8).

Firstly, let us construct the sets X1, X5. The set X1 will be defined in the same
way as in the previous section. For the set Yo we write

Xy =25 x (2, E2=hL€JR92('+h)~
We define the map 0, : 2 — (2 as follows
Osw = (w1 (s+-) —w1(8), ., wm (s+-) —wp (s)) € 2.

Then the function Ecorresponding to fsw is defined by 5(7) =((s+7)—C((s)=

Yot di (wi (s+71) —wi (s)).
The operator 7T is defined as before. We define the shift operator 15 : Xy —
25 as

Ta(h)oy = To(h) (59, w) = (G2(- + h), Opw), for all G5 € Xy, w € N.

Thus, Ts (h) Yo =2y, for all h € R.
To study (6), we make the change of variable v (t) = u (t) — ¢ (¢). Then inclusion
(6) turns, for each w € (2 fixed, into

{ e Av(t) + f (tv (1) +C (1) + g1 (1) + g2 () + 20y Agswi (1), ™

v|op=0, v(7) =v; =u, — (7).

Now let X = Ly (£2). Consider the abstract evolution inclusion

{%—?’eA( v (D) + Fy (t,0() , £ € [r.00). ®
v(r) =vr —“T_C(T)a
where 0 = (01,02) € X, A is defined as before and F, : R x X — 2% is defined as
follows:
Fo (t’w’u) :gdfz(t) + Fo, (t’u_'_g(t)) +AC(t)’

where F, is as in the previous section.

As before, the operators A, F, satisfy (A1)—-(A2), (S1)—(S4), so that for any
vy € Lo (§2) there exists at least one integral solution to (8) for any T > 7 [10,
Theorem 2.1]. For a fixed 0 € X let D, , (z) be the set of all integral solutions
corresponding to the initial condition v (1) = 2. We define the map U, : Ry x X —

P(X) by
Uy (t,7,2) = {2+ ((t) : there exists v (-) € Dy, (x — { (7)) such that v (t) = z}.

Theorem 12. In the preceedings conditions, the family of MDP U, has the X —
uniform global compact attractor Oz, (02).
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4.2 Multiplicative white noise case

Finally, consider the following non-autonomous differential inclusion perturbed by
a linear multiplicative white noise in the Stratonovich sense

—Au e f(t,u)+g1(t) +g2(t) +uo d'g—it), on D x (1,7T),
u lap= 0, 9)

u |t:7': Ur,

where 7 € R, D C R™ is and open bounded set with smooth boundar 9D, f :
RxR — C,(R),i=1,2 g1 € Loo (R, L2 (D)), ga € LY (R, Ly (D)) . Consider
the Wiener probability space ({2, F,P) defined by

2={w=w()eCRR)|w(0)=0},

equipped with the Borel c—algebra F and the Wiener measure P.

Suppose again that f satisfies (F1)—(F3), (F7), whereas g, satisfies (F8).

We define X = 5; x Xy = X1 x 3 x 2 and T1,T> exactly as in the previous
section, with 6 : 2 — 2

Osw = (w(s+-) —w(s)) € 2.
To study (9), we make the change of variable v (t) = y(¢t)u (), with y(¢) =

v (w,t) = e~ (we shall omit w). Then inclusion (9) turns into

vlop=0, v(1) = v = (7) ur.

[ €200 07 (17 10u0) 0@ O+mO) gy

Now let X = Ly (£2). Consider

{%ﬁeAwu»+auwm»tehwx a1)

v(T) = v,
where 0 = (01,02) € X, A is defined as before, and F, : R x X — 2% is defined as
Fy (t,w,u) =5 (1) 9o (1) + 5 (8) Fo, (6,771 (1) ),
where F, is as in the previous section.
As before, the operators A, F, satisfy (A1)-(A2), (S1)—(S4). We define the
map U, : Ry x X — P (X) by

o (t,7,2) = {77 (t) 2 : there exists v () € Do; (v (7) z) such that v (t) = z}.

Theorem 13. In the preceedings conditions, the family of MDP U, has the X —
uniform global compact attractor Oz, (02).
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