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Abstract. By means of the super-sub-solutions method from [3], the
existence of decreasing solutions of some singular elliptic equations will
be established.
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1 Introduction
Let f € CY([0,00);Ry) with f(r) > 0 Vr > 0 and f(r) ~ r~? at oo for some
6 > 0. For some a > 1 and p € (1, 2], assume that

£) b€ (0,a+ 1 — p|; for w(t) := (1 +t)~¥P=D some vy > 0 and

Y(r) = f(r)w(r)™7, /000 PP~ Ly (s)ds < oo.

In this note, we investigate the existence of positive and decreasing solutions
u € C?% := C?(]0,00)) of
Qu E(r“|u'|p72u’)' +rF (r,u)4 =0, u'(0) =0,
where q >0, Fg(r,u):=frju”” —vul, v2>0, (Q)
or Fy(r,u):=vir)u™ +ul, v>0.
For a = n—1, n € N, such u is a radial solution in R™ of the p-Laplacian

equations  div(|Vul[P~?*Vu) + FY(|z|,u)4 = 0.
For a positive and decreasing function ¢, define

d(r) =To(r) :== (b(o)_/or dt{/ot(s/t)an”(s,¢)+ds}1/(p_1)

This is the final form of the paper.
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Given such a function ¢, the following result from [3] will be used:
assume that / (1+ s”_l)Fq”(s, ¢)+ds < oo; (9)
0

ifvr>0 Q¢ >0 (<0 respectively) and FJ(r,.) is positive and decreasing
in [®D(r),p(r)] ([¢(r), P(r)] respect.), then (Q) has a decreasing solution u €
C?([0,00)) such that ® <u<¢ (¢ <u <P respect.) in [0,00).

The main results are the following:

Theorem 1 (Uniqueness). Assume that ¥r > 0 t — Fy/(r,t) is decreasing
mt>0. Then

a) Vb > 0, if it ewists the decreasing solution u, € C* of (Q) such that
limeo, up = b is unique;

b) VR > 0, if it exists the decreasing solution u € C1([0, R)) of (Q) such that
u(R) = 0 is unique.

Theorem 2 (Existence). Suppose that for some v >0 and b € (0,a+ 1 — p)

/ L E(s)(1 4 5)P D) < o, (1)
0
1) Then, the equation

(r® [P~ + v f(r)u(r) ™Y =0 (2)

has a unique positive and decreasing solution u € C? := C?([0,00)) such

that
w< Cr= /=D (=D i h = g 41— p) at oo;

2) if also ¢ > max{p(p — 1)/b, =y +6(p — 1)/b},
i) there is vy > 0 depending only on f such that for v € (0,1 ]

(r o' [P=20") + e {f (r)o(r) ™Y = vu(r) T}y =0 (3)

has a unique decreasing and positive solution v € C?; if in addition
q> (p—1)(b+p)/b, then v(r) < Cr=b®=1 qt oo;

ii) there is v1 > 0 depending only on f such that Vv > vq
(r U P20 + r {r f (U + U =0 (4)

has a positive and decreasing solution U such that U < Cr—b/ (-1
at co.

2  Preliminaries

Definitions and notations:
pi=1/(p—1); m:=upb, be (0,a+1—pl;wr) = A+r)""; [u(s):=
Ju(s)ds; ¥(r) == f(r)yw(r)™7; t, := max{1,t} and DEu := (r*|u'[P~2u')".



Elliptic Equations 277

2.1 Properties of some integrals

so= [([[(2)'ee) )

We normalized f so that

we [([F AL

Define for ¢ > 0

Lemma 3. If
/00 PP Ly (s) < o0 or 0<y<(p-— I)W, (7)
0
where b € (0,a+ 1 — p|, then ¥Vt >0
(p — 1) ! a " —-m,
m(/osw) < Jt) <™ (8)
1 L
b=a+1-p = mJ(t)zt_m{/ s“¢(s)ds}l Vit > 1; (9)
0
1 1% oo 7
! b+p—1 —m—1,
ey <{([ o)+ ([ sete) e (10)
7)) < (a+1)plT (@) |“DH]] o, (11)

where (7) is not necessary for the lower bound in (8).

Proof. We have

J(t) = /too T‘ml{raererl /OT Sa¢}u < /too —— </Ooo Sberlw)lt

on one hand and

ws [[(fo) [T ()

on the other hand; the RHS of (8) then follows from integrations by parts . For

t<1,
00 T Y 1 © [e's)
J(t) 2/ (r_a/ s“¢> > (/ s“¢> / r= My
1 0 0 0
and for t > 1,
1 1% e}
J(t) > (/ saw) / r=dr.
0 t



278 Tadie

We thus get the LHS of (8).
Ifo=a+1—p, J(t) > (fol sap) [ r=m=1dr and (9) follows.
Fort>1,asa>b+p—1,

t o0
0<—J(t) < (t—b“—ﬂ’/ sb+P—1¢>H < t—m—l(/ Sb+p-1¢>”.
0 0

Fort <1 |J(t)| < (fol ¥)# and (10) is obtained.

For (11),
T e R S Y e

hence from

0 <t Dl (0 [ s0)”

(11) follows.
Lemma 4. Under the assumptions (6)—(7)
(r*|U'|P72U"Y 4 r*p(r) =0; >0 (12)
has a decreasing and positive solution U € C*([0,00)) such that
Ur)<@+r)~Y®=D wp>0. (13)
Proof. Tt is easy to verify that U = J where J is defined in (5) satisfies (12).

Then (8)—(11) complete the proof.

2.2  Proof of Theorem 1

Let u and v be two such solutions with u > v > 0 in some [0, R).
As they are decreasing, from the equations, in [0, R)

{re ('[P~ = [P} = e Fy (ryv) = Fy (ru)} > 0
with r¢(Jo' [P~ — |u/[P71)|,—0 = 0, whence |[¢v/| > |u'| or v/ < u/ <0 in (0, R).
This implies that u(r) — v(r) > u(0) — v(0) whenever v(r) > 0.
2.3 Proof of Theorem 2

In the lights of the super-sub-solutions methods established in [3], it suffices for
each case to find an appropriate sub- or supersolution of the problem.
1) The function U in Lemma 4 is a supersolution of (2) as

0r) = )1+ < U .
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The estimate for the case b = a + 1 — p follows from (9).
2) i) The solution v, say, obtained in 1) satisfies v(r) < (1 4 7)~/(P=1),

F(r,v) = vt { f(r)o~0FD —p} > o9 f(r)(1 + r)P0FD/ =D _ )y,

So, as f(r) > 0 everywhere, there is vy := inf,~o[f(r)(1 + r)?@+1)/(P=D] such
that if v < vy, then F(r,v) := f(r)v=" —vv? >0 and 9,F(r,v) <0.

Then v is a suitable subsolution of (3) as the condition (1) of Theorem 5 of [3]
is guaranteed by ¢ > max{p(p — 1)/b, =y + 0(p — 1)/b (see (¢) ).

If in addition g > (b+p)(p — 1)/b, then V(r) := [*([](s/t)*F(s,v)ds)"dt is a
supersolution of the equation with 7*/P=DV (r) bounded.

ii) For G(r,¢) :=vf(r)p~7 + ¢4,
9pG(r,¢) = qop~ """ —quf(r)/q} = qP T (r),

where W, (1) := (1 4 )~ O0+0/(p=1) _ 1y £(r)/q.

If g >60(p—1)/b —vand ¢ < (14 )@Y then for some large R > 0
there is ¥, (r) < 0; in this case there is 11 := supyg g ¢{7(1 + )b O+a)/ (=1 f(r)}
such that v > v; implies that G is decreasing in such positive ¢. The solution v
obtained in 1) is then a suitable supersolution of (4).

This work is dedicated to my late uncle Toam Chatue J.B., (1 on 14/08/1997).

References

[1] Furusho, Y. On decaying entire positive solutions of semilinear elliptic equations.
Japan J. Math. 14 #1 (1988), 97-118.

[2] Kusano T. and Swanson C. A. Radial entire solutions of a class of quasilinear elliptic
equations. J. Differential Equations 83 (1990), 379-399.

[3] Tadie Elliptic equations with decreasing nonlinearity I: Barrier method for decreas-
ing radial solutions.

[4] Tadie Subhomogeneous and singular quasilinear Emden-type ODE. Preprint # 11,
Series 1996, Copenhagen University.






		webmaster@dml.cz
	2012-09-13T05:48:25+0200
	CZ
	DML-CZ attests to the accuracy and integrity of this document




