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Abstract. We study oscillatory and non-oscillatory solutions of the
third order ODE

[9() (" (1) + p(W)u(®)] = f(t,u,u',u”), (%)
where ¢,p : [T,00) — [0,00) are bounded functions, g > ¢ > 0. The
function f is assumed to be continuous and f(z1,z2,x3) -1 < 0.
Many authors have consider ODE’s of the form (x), where the main part,
i.e. the term u”’ + pu is nonoscillatory. By contrast to these results we
consider here the case of the oscillatory kernel function v + pu.
The main goal is to show that any solution u of () is either oscillatory
or it is a solution of the second order ODE w” (t) + p(t)u(t) = B(t) with
vanishing right hand side 8 > 0, (3(¢) — 0 as ¢ — co. In the latter case
all the derivatives u(™ (t) up to the second order tend to zero as t — oo,
i.e. eq. (*) has the property (A).
The results are generalizations of these obtained by 1. T. Kiguradze [1].
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1 Introduction

In this paper we consider a nonlinear third order differential equation in the form

(g(t) - [u" (®) + p()u®)]) = f(t,u, v/, u"). (1)

Let T, g1, g2, p2 be positive constants and let

g : [To,00) — (0,00)  belong to the class C*[Tp, 00),

0<g1<g(t)<ge forallte ][Iy 0), (2)
p: [To,00) — [0,00)  belong to the class C*[Tp, o),

0<p(t)<py forallte [T, o0), (3)
f: [T, 00) x R* = R is continuous function having the following

sign property
flt,x1,20,23) - signzy <0 for 1 # 0. (4)

This is the final form of the paper.
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The main goal of this paper is to describe oscillatory and nonoscillatory
properties of solution of ordinary differential equation (1). This main result is a
dichotomy property saying that any solution u of equation (1) is either oscillatory
or u together with its derivatives up to the second order tend to zero.

Several papers focused an aforementioned problem. An Oscillatory Criterion
for a Class of Ordinary Differential Equations [1] becomes one of the main ones.
The author assumes that a left-sided operator u(™ (t) + u(®=2)(t) is oscillatory
at first. This assumption was considered as true, he searched necessary and
sufficient conditions to fulfill that equation has a property A (B).

Several authors studied differential equation (1), but they assumed that ope-
rator u”(t) + p(t)u(t), which forms an equational kernel is nonoscillatorical. By
contrast to these results we consider here the case of oscillatory kernel function

u”(t) + p(t)u(?).

2 Preliminaries

By a solution (proper solution) we mean a function u defined on an interval
[T, 00) C [Tp,00), having a continuous third derivative and such that

sup{|u(t)]:t>T} >0

for any t € [T, 00) and u satisfies equation.
By an oscillatory solution we mean a solution of (1) having arbitrarily large
zeroes. Otherwise, a solution is said to be nonoscillatory.

3 Auxiliary lemmata

We begin with several auxiliary lemmata which are needed in order to prove
main results in the main section. Let us consider the equation

y"(t) +p()y(t) = r(t), (®)

where p : [T, 00) — [0,00) and 7 : [T, 00) — (0, 00) are continuous functions such
that

p(t) <py and 0<r <r(t)<ry for all t € [T, 00), (6)
where 71,79, p2 are positive constants, with coefficients p, r satisfying (6).

Lemma 1. Let y € C?[T,00) be a positive solution of differential equation (1)
and let r1,72,pa be positive constants which fulfill (6) the conditions .
Let po > 0 be arbitrary large and put e1 = %. Then for any 6 > 0, small

enough, and 0 < £ < min (W, %) the solution y has the following
property.
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If we have 0 <y(t) <e on some interval (t~,t7)  and
y(t7) =y(t") =¢, (7)

then y(t) >e¢ forany te[tt tt +pott —t7)],
tt —t~ <6 (8)

Proof. Suppose that 0 < y(t) < € for any t € [t7,¢%] and y(t7) = y(t+) = e.
Since y is a solution of (1) we have
T
YO =) ~p0) s 271~ par =2
and y”(t) <ry foreach ¢ such that 0 <y(t) <ey 9)

Put to = min y(t).
teft—,tt]
Let us introduce the following auxiliary functions:

r1
=25,
8.
200) = lto) + 9/ (to)(t — o) + 12 - LIS
wlt) = ylto) + 5/ (t0)t ~to) + 7 - LIOL (10)
2
andylt) = ylt0) + 5/ 10}t —10) +o"(@) - L e

According to (9) and (10) we have the estimate

z(t) <y(t) <w(t) provided that 0 < y(t) <ej. (11)
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Then with regard to (10) there exist t1,t2,t3 € [T, 00) such that to > ¢3 and
t1,12 > tg roots

w(tg) = &1, Z(tl)zé‘, Z(tg) = E&. (12)

Furthermore, there exists t* > ¢+ such that y(t*1) > ¢
We conclude from the definitions of the functions w(¢), z(t) and (11) that

tht — T >ty — 1y,
ty—tyg >ttt —t.
In what follows, we will prove that
ttt — T >po- (T —17).

As a consequence of this inequality we will obtain the statement (8).

< €171
Assume that 0 < e < T T G T B Then

2
€1 2¢ <(1 + 2pg)* - %12 + 1) > 0. (13)

As 0 < y(to) = teg{iri+] y(t) < € we obtain

_ - 2 _
1 — y(to) > S 14 2p0)2 > 2 (14 2p0) E=ylto), (14)
T2 T2 " "

It easily follows from (10) and (12) that

2
(t2 — t1)* = (e1 — y(to)) - e (15)
4
(t1 —t0)® = (e — y(to)) - . (16)
Therefore )
e1—ylto) _ w(tz) —y(to) _ 3 - (t2 —to)
79 T2 T2 ’
With regard to (13), (14), (15), (16) we have
T2 1 47‘1

Straightforward computations yield

N | =

1
S+ 2po)? - (1 —to)? < 5 (t2 — t0)?,
(t1 —to) - (14 2pg) < ta — to,

2po - (t1 —to) < ta2 — 11,
po(t™ —t7) < (t1—t3) - po Sto —ty ST -t
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Hence
ttr — T > pe(tT —17).

Thus y(t) > e on [tT,¢T + po(tT — 7).
It remains to show the estimate

tt —t= <.

Due to (10), (12)
e = 2(t) = ylto) + (1 —to)” >

This is why t; — tp < f,—f Since

1

ot <t —ty =2 — o) < 2V2, = <4 =
T1

T1 52

and € < g,

we finally obtain
tt—t= <.
Lemma 2. Assume that
() he O[T, 00), h(t)>0, [ h(t)dt = +oo.
(ii) There exists § > 0 and the Zequence
T<ty <tf <ty <ty <---<t; <tf -0
with the property

th—t, <9,
bppr =l 2t — b

$£ S S S s 0§

THE 6ttt L

(iii) (a) Fither there is hg > 0 such that h(t) > ho > 0 on [T, 00)

(b) or h is a nonincreasing function on [T, o),
such that h(t) — 0 as t — oo
and there is ko > 1 such that h(t) < ko-h(t+6) forallt>T.
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Denote
S= U[tgvt;-p-l]’ 5¢ = U(tﬁ,t'ﬁ
k=1 k=1
Then
/h@&=+m.
s
Proof.

SUSe=(t],00) C [T, 0).
With respect to (iii) the proof splits into two parts.
The case (a) If 4(S°) < oo ( p is the Lebesgue measure) then p(S) = oco.
If (S€) = oo then according to (ii) we again obtain p(S) = co.
Since h(t) > ho > 0 we may conclude [ h(t)dt = occ.
S
The case (b) If [ h(t)dt < oo then clearly [ h(t)dt = oo
e s
because S US® = (t7,00), h(t) € C[T,00) and [ h(t)dt = oo.
T
On the other hand suppose that [ h(t)dt = cc.
SC

Choose § > 0 sufficiently small and py > 0 sufficiently large. Let ¢ > 0 satisfy
the assumptions of Lemma 1. Obviously, there is a sequence

T <ty <tf <ty <ty <---<t, <tf o0
such that

yt) <e for t € (t,t}),
y(t) > e fort €[t t,,], k=12,....

With regard to Lemma 1 we may conclude ;" —¢,; < §. Then for any ¢ € [t ,t]]
we have h(t) < ko - h(t +6) < ko - h(t + (£ —t;,)) and thus

th ty (it —ty) tig
/h(t)dt < /h(t + (B —t,))dt = ko - / h(u)du < ko - [ h(t)dt.
ty ty th th
Hence

+m=lﬁ@ﬁg/ﬁmw

It completes the proof of Lemma 2.
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Lemma 3. Let

(9(t) - [ () + p(t)u(®)]) = f(t,u,u',u"),
where p(.),g(.) and f(.) fulfill the following conditions:
(1) p(.), g(.) fulfill conditions (2) a (3).
(i)
f(ta (El,xg,xg) : Signxl S 07 x1 7& 07 (17)
ft, x1, 20, 23) - signxy < —h(t) - w(|z1]), (18)
where h(.) fulfill on [T,00) assumption (i), (ii), (iii) from Lemma 2.
(i) Let w : [0,00) — [0,00) be a nonincreasing function such that
w(0) =0, w(s) >0  for all s> 0. (19)
Then any proper solution of equation (1) on [T, 00) is either oscillatory or there
exists 5(.) > 0 such that tlim B(t) =0 and u(.) is a solution of equation
u”(t) +p(t)u(t) = B(t) - sign u(t). (20)

Proof. Let u be a nonoscillatory solution. We will show the existence of a function
[ as stated in Lemma 3. According to (4), u solves (1) iff —u does. Therefore,
without loss of generality we may assume that

u(t) >0 for all t € [T, 00) (21)
Denote

a(t) == g(t) - (u”(t) + p(t)u(t)). (22)
Then from (17) and (21) we see o/(t) = f(t, u(t), v’ (t),uv”(t)) <O for allt > T,
is nonincreasing function on [T, 00). We will consider three distinct cases:
(i) lim a(t) <0,
(ii) tlirgo a(t) >0,
(iii) lim a(t) = 0.

t—o0o

In the case (i) we have:
Let there exist Ty > T such that «(t) < —e < 0 for all t € [T}, 00). Then

" (t) + p(tyu(t)

According to (3), (21) we have p(.),u(.) > 0 on [T1,00). Hence u”(t) < 2= <0
for all t € [T1,00) and so there is T, To > T} such that u(t) < 0 for t > Tp . A
contradiction.
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In the case (ii)
u(.) is the solution of equation (1). Let us mark:

() + p(t)u(t) = —= =:7(t) for all ¢t € [T, 00).
We know that «(.) is a nonincreasing function on [T, 00).

Take oy := tlim a(t) > 0 and ag := a(T"). Then according to the definition

of function « we have as > «(t) > a1 > 0 for any ¢ > T and therefore

~

Q
0< —<
g2

t
olt) _az 0<7r <r(t) <7,
t) " o

)
—~

which means that the function r(.) satisfies assumptions (5), (6) of Lemma 1
with constants r; = % and ro = %.

According to Lemma 1, for any § > 0 sufficiently small and any py > 0
sufficiently large there is € > 0 and a sequence t; <t <t; <tj ... — oo such

that

th—t; <4,
y(t) <e  forallte (t,t)),
y(t) > e for all t € [t} ;4] k=1,2,....

Thus u(t) > e = o/ (t) < —h(t)w(e) on [t t;4].

And at) < a(t)) -

h(t)w(e)dt for any t € [t;f,t,,;]. This yields the

T —

following estimates.

3

<a(t]) —w(s)[/h(t)dwr/h(t)dt}

+ +
tl t2
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And in general:

a(ty ) < atf) +w(e) [7h(t)dt + 7_h(t)dt + 71h(t)dt].

Hence

Jim ati) < () - w(e)| [ he)ir] - o0
S

because [ h(t)dt = oo (see the Lemma 2), a contradiction.
This way we have excluded the cases (i) and (ii). Thus the case (iii) must
occur, i.e.
lim a(t) =0.

t—o00

Finally, if we put G(¢) = % for all t > T, then we have 8(t) > 0 (« is

nonincreasing function ) and tlim B(t) = 0 and the proof of Lemma 3 follows.

4 Main Theorems

Theorem 4. Let u be a solution of equation (1)
(g@®" () +pOu®)]) = f(t,u,u’,u”),

where p(.), g(.) and f(.) fulfill conditions (2), (3), (17), (18) and (19).
Let further,

u” (t) + p(t)u(t) = B(t) on interval [T, c0), (23)
where
ue C?T,00), u(t)>0 for allt > T,
BeC?T,0), Bt)>0 forallt>T (24)
and
lim () = 0. (25)

t—o00

If w is a nonoscillatory solution of (1), then

lim u(t) = 0.

t—o00

Proof. 1t is sufficient to prove

litm infu(t) = 0 = limsup u(t).

—00 t—o00
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At first we show that

liminfu(t) =0 (26)

t—o0

We proceed by contradiction.
If (26) is not valid, then according to (24) and (25) suppose that there is
a >0 and T7 > T such that u(t) > « for each ¢t > T3. Thus

u'(t) = B(t) — p(t)u(t) < B(t) —pra for all t € [Ty, 00).

As tlim B(t) = 0, there exists To > T,

u”(t)g—%-oz<0 for t > Ty

and therefore u(t) < 0 on [T3, 00), where T3 > T5. This is a contradiction because
u is positive in [T, 00).
Now we show that

limsup u(t) = 0. (27)

t—o0

Again we will proceed by contradiction. Suppose that (27) is not true. Then
two cases can occur:

(i) limsupu(t) = oo,
t—oo

(ii) There is € such that 0 < ¢ < limsup u(t) < 2e.

t—o00

First we exclude the case (i).
If lim sup u(t) = +oo, then there is a sequence {t;}7°; such that u(ty) — oo

t—

o0
for t; — oo and simultaneously with regard to the previous part of the proof
liminf u(t) = 0.
t—o0
Thus there exist t*,t** € [T1,00), T3 > T such that
, u(t) >0,
,u () <.

Then according to (23) we have
u’ () (t) + p()u(t)u' (t) = B(t)u'(t)  in [T, 0)

and after the integration

ok ok
t

/u"(t)u'(t)dt+ /p(t)u(t)u’(t)dt = /6(t)u'(t)dt.

t* t*
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Because
t**plu(t)u (t)dt < 7p(t)u(t)u/(t)dt < t**pgu(t)u (t)dt,
we get
%[w ) B ) () < ful) —u(t)] (28)
T

Due to the assumption tlim B(t) = 0, therefore there exists T1; 71 > T such
— 00

that B(t) < e for all t > T;.
According to inequality (28) we have

Pllu(e)? — u(t")?] < elu(t™) — u(t)],

2
2
w(t) < u(t) +ut?) < =
b1
and this is a contradiction to (i)
Now consider the case (ii).
Suppose that there exists € > 0 such that
0 < e < limsupu(t) < 2e. (29)
t—oo
Let us choose 3y such that
0 < B < 228, (30)

2¢e

e/2
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According to assumptions (24), (29) there exists T3 > T such that for all
t>1T

Bt) < Po,  ul(t) <2e. (31)
We assume «(71) > 0 thus according to (26) there exists T5 > T such that
u(Ty) < min(u(Ty),€) (32)

and with aspect to (29) we have Ty > Ty with the property u(Ty) > e. Thus

u(T2) (3<2) e < u(Ty) and we can find T3 such that

Ty < T3 < Ty, u(Ts) > ¢, u'(T3) > 0. (33)
Let

to = inf{t > Ty, u'(7) > 0 for all 7 € [t, T3]}. (34)

Since u(.) is continuous (33) implies the inequality to < Ts.

If ty < Th, then according to (34), u(.) is nondecreasing in [T1, T3], what is
a contradiction to u(T2) < u(71), which follows from (32).

We have T7 < t9 < T5. According to definition of tg, u/'(tg) = 0. Then

W (to) = lim, Wltotd)—uw'lto) > (). Using (25), (31) and (21) we obtain

6—0

ulty) < 2 < £, (35)

1 4

According to definition (34) we have
u'(t) >0 for all ¢ € [to, T3] (36)

And by (35) we have u/(tg) < 0, u(T3) > e. Then there exists ¢1, t1 € (to,T3)
such that u(t;) = §. Hence we can obtain for u”(f) the inequality on interval
[to, t1].

o (25),(it)
a()E B0~ p(yu) = Bo on [to, i)

By (36) it follows that u”(t) - u(t) < Bo u'(t). And integrating we get

/ o’ () (t)dt < / Bo ' (t)dt,
1 / t02 1 / 2 < ’
[ ()] = 5[ (t)]” < Bolu(tr) — ulto)),

clearly %[u’(tl)]Q < fos. (37)
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If ¢ € [t1, T3] then we can obtain from (24), (25), (30)

p1-€
T

u(t) = B(t) — p(tyu(t) < Bo — pru(ts) < -

Since u/(t) > 0 on [t1, T3] we have

Thus

which implies fo > =I*.

The last mequahty gives a contradiction to (ii). So

liminf u(t) = limsup u(t) = lim u(t) = 0.

t—o0 t—00 t—oo

Theorem 5. Let u be a solution of equation (1)

(9O @) + pOu)])" = f(t,u, ', "),

where p(.), g(.) and f(.) fulfill conditions (2), (3), (17), (18) and (19).
Then equation (1) has the property A, so every proper solution of (1) is
either oscillatory or it converges with its derivatives to zero as t — oo.

Proof. We proceed by contradiction.
Let u(.) be a nonoscillatory solution. According to Lemma 3 and Theorem 4
we have tlim u(t) = 0. Statement (iii) in Lemma 3 gives us that tlim u”’(t) = 0.

So we need only to prove that u/'(t) — 0 for t — oo.
Let lim u/(t) 4 0, then lim sup |u’(t)] > A > 0. Thus in any neighbourhood

of oo we can find ¢y such that |u (t0)| >4 >0.

We have thm u(t) = O,thm u’(t) = O Then we take 0 < & < % such that
[w’(t)] <e, |u(t)]<einfto—1,t0+ 1]

Then on interval [tg — 1,%9 + 1] we get the following inequalities (¢ is suffi-
ciently great):

u(to + &(t — o)) (t — to),
= lu (to)| = [u"(to + &(t —t0))] |t — to
——

<e <1

u'(t) —u(tg) =
| =

' (t)

2

w|)>
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and therefore

W' (t)] > = —¢ for all t € [to — 1,t0 + 1].

Farther |u(to)| < e and hence

u(t) = u(to) +u'(to + E(t — to))(t — to),
[u(t)] > [u'(to + &(t — to)| - |t — to| — lu(to)],

(
A
|u(t)|>(——e)|t—t0|—5 for all t € [to — 1,t0 + 1].

We put t = to—i—l . Then |u(ty + 1)] > (%—E)—s = %—25. Since we
took 0 < € < 4, we get |u(to + 1)| > &, what is a contradiction to assumption
lu(to +1)| < 5

Thus lim «'(¢) = 0 and so equation (1) has the property A.

t—o0
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