EQUADIFF 2

Michal Gregus
On linear differential equations of higher odd order

In: Valter Seda (ed.): Differential Equations and Their Applications, Proceedings of the Conference
held in Bratislava in September 1966. Slovenské pedagogické nakladatel'stvo, Bratislava, 1967. Acta
Facultatis Rerum Naturalium Universitatis Comenianae. Mathematica, XVIIL. pp. 81--88.

Persistent URL: http://dml.cz/dmlcz/700218

Terms of use:

© Comenius University in Bratislava, 1967

Institute of Mathematics of the Academy of Sciences of the Czech Republic provides access to
digitized documents strictly for personal use. Each copy of any part of this document must contain
these Terms of use.

This paper has been digitized, optimized for electronic delivery and stamped
with digital signature within the project DML-CZ: The Czech Digital Mathematics
Library http://project.dml.cz


http://dml.cz/dmlcz/700218
http://project.dml.cz

ACTA FACULTATIS RERUM NATURALIUM UNIVERSITATIS COMENIANAE
MATHEMATICA XVII — 1967

ON LINEAR DIFFERENTIAL EQUATIONS OF HIGHER ODD ORDER

M. GrEaUS, Bratislava

In my paper I will consider a differential equation of the n-th order, where
n is odd of the following form:

(@) y® + 24@)y' + [4'(x) + b(@)] y = 0.

Suppose that A’(xz) and b(z) are continuous functions of & € (—o0, o).
The adjoint differential equation to the equation (a) is of the form

®) 20 4 24(x) 2’ + [A'(x) — bx)] z = 0.

Between the solutions of the differential vequations (¢) and (b) hold some
relations, for instance: ’

If ¥y, ¥y ..., Yn— are linearly independent solutions of the equation (a)
then
Y Y v Ynm
Y Y cor Ynm
e
el SRR

is the solution of the equation (b).
If y(x) is the solution of the differential equation (a) with the property
y@)=y'(@) = ... =y®-Aa) =0, yt-Na)*0,
a € (—oo, ©) and y(z) = 0, z # a,
then the solution z(x) of the differential equation (b) with the property
2(z) =2'(z) = ... = 2z8-2(z) = 0, 2(n-1(z) £ 0

has also the property z(a) = 0.

We can deduce more of such relations.

The solutions of the differential equation (a), respectively (b) fulfil the
following integral identities:
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(1) y®=1 4 24y + f(b — A’) y dt = const.

@) yy®D + Ay + f [by® — y'y®~V] dt = const.
respectively
(1" zn-1) 34z — jr(A’ + b) z dt = const.
- .Ea
2" 22—  A22 — [[b2% + 2'2(8-D] dt = const.

«

In the following I will introduce the results concerning the solutions without
zeros of the differential equations (e¢) and (b) and the criterioun of the divergence
of the solutions without zeros of the differential equation (b). In the special
case for » = 3 I will quote further results concerning this problems.

At the end I will deal with the existence of solutions of certain boundary
problems chiefly of the third order.

L. First I will introduce two lemmas.

Lemma 1. Let A(x) £ 0, b(x) = 0 for x € (—o0,0). Let y(x) be the solution
of the differential equation (a) with properties y(a) =0,7=0,1, ..., k — 1,
E+1, ..., n—1, y®)(a)#£0, 1 <k<n—1. Then neither y(x) nor its
derivatives yi(x), ¢ =1, 2, ..., n — 1 have no zeros to the left side of a.

Lemma 2. Let the assumptions of Lemma 1 be satisfied and let z(x) be the
solution of the differential equation (b) with the properties z?a) =0,7=:0,
1, .., k—1%k4+1,...,n—1, z0)a) £ 0. Thenz®(x),: =0,1, ..., — 1
have no zeros to the right of a and at the same time z®(x) - 400 for & — o0,
i1=0,1, ..., n — 3. Here z0(x) > 400 if z8)(a) > 0 and 20 (x) > —w0 if
() < o.

The proof of Lemma 1 follows from the identity (2) and that of Lemma 2
from the identity (2').

Remark 1. Similarly as Lemma 2 it can be proved that every non-trivial
solution z(z) of the differential equation (b) with properties

z(a) = 0, z@(a) 2 0, i=12 ...,n—1, —c <a< 4o,

has no zero point to the right, and no point of zero of the derivatives up to
the order n — 1.

Theorem 1. Let A(x) < 0, b(x) 2 0 for x € (—o0,0). Then the differential
equation (a) [(b)] has at least one solution u(x) [v(x)] without zero in the interval
(—o0, ) for which holds
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sgn u(x) = sgn w''(x) = ... = sgn u—N(x) 7%~ sgn w'(x) = sgn u'"'(x) =
= ... = sgn u®-A(z)
[sgn v(z) = sgn v'(x) = sgn v'’(x) = ... = sgn v(r-(z)]

for all x € (—o0, ) at the same time w'(x) - 0, w''(x) >0, ..., u®~A(z) -0
for x >0 [v(&) > 400, ..., v®-3(x) > 400 for x - 0].

The solution u(x) without zero-points of the properties mentioned in Theor. 1
can be obtained as the limit of the sequence of the solutions {ux(z)};,
with wP(xx) =0, u* (xx) >0, 1 =0, 1, ..., n —2, where {xx}P, is
a suitable sequence of numbers which diverges to infinity. The mtegral
identity (2) for the solution uy is of the form

wud™ Y + Au} = f [bu} — wai®—] dt.

It can be shown that the solution u(x) fulfils the analogical identity:
(3) wur! + Au? = [ [bu? — w'u® D] ds.

Theorem 2. Let A(zx) < 0, b(x) = 0 for x € (—0,0) and let [bdt diverge,

—w < a < . Let z(x) be the solution of the differential equa,tign (b) with the
properties z(a) =0,¢t=0,1, ..., n — 2, 208-D(a) > 0. Then the following
holds: z(n—1(z) + 24(x) z(x) > o0 for x - co.

The statement follows from Lemma 2 and from the identity (1’).

Lemma 3. Let the assumtions of Lemma 2 hold and in additicn let A’ +
4+ b2 0 and ft"—l[A’(t) ~+ b(¢)] dt diverge, —0 < a < 0.

Let z(x) be the solution of the differential equation (b) with the properties
zMa)=0,1=0,1, ..., n — 2, z0=D(a) > 0. Then it holds: 2»-V(zx) +
+ 24(x) 2(x) > o0 for x — 0.

The statement follows from Lemma 2 and from the identity (1’).

Theorem 3. Let the assumptions of Lemma 3 be satisfied. Then there exists
at least one solution of the differential equation (a) y(x) # 0 for x € (—o0, )
which has the following properties: y, y', ..., y®—1 are monotonous function of
re(—oo,00),8gny =sgny'’ = ... = sgn y("—l) #“sgny =sgny'’’' = ...=
= sgn y®—2) for x € (—o0,©) and y >0, y' -0, ..., y»=1) >0 for x — c0.

Let n = 3. Then the statement of Theorem 2 and Theorem 3 can be
sharpened in the following way:

Theorem 4. Let the assumptions of Theorem 2 and Remark 2 respectively
Theorem 3 for n = 3 be fulfilled and let b(x) = 0 do not hold in any interval.
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Then there exists just one solution of the differential equation (a) with the following
properties: y, y', y'' are monotonous functions of x € (—oo0, 0), sgny = sgn y'’' #*
#sgny' for x € (—o0,0) and y >0, y' -0, y'' - 0 for x - 0.

Theorem 5. Let n = 3. Let A(x) <0, b(x) 2 0, 4'(x) + b(x) = 0 for
z € (—o0,0) and let b(x) = 0 do not hold in any interval.

If the differential equation (a) has one oscillatory solution in the interval
(@, ©), —0 < @ < -+ o0 (i.e. the solution has an infinite number of zero-points
there) then all solutions of the differential equation (@) are oscillatory in the
interval (a,c0) with one exception of the solution y (up to the linear dependence)
which has the following properties: y(x) # 0, sgn y(x) = sgn y’'(x) # sgn y'(x)
for x € (—o0,0), y, y', y'' are monotonous functions of x € (—oo, o) and y’ - 0,

" - 0 for x - 0. [1]. .

The question is about the solution without zeros in the case 4(x) = 0. For

n = 3 hold the following results [2]:

Theorem 6. Let » = 3. Let b(x) = 0 for x € (—o0, ) and b(x) = 0 do not
hold in any interval. Then the solution of the differential equation (a) has at
least one solution without zero points in (—o0, ).

Theorem 7. Let the assumptions of Theorem 6 be fulfilled and let fbade

Zo
diverge. Then the differential equation (a) has at least one solution without
zero-points for which holds lim inf y(x) = 0.

{Tg,0)

If b(x) =2 m > 0 for x € (xy, ) then y(x) belongs to the class L3.

M. ZrAmAL [3] proved the following theorem:

Let n=3. Let A(x) 2 m >0, 4'(z) + b(x) >m and b(x) — A'(x) = 0
for x € (x4, ).

Then every solution of the differential equation (@) is either oscillatory in
(%9, 00) or non oscillatory and then limy =limy’ = 0 and y(x) is of the

>0 & >0
class L2

In the paper [2] is shown that under given assumptions all solutions of the
differential equation (a) are oscillatory in (z,, c0) with the exception of one
(up to the linear dependence) which has the mentioned properties.

Now we shall devote our attention to the differential equation (b). According
to Theorem 1, the equation (b) has at least one solution without zero points
and every solution of the differential equation (b) of the properties given in
Lemma 2 and in the Remark 1 has not on the right side of a zero and there
are no zeros of the derivatives up to the order » — 1. In the following we
give the criteria for the rate of divergence of these solutions to the infinity.

Theorem 8. Let A(x) < 0, b(x) = 0 for x € (—0,0) and let b(x) = 0 do not

84



hold in any interval. Let f(x) be a non-negative function with the continuous
n-th derivative of propertiesf™ + 2Af' + [A'— bl f < 0 for x € (x4, ©), —0 <
< Ty < 0.

Then there exists for every non-trivial solution z(x) of the differential equation
(b) of the properties z(a) =0, z¥(@) 20, t =1, ..., n — 1, & = z,, such
a « = a and such a constant k > 0 that for x > o holds z(x) — kf(x) > 0.

Corollary 1. Let f(x) = e*. Then the non-trivial solution of the differential
equation (b) of the properties z(a) = 0, 2()(a) = 0 diverges to +oo faster
then e% if A(x) <0, b(x) 20,1 4+24+A4A'"—b< 0 for xe(xyo), 2y a
and at the same time b(x) = 0 does not hold in any interval.

For n = 3 and the case A(z) = 0 hold the following criteria:

M. ZrLAMAL [3] proved:

Let A(x) 2 0, A’(x) and b(x) = 0 be continuous functions of a2 for
0<z = Futher let on (z5,o0) M = limsup %%l < 00, M =
= lim sup V.; [A'(x) — b(x)] < 0. Then every non-trivial solution y(x) fo
the differential equation (b) is either oscillatory or diverges into 4-oco faster
then a certain positive power z,. The solution y(x) is oscillatory then, and

only then when for every x € (x4, o0) holds yy"’' — —;— y'?2 4+ Ay? < 0.

If b(x) = d > 0, then every scillatory solution of the differential equation
(b) belongs to the class L2,

Theorem 9. Let n = 3 and let A(x) = 0, b(x) = 0, A'(x) — b(x) £ 0 at the

same time b(x) = 0 do not hold, in any interval and let f b dt diverge. Further

let f(x) be a nom-negative function with continuous th?rd derivative on (x4, 00)
for which holds on (xy, ) the inequality f''' 4 2Af' + (A’ — b)f £ 0. Then
for every solution z(x) of the differential equation (b) without zeropoints on the
interval («, 00), & = %, holds: |z| — kf > O for x € (x, ), k is @ suitable constant.

The proof is given in the paper [2].

II. We devide this section in two parts. In the first section we shall deal
with certain non—homogenous boundary value problems chiefly of the 34
order, and in the second section we shall show some results of the so called
Sturm boundary problems of the 3¢ order.

Let the boundary problem

(4) Ly) = 0.

(5) Ui(y) =0,i=1,2, ..., n, be given where L(y) is a linear differential
operator of the nth order, n = 2, with continuous coefficients p, 7% 0 (coef-
ficient of the highest derivative) p;, ..., Pn On the interval <{a;, am), Ui,
i=1,2, ..., n are linearly independent forms of y(a,), ..., y® (@), ...,
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Y(@m); -y YO V(an), @y < ay < ... < @y, m = 2. Suppose that the problem
(4), (5) is unsolvable, i.e. its only solution is trivial. Then the following
theorem [4] holds.

Theorem 10. For an arbitrary point & € (@, ax+1) the function y = Gr(x, &)
may be constructed (the particular Green’s function) which has the following
properties:

2

1. Gi(z, &), R Gz, &), ..., ¢ Gr(x, &) are continuous functions of x &
cx oxn—2

€ {ay, Om).

2. The function

n—1

Py Gi(z, &) is on {ay, ay) everywhere continuous with the
-

exception of the point &, where it has a discontinuity of the first order with a jump

of the discontinuity —, 1.e.
Po(§)
O e+ 0,8 — L e —0,5= >
ogn—1 k( + 0, )'_ o1 "/C( — Y )_‘po(s)

3. The function Gi(x, &) is the solution of the equation (4) on the intervals
{ay, &), (&, am) and satisfies the boundary conditions (5).
4. The function Gg(x, &) is by the properties 1., 2., 3., uniquely defined.

Theorem 11. Let Gi(z, &), k=1, 2, ..., m — 1, be the particular Green’s
functions belonging to the problem (4), (5). Then the solution of the problem
(&) L(y) = r(2).
(5) Ui(y) = 0, =12, ...,n
where r(x) is the continuous function on {a,, an) is given by the formula

m—1 ar+;

(6) y@) = > [ Gulx, &) (&) dé.

k=1 Ay

Lemma 4. Let n = 3. Let A(x) £ 0, A'(x), b(x) = 0 be such continuous
Junctions of x € (—o0, ) that b(x) — A'(x) £ 0 and b(x) = 0 does not hold in
any interval. Then every solution of the differential equation (a) has at most
two zero points or one double zero-point [2].

Lemma 5. Let n = 3. Let A(x) < 0, A'(x), b(x) = 0 be such continuous
functions of x e (—o0,00) that A'(x) + b(x) < 0 and b(x) =0 does not hold
in any interval. Then every solution of the differential equation (a) has only
two zero points or one double zero point [2].

Theorem 12. Let n = 3. Let the coefficients of the differential equation (a)
Julfil the assumptions of Lemma 4, resp. 5. Then the boundary problem, -
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Y 4 2d4(x) y + [d'(x) + b(x)] y = r(x),
y(@,) = y(a,) = y(as) = 0, a, < a, < az € (—00, )

has only one solution given by the formula for m = 3.
The proof follows from Lemma 4 and 5 and from Theorem 11.

Lemma 6. Let n = 3. Let the assumption of Lemma 5 be satisfied. Then
every solution of the differential equation (a) has at most three zero points of the
first derivative. If the solution y(x) has exactly three zero points of the first
derivative, then y(x) has exactly two zeros.

Theorem 13. Let n = 3. Let the coefficients of the differential equation (a)
Sulfill the assumptions of Lemma 5.
Then the boundary problem

Y 4 24(x) y + [A'(2) + b))y = r(x),
YD) =y®O@B), i=0,1,2; a<b

with periodical boundary conditions has just one solution of the form (6) for
m = 2. .

Remark 3. M. GEra of Bratislava in his dissertation devotes his attention
to the problems of the higher orders of periodic boundary conditions.

Now let us consider the differential equation (@) for » = 3 in case that
the coefficients are continuous functions of the parameter A e (A4;,4,) ie.
in the form

(@ Yy + 24, Ay’ + [4'(, 2) + bz, )]y = 0.

The following oscillatory theorem [2] holds:

Theorem 14. Let the coefficients of the equation (i) A4 = A(x, 1), 4’ =
= —;; A(x, ), b =b(x, 1) > 0 be continuous functions of x € (—oo,0) and
e (4, Ay).

Further let |A(x, )| < k, |A'(x, A)| = k, £k >0, for all x € (—o0,0) and
Ae (A4, 4,) and let lim b (x, 1) = o0 uniformly for all x € (—o0, ).
A->d,

Let a < be(—o0,0) be given numbers and let y(x, 1) be a solution of the
differential equation (@) with the property y(a, A) = 0. Then with the increasing
A — A, increases also the number of zero points of the solution y in (a, b) to the
infinity and at the same time the distance of every two nmeighbouring zero points
converges to zero.

Remark 4. G. SAmMsoNE [5] proved also the oscillatory theorem which
can bz formulated for the equation (@) as follows:

Let A = Az, 1), 4’ = ai Az, A), b = b(z, 1) = 0 be continuous functions
z
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of xe(—o0,00) and Ae(A4;,4,) and lim A(z, ) = 400 hold uniformly
A->A,

for all z € (—o0, 0).

Let b(x, A)= 0 do not hold in any interval. Then the statement of the
previous theorem holds.

With the help of the oscillatory theorems the existence of eigenvalues and
of eigenfunctions of the following boundary problem can be proved:

Theorem 15. Let the coefficients of the differential equation (@) fulfil the
assumptions of oscillatory theorems. Let @ < b < ¢ € (—o0, 00) be given numbers.
Further let a(l), o,(), (), B1(A) be continuous functions of the parameter
Ae (A4, Ay) for which holds |a| + |oy| £ 0, |B] + |Bi]l # 0, at the same time
either B(A) = 0, or (1) #~ 0 for all the A € (4, Ay).

Then there exists such a natural number v and such a sequence of the parameter
A (eigenvalues):

Al’s 21’-}-17 ey }W‘FZJ’ s e

to which belongs the functional sequence (eigenfunctions)

Yvs Yv+1, -« 5 Yr+ps -

of such property that yvip = y(x, Avip) is the solution of the differential equation
which fulfils the following boundary conditions

y(@, dvip) = 0,
0y (Av+p) Y, Av1p) — (A 4p) ¥' (b, Avp) = O,
B1(Av+p) Y(C, Avap) — B(Av+p) ¥'(C, Avip) = 0

and y(x, Ay +p) has in (a, ¢) exactly v + p points of zero.
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