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ACTA FACULTATIS RERUM NATURALIUM UNIVERSITATIS COMENIANAE
MATHEMATICA XVII — 1967

ON ORDINARY LINEAR DIFFERENTIAL EQUATIONS
OF HIGH ORDER

H. HorNicH, Wien

We shall briefly report here on the ordinary linear differential equations
of high order whereby we suppose that the differential equations are of the
normal form, and that their coefficients are integrable and bounded, respect-
ively. .

If a function satisfies a sequence of such differential equations with increasing
order, then this is the property of the function, which is, apart from the
differentiability of all orders connected in a certain way with the regularity
of the function and it is so in the case of real as well as in the case of complex
functions.

Let us begin with the real case and let us suppose the differential equation
is in its normal form:

-1
(1) yo +'S oy =g
i=0

where the o; and ¢ are L-integrable, for example on the interval [0, L],
L > 0.

Without loss of generality, we can now limit ourselves to the solution y
with
2 - Y0)=y'(0) = ... =y®=1(0) =0,
otherwise there is only the right side of (1) correspondingly to modify.

We begin with an estimate:

Let on the interval [0, L]

St = sup |oyl, @ = sup |¢|

and let L be so small that

n—1

Ln—ti|
2, S <1
i=0
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Then for the solution y with (2) holds the estimate?

an—1

DL =D

(3) ly@) < ——= -
Ln—t
=D s Gy
i=0
.4."”—1
Now for a fixed X is the qu?tlent @ =i -0

for n — o0; thus if the o; are equibounded forall: =1, 2, ...,

lofl < K
and if

Kl —1)<1

then for sufficiently great n the solution y with (2) is arbitrarily small.
Therefore is holds:

Any differentiable function fe C® on [0, L] with f®(0) =0 for ¢ =0, ...,
which is not identically O can not be repr esented as the solution of linear differential
equations of the corresponding high order and of coefficients < K.»

Naturally such a function is not regular.

We can extend this theorem for the functions fe C® on [0, L]{which are
not regular with arbitrary initial values f®(0).

There are functions f e C* with f®(0) groowing so that

n
_— ®(0) |
lim Vf"(O) = 00, .
n!

For such (surely not regular) functions it can be easily shown that for
an increasing sequence of natural numbers (n,, n,, ...) they can not satisfy
a sequence of linear differential equations of the order =y if & is sufficiently
great and the coefficients remain bounded for x = 0.

Let us consider therefore only the case of a function fe C* on [0, L] for
which

n
EV

1) Proe. Amer. Math. Soc. 17 (1966), 321 —324.
2) L. c.

)
fn:o) <.
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Let f satisfy the differential equation

n—1
ym 4+ > oy® = g,
i=0
If we put

n-—1

PE) = > f00)%]

i=0

then f(r) = f(x) — P(x) satisfies the differential equation

n—1 n—1
I 4+ S o =9 — S o PO =7
=0

i=0
with 7(0) = §'(0) = ... = y=1(0) = 0.

Now we can apply to our differential equation with y, f our above mentioned
estimation and we see that iy by a corresponding L > 0 becomes arbitrarily
small for all x and sufficiently great n.

We have supposed f to be non-regular at « = 0, therefore is for every natural
m >0

m—1
¢
sup | f(x) — Zf“’(O) % =bmn >0
x ° .
and naturally also

(otherwise f would be represented as a polynomial or a power series).
Then there exists for every m a point x, with

m—1
e %f“’(O) e

On the other hand 7 is arbitrarily small for n — co.
So the inequalities

loi] < K, lpl < K and n > n(K)

> h.

can not exist simultaneously for a n(K).

Then f surely does not satisfy a differential equation with bounded coefficients
for a sufficiently great order ».%

A simple consequence follows from this:

31 c. 1) S. 321.

13 195



If f € O= is on the interval [0, L] and if there exists such a sequence of linear
differential equations for every sufficiently great order with equibounded coefficients
that f satisfies every one of these differential equation, then f is regular at every
point.

We will now deal with the regular functions f and we shall consider them
either in the real domain or in the complex plane.

There are simple examples of regular functions which can be represented
as the solutions of differential equations of an arbitrary high order with
bounded coefficients, and there are other examples of such functions which
can not be represented as the. solutions of such differential equations.

It is known now, that for the regular functions a number can be determined
upon which the behaviour relative to the representation as a solution of
differential equations of high order depends. This number depends — likewise
as the order of an entire function — only on the behaviour of the power series
which represents this function.

First we introduce this number:9

Let f be regular at the point 0 and let

sup J/|[f®(0)] < oo,
n>1
then

fe) = g
0

is the entire function of an order << 1.
If we put for n > 0

i
sup VOO = 44(0),

>2n
then A,(0) > 0 is decreasing and thus the sequence {4(0)} converges.
For ¢ > 0 and an arbitrary 2
i

o
1,400).12]

Vifoer< Z [4;(0)]n+t '%',’1 = A44(0). ¢* .

n=0

Then exists also

i
sup V]f(‘)(z)l = Aqu(2)

2>n
4) Monatshefte fiir Math. 70 (1966), S. 330—336.
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.

for an arbitrary z and » > 0 and

Anz) < A,,(O)e;li“"""”' holds.
For every z exists also
lim Ay(z) = A(2)
and following the above mentioned
A(0) = A(z)

is constant and we denote the constant
i
lim sup [/ifO@E) = |If1]
n i>n

as the degree of convergence of f.
For an arbitrary function f regular at the point 0

sup JIf@(0)] = oo

(this expression is then for every z infinit!)

we put correspondingly ||f|] = co.
Now our problem is: when can a regular function be represented as a solution

of a linear ordinary differential equation

n—1
ym 4 > oy =g
i=0
of a high order.
We put for the function f
i
Si=Vif90)] =12 ... and 8= If(0)
and
S .
1+8, FOi+... +0m1 - I»
We see at once: when the coefficients o; and ¢ at the point z = 0 are all
absolute < gy,

lafl < qn, l?] < qn for z=0
then f does not satisfv our differentialbe equation, because there would be
forz=0

n—1
Sp=gall + 8o+ St + ... + S > ol + 2 o SF.
Now is for our function f, resp. for the sequence of numbers S; is

Hgn=q>0
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then there exists a sequence of natural numbers (7, n,, ...) with

In. > 4
and f is surely not the solution of a differential equation
nx—1

ym) > gy = gy
i=0

if the coefficients
|00 < —2q—, g < % for z =0

for sufficiently great k.
And now we can show:
If the degree of convergence is for our function f, ||f|| > 1 (also for ||f|| = o)
then it 13 always
Su
1+ 8T+ ... + 82
If this would not be the case, then the
Sz
14+ 8+ ... 4+ 8
would converge, but then would be for an n
Sp=en(l +8 + 81+ ... +83
Spii=enta(l + 8 + 81+ ... + 837D (1 + &n)
Sais = ento(l + Sy + S} + o+ S (1 + ) (1 + en)
S — epam(l 4+ 8o+ 8+ ... + 82D (L +&p) ... (1 + entm—)
Because of ¢g — 0 then it would be for a sufficiently great n
Sm < (L4 S+ o+ SED A+ )™ enim
with an arbitrary small > 0.

q= lim ¢, = lim

> 0.

=8n—>0

On account of [|f|| > 1 is at least for one sequence (m,, m,, ...) with an
€ > 0 arbitrarily small;
Soime > (Ifl] — e)yme
which can not hold with ||f|| > 1 after what has been mentioned above.

Then it holds: If ||f|| > 1, then there exists a sequence of natural numbers
(ny, ng, ...) so that f is surely not the solution of a linear differential equation,

of which the coefficients for z = 0 absolute < —g- are with an order ny, for every

sufficiently great k5.

5) 1. c. 8. 336.
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If finally |If|]| < 1, then for a given and sufficiently great n

Vif®eEr<q< 1 hence
f®() >0 for % —> 00.

Then f always satisfies a differential equation with arbitrarily small coefficients
of sufficiently high order.

We have for ||f|| = 1 simple examples as f(z) = %, for which f satisfies
a differential equation of any high order with bounded coefficients, but
I do not know an example with |[|f|| = 1, in which this would not be the case.
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