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ON ASYMPTOTIC BEHAVIOUR OF SOLUTIONS
OF FUNCTIONAL DIFFERENTIAL EQUATIONS

ROMAN KOPLATADZE

ABSTRACT. Sufficient (necessary and sufficient) conditions are given for a func-
tional differential equation to have properties A and B.

Consider the equation
ul™(t) + F(u)(t) = 0, (1)
where F: C" }(R;;R) — Lio(Ry;R) is a continuous operator. Everywhere

below we shall assume that a nondecreasing function o: Ry — Ry exists such
that . liin o(t) = +oo and for any ¢t € Ry
— T 00

F(z)(t)=F(y)(t) if z,y€C" '(Ry;R)

and
z(s) = y(s) for s>o(t).

For any to € Ry let M;, denote the set of u € C" (R, ;R) satisfying

u(t) # 0 for ¢t > t*, where t* = min{to,0(to)}. The following assumption will
always be fulfilled: either

F(u)(t)u(t) >0  for t >ty, forany to € Ry and u € M, (2)

or
F(u)(t)u(t) <0 for t > ty, forany to € Ry and u € M, . (3)
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DEFINITION 1. Let ¢p € Ry . A function u: [t9,+oo[— R is said to be the
proper solution of the equation (1) if it is locally absolutely continuous up to
the order n — 1 inclusively, there exists a function @ € C™!(R,;R) such that
u(t) = u(t) for t > ty, almost everywhere on (¢, +o0[
a™(t) + F(@)(t) =0
and
sup{|u(s)|: s € [t,+oo[} >0 forany t€ [to,+oo].

DEFINITION 2. We say that the equation (1) has the property A provided
any of its proper solutions is oscillatory if n is even and either is oscillatory or
satisfies .

lu® ()| | 0 as t7+4+o0 (¢=0,...,n—1) (4)
if n is odd.
DEFINITION 3. We say that the equation (1) has the property B provided
any of its proper solutions either is oscillatory or satisfies (4) or

@) 10 as t140c0 (i=0,...,n—1) (5)
if n is even and either is oscillatory or satisfies (5) if n is odd.

Conditions for an ordinary differential equation to have the properties A and

B are studied well enough (see [1, 2] and references therein). The analogous
problems for the equations with deviating arguments are investigated in [3, 4].

THEOREM 1. Let (2) ((3)) hold and let for any t, € Ry

m Fi(t)
|F)®)| > / |u(s)|dsri(t,s)  fort>to, u€ My, (6)
o)
where the measurable functions r;(t,s) (i =1,...,m) are nondecreasing in s,
0;,0; € C(R4;Ry), 0i(t) <7i(t) (i=1,...,m) for t >0 and
i(t .
lim a_()>0 (t=1,...,m). (7
t—+4o00 t

Suppose, moreover, that there exists € > 0 such that for any l € {1,...,n— 1}
and X\ € [l — 1,l[ where |l +n is odd (even) the inequality

+ m 9i(8)

el n—1
lim tl_’\/ n—l-1 / syt ,s)d€ > A—i|l+e
Jm gty &s)ae> [[ »—il

i =1 ,%¢) i=0,i#l

holds. Then the equation (1) has the property A (B).
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THEOREM 2. Let (2), (6), (7) ((3), (6), (7)) hold. Suppose, moreover, that

(n-2)/2 (n—2)/2
there exists € > 0 such that for any A € |J [2k,2k+1] (A e U [2k-—
k=0 k=1
(n—1)/2 (n—3)/2
1,2k[) if n iseven and forany A€ |J [2k—1,2k[ (A e U [2k,2k+1])
k=1 k=0
if n is odd the inequality

+00 m oi(8) ne1l
lim t/gn—*-“’z / s*dgri(€,8)dE > Hl)\—z’|+e
=1 =0

t—+4o00 s —
t ai(§)

holds. Then the equation (1) has the property A (B).
COROLLARY 1. Let (2), (7) ((3), (7)) hold and let for any t, € Ry

|F(u)(t)| > Zpi(t)|u(a,~(t))| for t>ty, u€ M,

where p; € Lloc(R-i-;Rl—)’ 0i € C(Ry;Ry), 0i(t) <t (i=1,...,m). Suppose,
moreover, that there exists € > 0 such that for any A € [n — 2,n — 1] (for any
Ae [n_s,n_z[u [0,1] if n is odd and for any A € [n—3,n —2[ of n is even)
the inequality

oo m n—1
tm ¢ [ €Y m@oiod©ds 2 T[] A—il +e
t i=1

holds. Then the equation (1) has the property A (B).
COROLLARY 2. Let (2) ((3)) hold and let for any to € Ry,

at
|F(u)(t)| > F‘Eﬁ /|u(s)]ds fort >ty, u€ M,

where 0 < o < @, and
¢ > max{-A+DAA—1) .- A—n+ 1)@ - ): A€ [0,n 1]}
(c > max{(A + DAO=D---(A—n+ 1)('&’\"'1 —a>‘+1): Ae0,n— 1]}) (8)

Then the equation (1) has the property A (B).
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COROLLARY 3. Let o > 0 and ¢ € ]0,400[ (¢ € |—= 00,0][). Then the
condition

e>max{—a AN =1)---(A-n+1): A€ [0,n - 1]}
(e < — nmx{(y“’\/\(/\ 1) A=n+1): Xe0,n—1]})

is necessary and sufficient for the equation
u(”)(f) + . u(r)zf) =0
’ tn A

to have the property A (B).

COROLLARY 4. Let 0 < o« < @ and ¢ € |0, +00[ (¢ € |— 00,0[). Then the
condition (8)

-1

(e < —max{(A+DAA=1)...(A—n+ @t - a’\“) Ae(0,n—1]})

is necessary and suflicient for the equation

w ™ () + {75’1 /u(s) ds =0

to have the property A (B).
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