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INTERIOR ERROR ESTIMATES OF PROJECTION
METHODS

by JOACHIM A. NITSCHE

1. Let 2 be a bounded domain in RY and Q,, @' etc. subdomains of Q. By
W35(Q") the Sobolev-space of functions with generalized L,-integrable n-th derivatives
is meant with the norm | . |,.o

As typical example we consider the boundary value problem

—Au = fin Q, ‘ {
u = 0 on 0Q O

and restrict ourselves with respect to numerical methods to that of Ritz: For any
subspace S, S W3(Q) the approximation u, = R,u € S, is defined by

Du — u,,x) =0for xesS,. )

The convergence u, — u will heavily depend on the approximability properties
the used subspaces will have. Roughly speaking spline subspaces {sS, | 0<h<l1}
fulfill conditions of the following type:

Let Q; with i = 1, 2, ..., I be a finite set of subdomains of Q and Q; be such that
Q; c< ;. If a function u with u € L,(Q) restricted to Q; is in W5(Q,) then there is

for any h € (0, 1) a g, € S, such that

o= s k.or S " | ulo.0+ | 4.0l ®

with ¢ independent of u and A.

While the Ritz approximations are defined globally they may under certain condi-
tions have this interior and local convergence property as is shown in the next sec-
tions. The presented result is a simplified version of a joint work with A. SCHATZ,
which will be published later. For the corresponding problem in case of L,-projections
see Appl. Anal. 2 (1972), pp. 161 —168.

2. We will consider approximating subspaces according to the following conditions:
Let n be a fixed integer. For £z € (0, 1) there are given

i. a finite dimensional subspace S, e W3(Q) n Wi(Q)
ii. a finite set ¥, of subdomains of Q

such that the four properties are satisfied.
Proposition 1. For any Q' < Q there is a T € T, with
dist (', T) < ch,
¢ being independent of Q' and h.

235



Proposition 2. For any T € I, and any x € S,, inverse relations

|lelk+1-T§Ch—l ”x”kT (k=051a-'-an— 1)
hold true with c independent of x, T and h.

Proposition 3. For ue Wi(Q) n W5(Q) with m<n+ 1 and Q = supp (u)
there is a y € S, with

dist (Q', supp (1)) < ch
such that .
lu=2losch ™ |ullme *=01,.,m—1)

and c being independent of u and h.

Proposition 4. Let » € C*(Q) be given with Q, = supp (w) and let Q, contain Q,
properly. Any function wy with y €S, can be approximated by an element ¢ € S,
with supp (@) = Q, according to

lox—¢os e ™| x]ne &=01,...n

with ¢ depending possibly on w resp. 24, 2, but independent of y and h.
These assumptions are typical for splines. For N = 2, i.e. in two dimensions, let
I' be a regular triangulation of R? with a maximum edge length 4. Then T, consists
of all unions of triangles contained in Q. S, may be the space of all continuous func-
tions which are piecewise linear in the triangles of I'. As is easily checked the proposi-
tions are true with n = 1.

An immediate consequence of the propositions is

Lemma 1. Let Q,, Q, be subdomains of Q with Q, cc Q,. Any function ue
€ W5(Q,) with m £ n+ 1 may be approximated by elements y, € S, according to

lu— 2 k0, S ™% | 6t .0 k=0,1,....m—1)

with ¢ independent of u and h.

Though the formulated conditions will give the wanted interior error estimates
for the Ritz approximations in case of a sufficiently smooth boundary 02 there may
be a certain ‘pollution’ effect caused by corners or other irregularities of 0Q. We
will formulate the conditions on R implicitely by

REGULARITY ASSUMPTION
i. For fe Ly(Q) the solution u of (1) is in W3(Q) and

” u ”2-Q sc ”f”o.n-

ii. If Q, = supp (f) = = Q and Q, contains Q, properly then u restricted to Q — ©,
is in W3(Q — Q,) with ), independent of f and Q,, Q, and

” u ”;..n—g, Sc Hf

0.9;"
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3. Now we turn over to the question of local interior error estimates for the Ritz
approximations. We assume the propositions of 2 to be valid. The main step will be

Lemma 2. Let Q,, Q, be domains with Q, = < Q, < Q. Let further u be in W3(Q)
and restricted to Q, in WEQ,) with p £ n + 1. The error e = e, = u — Ryu then
Sulfills the recurrence relation

lelio < chlelo, +cht [y + ot~ [ e].a.
As a direct consequence by iteration with respect to domains we have then
Theorem. Under the conditions of Lemma 2 the error estimate
lelio, < bt ul,0 + i e]in ©

is valid with c depending only on Q,, Q, .

This theorem shows that the error of the Ritz method locally depends on the one
hand on the local regularity of the solution of the boundary value problem and on
the other hand on an additional overall error term caused by possible irregularities
of the boundary. For A sufficiently large, i.e. for smooth boundaries, the second term
will be of order A~ at least for ue W3(Q) already since | e |;.q is bounded by
¢ | ully.q Otherwise if u has in all of @ a certain smoothness then | e |;.o will
be small and so the second term in (5) may still be dominated by the first one.

In order to prove the lemma we choose subdomains Q, Q; and Q5 according to

QccQccQiccicc Q.

The constants ¢ in the subsequent inequalities may depend on the choice of these
domains. In order to get an estimate for the error e = e, = u — 4, = u — Ru
in Q, we introduce a cut-off function w, i.e. a function we C® with0 £ w <1 and

o(x) = 1 for xeQ,,
‘ “ |0 for xeQ — Q).

We will use the abbreviation # = wu etc., obviously we have & = e in Q,. We may
write
&= {ii — R} — {@# — R,I,} + Re. (6)

All functions are in W3(2), so for them the norm | . |,.o is equivalent to D(.)"?
with D(v) = D(v, v). Since R, is the minimal projection with respect to D(.) we have

| &= Ria]s.0 < D@ — R@)'" < cinf D@ — p* <
. XESh
Scinf|d—x|;.0-
X€Sh
Because of e W3(Q2) n W3(Q) and || @ ||,.o < ¢ || #[|,.q, proposition 3 gives

|7 - Rilias ™ [ulya m
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Next we estimate the second term in (6). Proposition 4 guarantees in a similar way
” @, — Ry, ”1.9 < ch” ” Uy ”u.sz,'-

For h sufficiently small we can because of proposition 1 find a Te I, with Q] =
c T < Qf. Then we get

K " Uy "n.ﬂl’ =R ” Uy ",..T = ch?~! ” Uy ”p—l.T‘

Now let U, € S, be an approximation according to lemma 1.
Then we have

W= oy |peyx S BT |ty = U] porr + B U fpmrr £
Sch|w = Ulir+ 0| ulp-1.00 + | 4= Upllp-1.0,}

The second term in the last inequality is bounded by ch*~* | u ||,.q,. The first can
further be estimated in the way

h"uh—Uhlll.Téh”u'_uhnl.T'*'h”u_Uh"l.Té

Shielio +ch?|ul,.e
and so we have

” iy, — Ryl "1.9 Sch ” e "1.91 + chP~?t || u ",,.n,- ®)
It remains to bound the last term R,€ of (6). Since this is an element of S, we have
| R ;.0 < cD(R,E)* <
Scsup (DR, ) | €S A || 210 S 1}

Now —see (2)—for x € S,
D(Rhé" X) = D(éﬁ X)‘

The factor w of € = we in the Dirichlet integral can be shifted over:
D(&, y) = D(e, x) + D(e, v) ®
with v being the solution of
' —Av =2V(w, ) + yAw in Q
v=20 on 0Q.
We discuss first the term D(e, ¥). By the definition of e = u — R,u we have
| Dee, )| =¢iensfh | De,x — @) |-
Since @ may be choosen for / sufficiently small according to supp (@) < Q1 we get
| De, | < | wx = ¢ lialle]io S

St ” x ”n.T " e ”1.9, =
sct|xlirleliasch]x]iale]ia-
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In order to estimate the second term in (9) we use a partition of unity with respect to
Q1 and Q — Qf, i.e. C®-functions ¢, T with o + 7 = 1in Q and

supp (6) < 27, supp(®) € Q — Q}
and write v, = ogv, v, = Tv. We have

| D(e,v) | < inf | D(e, v, — ¢,) | + inng(e, v, — @) ].
P2€0n

¢1€Sh

Here the regularity assumption comes in. We have the a priori estimates

IA

loilzesc]ofzarsc]u]ie
“ ) ”1-9 =c ” V|00 S ¢ ” X "1_9

and therefore similar to above for x with || x ;.0 < 1

| Die,v)| S ch|e|y.a + ch* ' e q
This gives finally the same estimate for R,é:

| Rz lli.o<che]io + " |e]sq (10)
The estimates (7), (8) and (10) lead to the stated lemma 2.
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