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DERIVATIVES AND CLOSED SETS

J. MARIK (East Lansing)

In their article [1] G. Petruska and M. Laczkovich proved (among other things)
that a function defined on a perfect set S and differentiable relative to S can be
extended to a function differentiable on the whole real line R. This note contains
an elementary proof of a more general theorem where the set S is supposed only
to be closed in R.

NotaTION. The word function means a mapping to R=(—o=, ). Let acSCR
and let F be a function. If SN{a, b)= @ for each b>a, we define

F§* (a) = lim (F(x)— F(a))/(x—a) (x€S,x\ a)

provided that this limit exists. We define analogously the meaning of Fg~(a) and

F§(a). (Note that Fg(a) may exist even if Fg*(a) is undefined.) The symbols

F’*(a), F’~(a) and F’(a) will have the usual meaning (ie. F'*(a)=Fg (a) etc.).
Points in RX R will be denoted by (-, -).

1. Let a,béR, a<b and let J=[a,b). Let ¢ and \y be functions continuous
on J. Let ¢ be convex, Y concave, =y on {a,b}. Set s=(p(b)—¢(a))/(b—a).
Let o, B,M,NcR, ¢ t@)=a=y'*"(), Y (b)=f=¢'~(b), M-<min(apB,s),
max («, B, s)<N. Then there is a function G continuously differentiable on J such
that G't@)=a, G~ (b)=h, M<G'<N on (a,b) and that, for each x&€(a,b),
Gx)=g(@+s(x—a) or @(x)=<G(x)<y(x).

Proor. We may assume that ¢=y¢ =0 on {a, b}. Then s=0. Let c=(a+b)/2.
We construct a function H continuously differentiable on J such that H'*(@)=«,
H=0 on (c,b), M<H'<N on (a,b) and that, for each x€(a, b), H(x)=0 or
@(x)<H(x)<y(x). If =0, we choose H=0 on J. Now let, e.g., «=>0. Choose
an £€(0, —M) and set p(x)=y *(x) (x€[a, b)). We have a=p(@)=p(a*). There
is an a;€(a,c) such that y increases on (g, ;). There is an a4,£(ag,a;) and a
function p continuous and decreasing on [a, g,] such that a(a;—a)<e(a;—ay),

pl@=a, p<p on (a,a;) and p(a,)=0. Since f p<ala,—a)<e(a,—a,), there is a

a, as
function ¢ continuous on [a,, @;) such that 0=g=s, f q= f p and that =0 on

ag 8
{a:, a1}. Set h=p on [a, a,), h=—q on [a;, @], h=0 on (a4, b} and H(x)=f h

for each x€J. It is easy to see that —e=H’'(x)<a and O0=H(x)<y(x) for gach
x€(a, b).
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In an analogous way we construct a function K continuously differentiable
on J such that K=0 on (a,¢), K'"(b)=p, M<K’<N on (a,b) and that, for
each x€(a,b), K(x)=0 or ¢(x)<K(x)<iy(x). Now it suffices to take G=H+K.

2. Let a,b and J beasin 1. Let P be afunction on J such that the derivatives
a=P’'*(a), B=P'~(b) exist. Set s=(P(b)— P(a))/(b a@). Let M,NcR, M<
<n11n (o, B, 5), max (e, B, s)<N. Then there is a function G continuously dif-
Sferentiable on J such that the graph of G is contained in the convex hull of the graph
of P and that G'*(a)=0, G’~(b)=p, G=P on {a,b} and M<G'<N on (a,b).

ProoF. Let @& and ¥ be functions continuous on J such that ¢=¥=p
on {a, b}, ® isconvex, ¥ isconcave, & H(a)=¥" "(b)=— oo, ¥ H(a)= P ~(b)=->.
Set Py=(PV®)AYP. Obviously a=Pi*(a), f=P;~(b). Let C and C; be the
convex hulls-of the graphs of £ and P, respectively. It is easy to see that C,cC.
Let ¢ be the greatest convex function on J such that ¢=PF, and let ¥ be the
smallest concave function on J such that Py=\. Let C; be the set of all points
(x, y) such that x€(a, b) and that y=P(a)+s(x—a) or @(x)<y<¥(x). Then
C,cC,. Now we apply . I.

3. Let S be a nonempty set closed in R. Let A, BERU{—oo, <}. Let P be
a function on R such that A<P’'(x)<B for each x€S and that
A< (P()-PX)/(y—x) < B,
whenever x, pES, x#=y. Then there is a function G differentiable on- R such that
G=P,G'=P on S and A<G'<B on R.

PrOOF. We may suppose that inf § = —eo, sup §=<. Let (g, b) be a compo-
nent of R\S and let o, f,s be as in 2. There are M, N¢R such that A<M~
~<min (¢, p, 5), max («, f, s)<N<B. Construct a function G accordmg to 2. In
this way we define G on R\S; further we set G=P on S. It is easy to see that
G has the required properties.

4. Let x4, vy, SER. For each y€(0, =) define
) W, = {(x, YERXR; |y—po—s(x—x0)| < y(x—x0)}.

Let £€(0, <) and let (s i)y (b, YWy, Bx,=4b—xo. Then (2b—xy, 2c~y;YeWs,.

Proor. We may suppose that x,=y,=0. Then 6x1§ 8b and hence [2¢—y;—
—5(2b = x)| =2|c—5b| + | y1— 52| <e(2b +x1) =&(10b — 5x7) =5¢(2b — x7).

REMARK. The geometric meaning of W, is obvious. To see the geometric
meaning of assertion 4 the reader should realize that 3x;=4b—x, means the same

as x;— (b xo) and that- (b, ¢y is the center of the segment with end points

(%3, y1> and _<2b —Xy, 2¢—p).

5. Let Xo,Y0, SER. For each 7€(0, «) define W, by (1). Let &€(0, «°) and
Iét <x1a y1>: <b’ C>v, <x23 y2>EWaa x1<b<x2: XER, 3‘lx_'bléb"'xl' Let qz(yz—.lﬁ)/
Hxo—x)). Then {x,c+qg(x—b))eWs,.
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DERIVATIVES AND CLOSED SETS 27

Proor. We may suppose that x,=3,=0. Set y=c+q(x—b), Z=|x—Db|(x;+x,)/
[(x3—x1). As 3lx—b|<min (xy—x;,b), we have 3Z<min (x;+Xx,, b(x;+x5)/
[(xs—x1)). If x,=2b, then x,+x,<3b; if x,>2b, then

(614 %)/ (%2 —%1) < (b+x5)/(x;— by < 3.

Thus in either case Z-<b.

Obviously |q—s|=]y.—sxs— (3 — 5x9)| /(32— x1)<£(x1—|—x2)/(x2 x;); -therefore
ly—xs|=|c—sb+(x—b)(g—s)| =eb+eZ<2eb. Since x=b—(b— x)>2b/3 “we have
'y—-sx{<3sx

6. Let S be a set closed in R. Let F be a function on S such that Fs(x)
is finite for each accumulation point x of S. Then there is a function H on R
differentiable at each point of S such that H=F on S.

ProOF. We may suppose that inf S=—c, sup S=eo. Set
At = {x€S; SN(x,y) # & for each y > x},
- ={x€S; SN, x) # @ for each y<x},
It=AN\AY, IT=ATN\ 4", I=S\(4*UA4"). Define a function f on S as

follows: If beA*UA~ (=8\UJ), set f(b)=Fs5b). If bel, find x;, x,€S such
that SM(xq, x)={b} and set

S = (F(xz)“F(xﬂ)/(xz"xl)-

For each beS define a set M, as follows:

If bedA*NA~, let M,={b}.

If beITUI, " choose a dy>0 such that either SN(b, b+3d,)=Z or SN
N®—-3d,,b)=g and set

M, = {x; 2b—xcSN[b—d,, b+d,]}.

If b€l, choose a d,>0 such that SN(b—3d,, b+3d,)={b} and set M,=
=[b—d,, b+d].

Let M=UM, (b€S). Obviously beM, for each bES and M,NM,= g,
whenever a, b€ S, a#b. If (a,b) is a component of R\ S, then M, N(a,b)=O
for each cES\{a b}. Thus (a, b\ M= (a, bYN\(M,UM,) which is open. There-
fore RA\M=(R\S)\M is open, M is closed.

There is a unique function G on M with the following properties: G=F
on S§; if x€M,, beItUI~, then G(x)=2F(b)—F(2b—x); if x€M,, bel, then
G(x)=F({B)+(x—b)f(b).

Let x,€S. We shall prove that

@ Gy (x0) = S (x0).

The case x,¢ A is left to the reader. Now let x,64* and let &€(0, ). Set
s=f(x,) (= Fi(x,)). For each y€(0, ) define W, by (1). There is a z>x, such
that {(x, F (x))EW for each x¢SMN(xp, z). There are z1, 7,€ S such that x,<z,<z

and that 0<zl—x0<——(zg x,) (so that xy<z,<z,). Let xEMﬂ(xo,zl) If xES
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28 3. MARIK

then, obviously, (x, G(x))¢W,. Thus, let x¢.S and let (a,b) be the component
of R\ S containing x. We have x,<a<x<b=z,. There are the following four
possibilities:

1. xeM,, bel~. Set xy,=2b-x. Then xS, O<x—b=d,=(b—a)3<

<{b—xy)/3, therefore 3x;<4b—x;,, and x;<z4(2;—x0)/3 =x0+-§—(zl —Xg)<Zy.

Set ¢=F(b), y1=F(x,). We have (b,c), (X, y)EW,, x=2b—x,, G(x)=2c—y,
so that, by 4, (x, G(x))EW,.

2. x€M,, bel. Thereisan x,€ SN (b, ) such that SN(h, x;)=&. Obviously
x3=z,. Then G(x)=F(d)+(x—~b)f(b), O<b—x=d,=(b—a)/3 so that by 5 with
x;=a, g=f(b) etc. we have (x, G(x))cW;,.

3. x€M,, acI*. Proceeding as in 1 we get (x, G(x))EW,,.

4. x€M,, acl. Proceeding as in 2 we get (x, G(x))€ Wy,.

This proves (2). Similarly, it can be shown that G (xy)=f(x,) for each x,€S.
Now it suffices to choose for H the function that equals G on M and is linear
on the closure of each component of RN\ M.

7. Let T be a closed set in R, V=R\T, QCV andlet Q be isolatedin V.
Let g be a function on Q. Then there is a function K differentiable on R such
that K=0 on TUQ,K'=0 on T and K'=g on Q.

Proor. Let ¢ be a function differentiable on R such that ¢=0 on {0}U
URN(—L 1)), ¢(0)=1, |p|<1 on R. There is a function » continuous on
R such that w=w'=0 on T and that w=0 on V. There are positive numbers
&, (g€Q) such that the intervals J,=[g—¢,,q+¢,] are pairwise disjoint and that
J,cV for each ¢q. Now let 7,=min {w(x); x€J,}, c,=max (1/e,,|g(g)|/n,) and,
for each x€R, let

kK@= 2 %ﬂw(cq(x—q))-

Obviously |K|=w on R. Itis easy to see that K satisfies our requirements.
ReMArk. The following assertion is a generalization of Theorem 5.5.3 in [1].

8. Let S be a nonempty set closedin R. Let F and f be functions on S such
that Fy(x)=f(x) for each accumulation point x of S. Let A, BERU {~— oo, oo},
Suppose that A<f(x)<B for each x€S and that A<(F(y)—F(x)/(y—x)<B,
whenever x, y€S and x#y. Then there is a function G differentiable on R such that
G=F,G'=f on S and A<G'<B on R

PrOOF. Let T be the set of all accumulation points of S. Let H be asin 6.
By 7 there is a function K differentiable on R such that K=0 on §, K'=0 on
T and that K’=f—H’ on S\T. Set P=H+K. Obviously P=F and P'=f
on S. Now we apply 3.

ReMARK. It has been mentioned in [1] that there is a perfect set S and a func-
tion F on S such that |F§(x)|=1 for each x€S and that G’ is unbounded for
each function G differentiable on R suchthat G=F on S. The following example
shows a little more.
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Let 1=xy>x>..., X,=0, yp=X,—1—x¥x,-1—x,) (n=1,2,...). It is easy

oo

to see that x,<y,<Xx,-;. Set S=[U [%a» y,,]) U{0}. Define a function F on
n=1

S setting F(0)=0 and F(x)=x2 for each x€[x,,y,]. Then § is perfect and
F({=0 on S. Now let G be a function differentiable on R such that G=F on &§.
Then G(xn - 1) - G(yn) =x;. 17 xtzx> 2xn(xn -1 xn) =2(xn—1 —yn)/xn so that (G(xn—l) -
—G(Y))/(Xy—1—Yn)— = (n—+<). We see that G’ is unbounded on (0, 1).

Thus, we have constructed a perfect set S and a function on § twice (actually,
infinitely many times) differentiable relative to S that cannot be extended to a func-
tion twice differentiable on R.
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