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O MHTErPAJlEH»y JEAHOr CMCTEMA J1MHEAPHWX TOTA/1HMX 
AM<DEPEHmiJÂHHX JEAHAWMHA II O JEAHOM CBOJCTBY 

AETEPMHHAHATA. 
04 

JA. F/1 E P X A 

y n P A r y . 

1). Hena je ^ax je4aH cncTeM ¿HHeapHMX je^Ha-
MHHa oó^MKa: 

TS
ö II a - f - a „ « , + .. . . + a , a 

1 1 • n 

& = + «„ + • • . . 4 - a , a 
1 2 n n 

A = a i + « „ , a , + • • .. + a a . 
1 ti n t i 

J a h y r a n p e A C T a B H T H Ha c a e A e h w HEHHH : 

I') {ßl,ßt,...ßa) = M[al,at...aa) 

y 3 H . \ i a j y h n K p a T K o h e pa¿w C,IOBO M Mecto C H . M 6 o . i a : 

2) M = 
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Ja hy, nao UITO je yoÔHHajeHo, 3B&TH MâTpHCOM 
(matrice) cacreM M, MH]H cy êeMCHTH a .̂ V3MHMO joui 
jê aH cHCTeM jeAHaiHiia: 
3) 
r̂ e cy e.aeMeHTH MaTpwce N : b̂ . 3aMeibyjyhH y 3) J 
BpeAHOCTHMa H3 1) AOÔHjaMO : 
4) (¿,. j.. ••• ¿„) = NM(al,ai...am 

r̂ e NM 3HSMH MaTpwcy, mijH cy êieMeHTH Ĉn AaTH 
oôpacueM 

n 

C^n = i b j , aa/i. 
<7 = 1 

Yoniirre MaTpwce M h AT Hiicy CMeHAHBe (échangé 
ables), T O he pehw CHMÔO^ NM pas-flimaH je OA MN. 
Tu ce CHMÔOAH 30By upouaeodu OA N H M OAHOCHO O A 

M H N. Teopwja MaTpwca 6uaA je npeAMer BajKHiix Hcnii-
THBaiba m noAyAapa ce ca TeopiijOM ÔĤHHeapHnx 06-
.iMKa H ca TeopnjoM JiHHeapHHX 3aMeHa H cBa je pa3JMKa 

caMO y HMeHy 11 CMMÔO^HUH. H C T A TeopHja y ocoôenoM 
ĉ yHajy n = 2 (ÔHHepHe MaTpwce) noAyAapa ce ca Ha-
milt0n-0B0M TeopnjoM KBaTepHHOHa. 

CTaBHMO joui 

M± N = 

/fea,,, fea,,, ... hatn\ 

h M = 
Via„.> h».,. ••• ha.J 
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T4e je k CTBapHa IMH KOMiweKCHa KOJHmuia. OsHamiMo 
Haj3aA ca M 1 np0H3B04 MM, ca M* iip0H3B04 M.M* = 
M*. M h T. 4. fia ca4 npoMaTpajvio 4eTepMHHairry : 

= ( -1 )>(*), 5) 

- Z , 
a » -

« . . . 

— z, 

a u - •• 
a»s' • • 

• a . . 

a»,> a
O I . a„3> . . . a nn 2 

Koja je uê ia <i>yHKqH]a 2-Ta n-ora pe4a, h Kojy nHiueM 
OBaKO: 

9>(z) = z" + + A¿r* + ... + Z + Au. 

T. Cayley nocTaBwo je Teope.\iy, Koja cjyjKH Kao ocHOBa 
TeopwjH MaTpwca H Koja je ncKa3aHa y je4naHHHn : 

6) M" AlM"~t - f AJň"'* + ... + + AM0 = ') 

hah Kpahe y jeatjamiHH: <p{M) = 0 '. Chmóoa M0 3Ha<w 
MaTpHcy : 

(i, 0 , 0 , ... 
0, 1, 0, ... 0 

KO, 0, 0, .. . 1J 
Koja ce 30BC je4HHima h 03Ha<iaBa ca 1. Je4Ha««iHa 
50(2) = 0 HMa, yonuiTe n pa.3J.uv.Hux KopeHa z = çlT  

... uoje r. Sylvester aoBe .laTem-HiiM KopeHinia. 
OqeBH4Ho je 

ÇD (Z) = (Z — (»,) (2 — ( > , ) . . . (2 — p . ) . 

1 Ona reopcMB Ha.iaau ce ¿oxasaua y jejuoj öejeiKUH — na 
secKOM jeaiiKy — 04 r. Ed. Weyr-a Ha 4Ba Hamma, 04 Kojux je4an 
npiinaAa 110 K. Kpaycy (lacomic 'JecKor yienor Apyu"8* 1 8 8 7 ) . 
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03HaMHMO ca <pa{z) ue./iy «tyHKUMjy : 

w (z) 
1 ) SP a (Z) = = (Z - p, ) ... ( 2 - (>«-1 ) iz -(»a + 1 ) ... (Z - (j J 

¿ Ua 
H CTaBHMO yonuiTe : 

<Pa[M) 
y7 l (fa> 

On4a Cayley-Ba TeopeMa ¿a je : 

9) f(M) = hf(ça)Ja, 
a = 1 

r^e je f(z) ijeja <f>yHKWija z-Ta. IIoceÖHiie j e : 

9') M" = ÍekaJa, 
a = 1 r^e je k ueo 6poi. 

2). Floche OBMx HanoMeHa rioTpeÔHHX 3a pa3yMe-
BaH»e OHora, IIITO iî e, ja npê asiiM Ha pemaBaibe cn-
CTEMA CHMYJITAHHX J E ^ H A M - M A : 

dy, 
dx = »„y, + a.2y2+ • • -M., y. 
dyt 
dx = a2.y. + aIIyI+ • •• + alny. 

du n 
dx = an. y. + . + a y , 

1 no ^o' 

r4e ce yt, y2,...yn HMajy HapanyHaTH nao «tyHKLmje 
jeAHe caMo npanpoMeHAHBe x, H R̂ e cy a.Á/í cTâ iHH. H O 

Ma.io npe ycBOjeHOM 03HaMaBaH>y CHCTCM 10) nniue ce 
Kpahe OBano: 
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(dy, dy, dy \ 

r̂ e je M MaTpnca e-ieMeHaTa a .̂ Ü3 10') AOÔHjaMO 411-
<ï>epeHUHja.ieK>eM : 

(Çvi, ^ . . . ^y.) = M í^, dJ±, l i o 
\dx* ' dx*' dx1 I \dx' dx' dx J 

a 04aD4e 3aMeibyjyhw sarpaAy BpeAHOinhy M3 10'): 
/ d'y, dV d'y \ 

IIpoAyHtyjyhii Tano h Aa¿>e AOJa3HMO ao onuiTer 06-

pacua: 

( d'nii. dmi/„ dmí/ \ 

dmya 
OAAU^e ce B H A H . A A cy H 3 B O A H ^ U N E A P H E 4>yHnmije 
KCMHHHHa y,, . . . ya. OAaT.ie Ha.fla3HMO BpeAHOCTH H3-
BOAa 3a X = 0. 03HaMHB ca C,, c2, . . . Co BpeAHOCTH H3-
BOAa Ko.iHHHHa yv y2, ... ya sa X = 0 HMaheMo: 

(dmya\ 

TAe yf cTojH MecTO = 

AJH je no Taylor-y H Maclaurin-y 
ya = C« + y^x + y« £ + y(: rb + ••• ' 

II KaKO ce H 3 I 1') BHAH A A je : 
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( 
m rm Tm\ X™1 

yr> i L , v n x _ , , / 'n ) l - = — M " (c,, c 2 , . . . c t, 
y< ml 1 ml mlj ml v " 2' 

. c ). 
TO je OHAa : r ̂  iMxfl 
12) (y„ y t , . . . y j = £ - ^ j " • (c„ c „ 

[ m - 0 _J 

ÜTaBAajyhH Aa^te 
^ ( M x ) m 

13) £ - — r = e 

m = 0 m ! 

AOÖwjaMo H3 12) : 

12') (y„y2. . . . y j = e " » ( c l , c 1 , . . . c j . 

3aTHM H3 9') 3ai5AyqyjeM0, Aa je : 
N O X 

14) e " 1 = 2 e"a Ja 
a = 1 

TAe npeACTaBAa jaTeHTHe KOpeHe MaTpnce M m Jo 
MaTpwce NE3ABHCHE OA X. MS 12') H 14] C^EAYJE CAAA : 

15) yA = SCae 
a = 1 

TAe cy Ca CTâ He He3aBHCHe oa X. 
OópaTHo Jano je yBHAeTH, Aa <t>yHKUnje y, Koje 

Aaje 13aA0B0Aaßajy jeAHâHHe 10, na Ma uaKBe 
fiviAQ CTâHe c,, c., .. c . 

I ' it 
CaA heMO Aa noKajKeMo join jeAaH Ha^HH, Kai;o 

ce Ha^a3e 4>yHKUHje y¿ , H npn TOMO heMo Hawhw ycnyT 
Ha jeAHy HOBy h HHTepecHy noTnny Teopwje AeTepMH-
HaHaTa. HannujHMo jeAHamiHe 10) Ha CKpaheHH humhh 
OBÄKO : 

in"» dy* y 
1 0 ) — — = £ aJ[a ya. ax a _, 

-ÜAaBAe c-ieAyje : 
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d'y* Ê. dVa r y T7T = Áa J" = * * aAa u>X a= 1 a= I ß = \ 
AKO CA4 CTaBHMo KpaTKohe paAH: 

a (*) r i3) v< O 
= = * aAa = £ aAa a , 

i4) iJ) a¿« = aa/í' H T" A-, 
a - I a « 1 

a = 1 
« a h n heMO ysacroime : 

dy¿ 

16) 

, = * y* 
ax 

d''U V m 

d'V> =¿a2v. 
a= 1 

d"yx y <") ^ = ¿aAa y* a X a = 1 

H36auajeM KOJHHHHa y,, yt,... ya — i, + 
AoôiijaMO 4H4>epenuHjâHy jeAHamiHy : 

.17, 

r-v (') <!| ('» o'1 ' . « ' ) a '> 

D*yx—au y* a!íí> a!í2- - a\¿ -1» aV¿+1» ••• (i) (i) »»i (*i 

D Vi —aU y¿> aA<> *Aí>-aM- 1' + 1 ' "' aAn 

y. 

= 0, 

« o j a je ooJHKa : 

1V) B0D"yÁ + BtD"-yÁ + ... + DVx + ß- ̂  = 0 
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r¿e CTOJ'H Dky MECTO -j-^ KpaTKohe pa4». Ca4 Kano 

«T-YHKUHJA 1 5 ) 3 A A O B O A A B A JE^NAMMHY 1 7 ' ) , TO O H ^ A Ç T R  

. . . Mopajy 6HTH KopeHH je^HAHMHE : 

11") B0z + B, 2 - ' + B.2 z - 1 + . . • + ß 2 + Ba = 0, 

o^aK^e c^e4yje, 4a. je : 

B0z'+BiZ-,+ ... + B. = B,?>(2)< 
h j h 4pyra tie : 

z a1'' z aÀ,A> a ( , ) a>l,p • • _ i» a ' ' A, A + 1 ' • • « 2 . 

18) z ' a1 '1 • • aA,A — 11 a ( î > 
aA,A + 1' • 

Z " — a1"1 ("i 
• • aA,X - 1 ' 

'dA,A + !• • A, n 

a 11 — z , a , , ,  

= i - l ) " B . 

® . t »  no 

o3HaiaBajyhH ca B0 cyÖ4eTepMHHaHTy, Koja 04r0Bapa 

e.ieMBHTy z — a\'
À
 Ha î̂eBoj CTpaHH. H TaKO HMaMO OBy 

HHTepecHy TeopeMy Teopnje 4eTepMHHaHaTa: 

03Ha4HB ca a^ (et, 3 = 1, 2, ... n) Ma KaKBe KO-
jiHHHHe 11 CTaBHD y3acToime 

(*> Cl i» (I) 
= = S a,,. a,a/i, a\ = £ a ^ a<M|> 

a= I a 1 
v „(s) „ 

= * A a H T-
a » I 
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je¿HaHHHa 18) 6whe HCTHHHTa 3a CBawy Bpe^HocT z-Ta. 
Ja caM oBy TeopeMv caorrniTHO r. Eduard-y Weyr y 6e3 
40Ka3a, H OH MH je 4ao ooaj â reöapcKH 40Ka3: 

C T A B ^ T A J Y H H Kao H rope : 

a M — Z. a , „ . . • • • a, • » 

99(2) = (— D" » . . . a22 — • . . a u 

aBl,  •a 

- Z - + A . Z - + . . . + A. 

h 03HaqaBajyhn ca M MaTpiicy eaeMCHaTa a„ß{a, jS = 1, 
2, . . . r>), TeopeMa Cayley-a 4aje : 

M" -j- At M"'1 + At M"-* + ... -J- M + = 0 
04aK.de : 

a) (Mn — z") + At (M-1 — z—) + Aj (M— — z""1) + 
= —9o(z). 

Ca4 Káno je MaTpnca M9 cacTaBAeHa h3 ê eMO-
HaTa a^ a — 90 (z) y oôpacuy a) MaTpHca 

0, 0....0 
0,-90(2), 0, ... 0 

, 0, 0, 0, ,..—<p{z)) 

Ha.ia3HMo, ynopel>yjyhH e-ieMeHTe a-re BpcTe y MaTpw-
caMa jeBO h 4ecH0 y oópacuy a), je4HaMHHe: 

XI M A O C P n . - K P A i . A E A A I X H J I ^ 
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•ÏÏ - 2" + .̂ (aa«_,) - + • • "M.-. - = - 9» M 

aC) _L a«"-'» + ... H- A , a'1' = 0. 
an i i an I • a—i an 

KaA ce H3 OBHX je^HaMMua na6aue A , , ... 
AOÓHJA ce j e ^ H A H H H A 18), Koja je THMO A 0 K A 3 A H A . 

3). 3anpuiyjeM »HTerpa-ietbCM cMCTeMa totŝ hhx 
jiHHeapHHX ^iKtepeHUHja^Hiix jeAnamma ca ct&jhhm ca-
MHHHOUHMa. Ja ra nwiiieM OBaKO : 
19) (dVl, dyt, . . . d y j = 

= (M.djf . + M . d * , - ! - ... +Mfdxr) (yltytt . . . y j , 

r̂ e cy M,, M î? . . . Mp MaTpiice, mhjh cy o^gmchtm ¿aTe 
KOHCTaHTe. YMOBATBEM, Koje je no cBe CJIHHHO OHOME, 

KojHM CMO ce nocjjyjKHjiii y cjiyiajy p= 1, iiaJia.3HMO 
pa3peiuen>e y oô̂ imy: 
20) (y„ y y j = <,*.«.* h*,+...•«,», C j . . . . c j 

TAC cy Cj, c,,... cB np0H3B0AHe CTa.iHe. AJIH Tpeôa A O -

KÄ3ATIIR Aa CHCTEM 20) y HCTHHH 3aA0B0Aaßa jeAHamiHe 
19), a Aa TO 6yAe, Tpeöa npeAnocTaBHTH, Aa cy Hcny-
H>eHH H3BeCHH VC.10BH, KOjn Cy y OCTaJIOM HyjKHH, Te 
Aa jeAHaMHHe 19) Mory 3ajeAH0 oircTaTn. Y oôpacuy 20) 
MH CMO HaiiHcajiH e"»1 • ••• • "i1» MecTO peAa: 

21) e « , » , * - - ^ , = g ( M . * , + M , * , + •  
*»o p i 

+ M X)9  i p p/ 



O HHTErPAJ. JEAHOr CHCTEMA H O JE4H0M CBOJCTBy ¿ETEPHHHAHATA I 9 

ano cy c»4 MaTpwce M,,M2, ... Mp cMeHAHBe TO jecT 
ano je MaMß = MßMa, 0H¿a j e : 

4M,X, -4- ... 4- Mx )" M"1 M*1 . . . Mar x"1 Xa* . . . xa¡>  1 p p' £ 1 1 p » * p 
vi ~ atl atl ... ap! 

r ¿ e ce cyMaToprni 3Han 4ecH0 pacnpocTupe Ha CBe MO-
ryhe KOMÓnuaunje ôpojeBa a , , a 2 , . . . ap pe^a 0, 1, 2, 
... v, npn qeMy je ycjioB at at ...-{- ap = v yßeK 
HcnyH,eH. O^aT.ie c^.e4yje OHeBH4HO oöpa3au : 

J [Mlxl + M1xt+...+Mtxf = 
v=0 Vi 

r ? (M.x,)0-) {-»(M,*/] ( 'V/1 
= L=ô t-J J • • ' L?.~ J 

HJH 4pyrane: 

22) e Mixi + + Mpxp _ e'Wi*ieMi*2 gMp*p 

= gMĵ i _ eMPxP. 

Oßaj oôpaaau He6n Bpe4no, ano MaTpnce M r M 2 , . . . Mf 

neón 6UAQ CMCHAHBe. Jep je Ha n p H M e p : 

(M, xt + M2xt)* = (M, x, + Mtxt) (M, X, + Mtxt) 
= A í V + (M, M, + M,M,) + M\x\ 

-H OBa je MaTpnca pa3̂ HMHa 04 

MV+ 2MIM1x1x1+ M'x;, 
aiiO MaTpwce H H c y CMCHAHBC. Y C ^ O B , KojH CMO nocTa-
bh^h, jecTe 4aK^e Hy>K4aH, Te 4a o6pa3au 22) 6y4e 
HCTHHHT. 

2* 
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4a 6h ce AO6HO TOTâ HH ¿H<i>epeHHnja.î MaTpnce 
eM,*, + .. . + Mp*p) Tpe6a caMO pasBHTH y pe4 MaTpncy • 

e'Wi(*i *dx¡) • Mp(*p+ dxp) gM, x ,+ . . . + MpXp dx¡ + Mpdxp 

no pacTyhHM CTeneHHM 4H<tepeHunja.ia dxt, dx.¿, . . . dxf 

H j'3eTH oHaj *waH Tora pe^a, KOjn je ¿HHeapaH OAHO-

CHO dxt, dxj, ... dxp. Taj je »waH 

deMix,*...*Mpx P _ gM¡ Mp xp ( M i , Mp dxp) 

H o^aB^e ce 3aK.4>yqyje, 4a í>yHKU»je 20) yBen 3a4ono-
vbaBajy je4Hainne 19) npeAnocTaBAajyhH 4a cy MaTpwce 
Mp Mt, ... Mp cMeHAHBe. 
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