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XV.

Some properties of trigonometric and algebraic
polynomials.

By Dr. M. KOSSLER in PRAGUE.

(Presented at the meeting of the 20" October 1948.)

I. Factorization of trigon. polynomials. Every trigon. polynomial

of n~" degree
n—1

P(p) = ay+ > (a; coskg — b, sinkg) + a, cosng, a, >0  (1,1)
1
is expressible uniquely in the form of a product. If we put

r = ¢, coskp = }(a* 4 %), sinkp = — _z)_ (% — )

&

we deduce
P(p) = ao + 32 (42" + 4,275, 4y = o + iby,
2P(p) = o ™A, 2* + A, 22" T+ ... 4 42" 202" +
+ A"t .+ A, x4+ 4,).

The algebraic polynomial in the bracket has the following property. If

~[\/l=

1

— &4 is some root of this polynomial then — = is also a root, but these
Ay

two roots are different only if [ockl 1. Therefore

{dp2®" + ... + Au} = Aa I—[ v | €'7k) ﬁ (® + ‘k)(-” s TJL)’ (1,2)
where
v+ pu=n and o« = re"E 0 <1, < 1.
The real angels ¢, and v, are not independent, because
Sox + D2y, = 0 (mod2n) (1,3)

must be satisfied. It is easily seen that also an inverse statement holds
true. Every such product represents an algebraic polynomial of the form
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above. Therefore the polynomial P(¢) can be written as follows:

"

2P(q) = Ane—nivivio | | (kv 4 cim—tio) [ ] (e + ruetvi)(ef® + — ew).
1 1 Tk
We have

v —n = — p, etiv 4 eivk—lin = 2elivk cosf(p — @),
NP . . 1
(1 rygimi=te)(eie - = oive) = ei9b(ry 4 =+ 2 cos(p — ).
k k
It is convenient to put

1 .
7% + " = 2¢z, where ¢; > 1, if 0 <7, < 1. Hence

I

2P(p) = e2"""A,, [ [ cost(p — @) . [ | (e + cos(p — ) 1,4
1

1
where as a consequence of (1,3)
2y

& = eXP( 2m+12w/) + L

Hence every polynomial (1,1) is expressible uniquely in the form (1,4).
The analogy with algebraic polynomials is obvious. Though this result
is almost trivial it enables us to find parametric representations for coef-
ficients of special classes of polynomials.

2. Non negative polynomials. A non negative polynomial (1,1) is
a polynomial which cannot assume negative values for any real ¢. It
follows immediately from (1,4) that in this case the first product must
have the form

v

v
e[Jeos* g — @) = 277 [T (1 + cos(p — @)
1 1

7
because both the second product | | and 4, are positive for every value
1

of . The only condition for the angles is therefore
v u
> @+ 2w, =0 (mod2n). (2,1)
1 1

Hence the necessary and sufficient condition for (1,1) to be a non nega-
tive polynomial is that
P(p) = 2"7'4, | [ (¢ + cos(p — ), (2.2)
1
where

An > 0’ Cr :>_— 1’ ZV)IC =0 (mOdzn)'
1
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The coefficients of the polynomial are expressible by the integrals of
Fourier. The number «, is positive, as P(p) = 0.
Now this is a transcendental operation. Making use of (1,2), which
in this case has the form
xm ﬂ‘”_l a1l gl anrtl | j‘?;_own g ‘.l‘_‘L-n—l |

Il n =~

.+ A[;._ x4+ 1= H(x B )keW’L)(w P = 0””") UL

elementary evaluation of the coefficients becomes obvious. Thus e. g.

A < 1 Q

n-1 __ Z e+ —|eive = 2 chewk
A, 1 Tk 1

and so on.

In case that one of the two positive numbers «,, 4, = a,, is fixed, the
value of second is given by
2a,
y: |

n

= the n~*

elementary symmetr. function of the 2»n given parameters
. [
Tieivk, — eivk,
Tk
Thus for n = 2, a, = 1 we obtain
- 1 _ 2¢e™, + 2cpem,
2 ! i
2¢,¢, + cos2y,” ! 2¢,¢, + cos2y,

For n = 3, ay = 1, y,'+ y, + w3 = 0 (mod2x):

Az = 1] 4cicoe3 + 2¢4 cos(y, — 3) + 2¢, cos(ypy — y,) + 2¢5 cos(y, — py),
A, = 245(c,e™ + coe™ 4 cye'™),
Al . A3(4clczei(v'. tva) + 46263(_,f(u'z tys) + 4c3cle”""+"") AL e2in + ezt‘vu AL ,,21"/-")_

For y, =0, ap=1, r,=1, k=1,2,...,n, the polynomial of » "
degree is

n on
P(p) = ——— > (2n)p—s cOSkp = — 2 (1 + cosp)m.

“)” Jn T (2n)n
The real roots of this polynomial are ¢ = n (mod2x) each of them
having multiplicity »

3. Algebraic polynomials with positive real part. Is
n—1

P(p) =1+ > (a; coskp — by sinkg) + a, cosng, a, > 0
1
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a non negative trigon. polynomial, then the real part of the algebraic
polynomial

n—1
Pe)=1+4+ > A;2* + a,2", A, = a; + ib, (3,1)
1

is non negative within the circle |z| << 1 and vice versa. This follows from
the well known fact that the real part of an analytic function cannot reach
its absolute minimum within the circle. Thus the polynomials

Gt | cpeT i 1

Piz)=1+ 2

- 22
2¢,¢, + cos2y, 2¢,¢y + cos2y,

P(z) = 1+ 2/(2n),

have positive r. part within |z| < 1.

(271’):7,—/»' zk

»—M3

It is perhaps not without interest to compare our results with the
general theory of power series due to C. Cararuronory!) and O. TorpLirz?).
The necessary and sufficient conditions for the power series

fo) = 143 4,

to be convergent within the circle |2| <~ 1 and to have positive r. part
are that the determinants

5o s | 2, Al| 5 2 A, A4,
1T R4, 2 BT 4, 2 4 |, .. (3,2)
2 Al 2
are either all positive (> 0), or
0, >0,0,>0,...,6,>0,0,,;,=0,,,=..=0

For polynomials only the first case can occur. Now if we apply this
theorem, an infinite number of conditions ¢, > 0, (k= 1,2, 3,...) for
only 7 coefficients must be satisfied and a finite subset of these inequali-
ties does not give sufficient conditions. Thus for the linear polynomial
1 4 A4,z the infinite set of inequalities is

|4,] <2, |4,] < VE, |4, < Vg— 1, ...

and no finite subset leads to the trivial necessary and s. condition |4, < 1.
To deduce n. and s. conditions for a polynomial in a satisfactory form is
of course possible but it is not an easy task. For polynomials of higher
degree the determinant criterion has no practical value at all.

1) Math. Ann B. 64 (1907), p. 95 and Rend. di Palermo, B. 32 (1911), p. 193.
2) Gott. Nachr. 1910, p. 489 and Rend. di Palermo, B. 32, p. 191.
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4. Similar problems. The elementary method described in the first
two paragraphs is by no means limited to the question treated there.

To illustrate this assertion let

P(z) = S 42" (4,1)

0

-

< 1 within the circle |z| = 1. The n.

be a bounded polynomial [P(2)

and s. conditions for coefficients of such polynomials are as follows

1 — P(e).Pe™™) >0, 0< ¢ < 27. (4,2)

But the left side of this inequality is easily seen to be a non negative
trigon. polynomial of n~ " degree. The first coefficient of this polyn. is

Therefore each |4, < 1 and if some |4,| equals 1 all the others must
vanish. This is a well known theorem of the theory of bounded power
series, but its proof is based on Cauchy integral or some other general
property of analytic functions. From (4,2) a finite number of parametric
conditions for 4, can be deduced by means of § 1 and 2. But if we apply
the general theory of bounded power series due to I. Scuur?) to a poly-
nomial, the same difficulty as in (3,2) arises. The number of conditions
given by that theory is again infinite.

Some other problems that can be solved by the method used in this
paper are: 1. A, 4 0 being a given number, to find all polynomials

n
P(z) = A, + > A;2", which do not vanish within the circle |z| < 1.
L

2. P,(z) being a given polynomial not vanishing for |z| < 1, to find all

Py(z

rational functions having positive real part within the circle or

2
bounded within the clirclo ete.

As a final remark, I cannot suppress the suggestion that a more
profound study of properties of polynomials would be very useful to the
general theory of power series. The theory of polynomials is entirely
independent of integral theorems (e. g. Cauchy integral) and it is a purely
algebraic question.

3) I. ScHUR: Jour. fiir die r. und a. Math. B. 147 (1917), p. 205 and B. 148
(1918), p. 122.
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Nékolik vlastnosti trigonometrickych a algebraickych mnohoéleni.
Souhrn.

V této praci jest proveden rozklad trigonometrického mnohoclenu
(1,1) v souéin tvaru (1,4). Z toho plynou pro mnohoc¢leny nikoliv zaporné
nebo ohrani¢ené nutné a postacujici podminky pro jejich koeficienty.
Téchto podminek jest koneény pocet, kdezto obecna theorie moeninnych
fad vede i v pripadé polynomu k nekoneénému pocétu podminek a jest
tedy pro mnohoc¢leny nevhodna.
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