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ON CENTRAL, DISPERSIONS OF THE DIFFERENTIAL
EQUATION YY" = g(+)Y WITH PERIODIC COEFFICIENTS

0. Boravka

I. Introduction.

In the following lecture I shall deal with ordinary
an order linear differential equations of Jacobi’s type

(@ v = a(®)y ,
mostly oscillatory.

Suppose that the coefficient g, the so-called carrier of
the equation (q), is a continuous function in the interval
j = (-0 ,00 ). The equation (q) is called oscillatory if each
of its integrals has an infinite number of zeros which accumu~-
late towards both ends of j. The prototype of these oscillatory
equations is the equation (-1):y" = -y, t € j, which we shall
often deal with in what follows.

Let us consider, in particular, the equations (g) with
periodic carriers q. The theory of these equations is governed
by Floquet’s theory. According to the latter, every equation
(q) with a periodic carrier q is either disconjugate, i. e.,
without conjugate points, or oscillatory. To oscillatory equa-
tions (q), on the other hand, one may apply the theory of dis-
persions, based, as we know, on other principles than Floquet’s
theory. We may therefore expect that by combining the notions
and the results of both theories we may arrive at a new approach
to oscillatory equations (q) with periodic carriers, yielding
new results. And this is exactly the leading idea of the fol-

lowing considerations.



48

II. Generalities.

Let me, first, introduce some basic notions and results
from the theory of dispersions, needed in our study: 1. phases,

2. central dispersions, 3. inverse equations. ([1],{2])

All the equations (q) we shall deal with are oscillatory
in the interval j = (-e,@ ). A composite function, e. g.,
alb(t)] will often be written in the form ab(t) or ab. Further-
more, we shall use the notation: cn(t) = t+n® (n=0,*1,...; te Jj)

and instead of cq we shall generally only put c.
Let (q) stand for an arbitrary (oscillatory) equation.

1. Phases. Let us note, first, that by a basis of the equa-
tion (q) or of the carrier q we mean an ordered pair, u,v, of
independent integrals of (q). As to the phases, more precisely:
the first phases, we distinguish the phases of a given basis
of (q) and the phases of the equation (q) or of the carrier q.
By a phase of the basis u,v we mean every function in the inter-
val j, (%), which is continuous in j and, for v(t) 4 O satis-
fies the relation: tan ou(t) = u(t):v(t). By a phase of the equa-
tion (q) (of the carrier q) we mean any phase of some basis of

(q). Every phase & of (q) has the following properties:

1. al(t)e €2, 2. &/ ()40 for te j, 3. limou(t)=6.58nct'c0 (6 =#1)
J t-» 8.0

Every phase 0L of (q) uniquely determines its carrier in the
sense of formula:

(1) Q(t) = - {tanaat} (tEj),

where the symbol { } denotes Schwartz's derivative of the func-
tion tano at the point t. The carrier g with the phase & is

also denoted q, .
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O is called an upper or a lower phase if the property
2, is reinforced by the inequality o/(t) » O and if, moreover,
there holds O(t) » t or aw(t) <« t (¥ ¢ Jj), respectively. Both

the upper and the lower phases are called dispersion phases.

The phase & is called elementary if

O (t+M) = (L) + 'Jr.sgnoc.' (t e I,
i, e., ®lc = csgnw“‘ Every elementary phase & is of the fom
®x(t) = t.sgna’ + p(t) (t € J)

where p is a periodic function with period I : pc = p.

The set formed of all the elementary phases, together with
the operabtion given by composing the functions, forms & group

called the group of elementary phases, ‘g'

An important part is played by phases of the egquation
(=1): y" = ~y. Each phase of the latter, ¢(t), may be expressed

in the fom

(2) ¢(t) = parc tanlc. SHRSEA],

where n is an integer and C;a,b constants such that a € (0,%],
b € [0, ), Csin(b-a) #0. The expression on the right-hand side
in (2) denotes the continuous function in the interval j unique-

ly determined by the conditions:

$(-8-n-1 W)=0, tan £(t)=C.sin(t+a):sin(t+b) for sin(t+b)%0.

¢ is an upper phase if C.sin(b-a) » O and, moreover,
either n = 1 and between the constants C;a,b there are further
relations, or n 3 2; & is a lower phase if, again, C.sin(b-a) >0
and, moreover, either n = O and between the constants C;a,b

there are further relations, or n & -l1.
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The set of all phases of the equation (~1), together with
the operation given by the composing of functions, forms again
a group called the fundamental group % . The latter is a sub-
group in ‘} s %,c ‘g , hence all the phases of the eguation (-1)

are elementary.

An important result: Let & be an arbitrary phase of the
equation (g). Then all the phases of the equation (q) are exact-
1y the composite functions sw(t), €€ %, .

2. Central dispersions. To every number n (=0,t1l,...) there
corresponds the central dispersion (of the first kind) with the
index n of the eguation (q) or of the carrier g, denoted Py
It is a function in the interval j and its value cfn(t) (te I
is determined as follows: If n $ O, then q;n(t) is the lnlth
conjugate number (of the first kind) with the number t, greater
or smaller than t according as n » O orn ¢ 0. In case of n = O,
we put ?o(t) = t. The dispersion &y in particular, is called

fundamental and is often denoted Q.

From the number of important properties of the dispersions

$n I shall only introduce these:

Every dispersion @, has the above properties 1.-3. of
phases while the property 2. is replaced by the inequality
o/ (t) » 0; moreover, there holds Pp-1(t) < @ (8) (t & ).
We see that P is an upper or a lower phase of a convenient

equation according as n 2 1 or ng 1.

Every phase OL of the equation (q) is connected with the

dispersion @, by Abelian relation

(3) AFL(t) = o(t) + 0. .sgn &’ (t € 3),
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more briefly: % .

Xy = Cn,sgnev

Hence f£ollows the expression of the dispersion $n by & :

) Gn() = oCley g OUCE) (ted

Bvery integral y of (q) as well as its derivative y’ is,
by the dispersion Pps transformed into itself in the sense of

formula:
1

-DP i) 2 . 3(8),

1]

¥ ep, (8)

(5) 1
2 ), if y(t)=0.

(8 = (1P (i)

If q(t) « 0, t € j, then there holds, for n 2 1,

t t t
(6) c?;l(t) - a( 1) . a( 5) . see e W
Q(ta) Q(t7) Q(tll-n-—l)

with convenient numbers tav—l (v=1l,...,2n). The latter separate
the zeros (t:)ao< a4 ... <eh(= q:n(t)) of every integral y of (q),
which vanishes at the number t, and the zeros bl< eos <bn of its

derivative y°, lying in the interval (%, @ (6)):

By means of the central dispersions @, Ve define the disg~
tance functions of the equation (q) or of the carrier g by the

relation
dn(t) = cyn(t)-t (n=0,*1,...5 t € J)

with the evident meaning: dn(t) is the distance of the number
> s 2
g, (t) from t. Clearly, dn(t)2 0 according as n.z 0. 4; (>0)

is the basic distance function; it is often denoted by 4.
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3. Inverse equations. Let me now introduce a new notion,

namely that of the inverse eguations with regard to (q).

A differential equation (q) is called inverse of the equa-
tion (q) if it has a phase o which is the inverse function of

some phase & of (q): & = oL,

FProm this definition there follows a number of properties
of inverse equations; I shall introduce only those we shall need

in what follows.

Symmetry: If (g) is inverse of (q), then (q) is inverse of
(@.
The carrier of the equation inverse of (q), with the phase

& » 1s given by the formula

ag () = =1 - [1+a(t)] @(£))"*

The set of all (oscillatory) equations (q) is decomposed
into nonempty disjoint subsets, called blocks, so that the latter
form a decomposition U of the set in question. To each block
u € U there exists exactly one inverse block, u ‘e U, with the
characteristic property: Any two equations (q) € u, (3d) € u'are

inverse of each other.

The proof of this theorem lies deep in the algebraic theory
of oscillatory equations (q) and cannot be introduced here for

want of space.

III. SHbudy of the problem.

Well, applying the above notions, I mey now proceed to the
main subject of my lecture dealing, according to the title, with

the properties of the central dispersions of the oscillatory
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equations (q) with periodic carriers q: q¢c = ¢, t ¢ j. The set

of these equations will be denoted Ap

Let, first, (q) € Ap Then there holds: if y is an integral
of the equation (q), then the function yc is an integral of (g)
as well. Hence we easily deduce that to every phase & of (g)
there exists a phase & of the equation (~1), ¢ € ‘% , such that

e = g¢x . Consequently o is a solution of the equation
7 o(t+r) = eo(t) (te J)

or

(P geno = oca™H(E) = €(b).

The function Ej) senw is, by (4), the fundamental dispersion

of (Qu-+ ) or the function inverse of this dispersion, according

as o> 0 or ¢ 0.

Consequently:
e(L)E ’% is a dispersion phase, upper or lower, according

as o/ » O or oc’< 0.

The fundamental dispersion of the inverse equation (Qe-+)
and, therefore, every central dispersion of the latbter, lies in

the fundamental group %, .

These results suggest the gquestion whebther the above proper-
ties of phases and central dispersions of the eguations of the
class Ap or of the corresponding inverse equations are charac-
teristic of the equations of A_p The answer is affirmative in

the sense of the following theorems:
The equation (q) belongs to the class Ap if and only if
each of its phases o satisfies the equation (7) with a disper-

sion phase g(t) € %, .
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The equation (q) belongs to the class Ap if and only if
all the central dispersions of each inverse equation of (q) lie

in the fundamental group % .

Furthermore, one may, in this connection, prove the theo-

rems:

The fundamental dispersions of the equations inverse of the
equations of the class Ap are exactly all the upper phases from
the fundamental group ‘é

All the equations (q) of the same block simultaneously ei-

ther belong or do not belong to the class Ap'

Remember that the class Ap consists of oscillatory equations

(q) with periodic carriers: q(t+m) = q(t), t € (~c0,00).

2. Into our considerations there have entered, as an impor-
tant element, the central dispersions of the equations inverse

of those from AP.

In this connection there arises the question concerning the
properties of the central dispersions of the equations of the
class Ap themselves. The central dispersions of the equations

(q) € Ap have, in fact, the following remarkable property:

All central dispersions of every equation (gq) € Ap are ele-

mentary.
In other words:

A11 disbance functions of every equation (q) € A, are peri-

odic.

Indeed, let (q) e Ap and @ be the fundamental dispersion
of (q).



55

We easily ascertain that the proof need not be given but

for the dispersion <.

Well, let o (e. g. &/ % 0) be a phase of (q). From (7) and
(3) there follows

Cecep = EO(..C? = gcX = CE€EX = cOcy

consequently, cq = (o(.'lc o)c = @c so that @c =cq and the

proof is accomplished.

3. In this place I have the opportunity to mention the class
of the equations (q) characterized by the fact that their funda-
mental dispersions are elementary. Let the class of these equa~
tions be denoted by A, so that (q) € A (:)cfc = ccf. We have
just seen that Ap( A.

The equations (q) € A may be characterized by the following
geometric property: Let C be an arbitrary integral curve of the
equation (q) € A, whose parametric expression is given by some
of the bases of (q) € A. Let O stand for the origin of the coor-
dinates and m for the radius vector from the point O to the
point P(t) € C determined by the value of the parameter (time) %,
Then the oriented areas traced out by the radius vector 55‘(_1-:’)
and the opposite radius vector m in the time from t to

t+ I are the same.

The egquations (q) with elementary fundamental dispersions
occur even in other connections, e. g., if there is a question
of determining pairs of equations (q) with interchangeable fun-

damental dispersions.

The theory of the equations (q) € A is extensive, so I can-

not - for want of time - deal with it in detail but shall confine
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myself to a few remarks.

The theory of the equations (q) € A is fundamentally analo-
gous to the theory of the equations (gq) € Ap, the part of the
group % in the latter being taken over by the group of the ele-

mentary phases, ? .
In particular, there holds:

The equation (q) belongs to the class A if and only if each
of its phases o satisfies the equabtion oa(t+m) = hoe(s) (v & J)
with a dispersion phase h(t) € ? .

The class A is closed with regard to the operation of forming

inverse equations.

The equabtion (q) belongs to the class A if and only if the

carriers q(t), q(t+%) have the same fundamental dispersion.

If (q) € A, then there exist, in every interval {&, q)(t)),
at least four mutually different numbers tl’ta’tB’ta- such that
q(t;+3r) = a(t;) A = 1,2,3,4).

Note that, by the first theorem, the class A is wider than
Ap: Ap( 44 %

4, Now we arrive at the last point of my lecture, where we
return to the equations (q) with periodic carriers: (q) ¢ Ap It
will be a question of expressing real periodicity factors (charac-
teristic roots) of the equations (q) € Ap by means of the values
of the derivatives of central dispersions and, furthermore, of
egtimating the absolute values of the periodicity factors by

means of the extreme values of the function tq). ([3])

Well, let (q) € A.p be an arbitrary equation whose periodicity

factors Se (6 =%1) are real. Denote
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A= S9 + S_y »

so that the characteristic equation corresponding to (q) is, by

Floquet’s theory, 82 - A.,s #+ 1 = 0 and, according to the suppo-

sition, we have 1A} > 2.

Let s be one of the roots Sg Then there exists a nontriv-

ial integral y, of the equation (q), with the property
(8) Toe = 8T, -

The equation (q) being oscillatory, the function 7, has at
least one zero x: ¥o(x) = 0. From (8) then follows yo(x+1r) =
We see that the point x+% is right conjugate with the point x.

So we have, for a natural n:
) Q&) =x+3 .
Let u,v denobe the basis of the equation (g), debtermined by
the initial values:
(10) u(x)=1, u’(x)=0; v(x)=0, v’ (x)=1.

Then A = u(x+q)+v (x+%) whence, by (9),(5),(10), there

follows
1

1
A= 1P (g1 2+ Lyl 2

).

We see that the periodicity factors of (g) are:
3
1) s¢ = (-7 [@l(x)] (6 =+1).

Now suppose that the carrier q of the equation (g) is always
different from zero: q(t) « O (t & J).

Then, by (11) and (6), we have:

)
Ty alx 1> qx) . WFupz) Yo (6 =%1)
(12) SG = ( 1) q xa) q xq’n_l ]
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with convenient numbers Koyl (w=1l,...,2n) geparating
the zeros (x:)ao< 8¢ on- <an(=x+1t) of the integral Yo snd the
zeros‘bl< ...<.bn of its derivative yg, lying in the interval
(X, x+):

(x=)a,< 1< D)< X3 8L Koo ek Xy 34D Xy 4 ¢ a, (=x+ %)

Denote

m = g}f la(t)l, M= ??@c Fa (b))
so that
0<m< M.

n stands for the number of zeros of the funciion Yo in the
interval [x,x+T ) and therefore, by a classical theorem, satis-
fies the inegualities
(13) Yo < n ¢« VM.

From (6) we have

. n n
m ’ M
B) < i ¢ (&)
which, together with (11) and (13), yields

M
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s ™ < e o @

Thus we have arrived at the following result:

If the periodicity factors sg of the equation (@ e A.p are
real (6 =t1), then their values are given by the values of the
function q£ in a number x € J, in the sense of formula (11). If,
furthermore, the carrier ¢ is always different from zero, then
the numbers sy may be expressed by values of the carrier q in
the sense of formula (12). In that case there hold, for absolute
values of the numbers sg; , the inequalities (14).

Note that the inequalities (14) may be employed to obtain
information as to the absolute values of the periodicity factors

for Hill’s equation in case of instability.
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IV. Final remark.

Let me now finish my lecture with a short look at the alge-
braic theory of (oscillatory) equations {q) and stress the con-
nection of the classes Ap and A with other elements of the theory

in question,

The basic notion of the algebraic theory of the equation (q)

is the group of phases.

The group of phases, Y}, is the set of all phases of all the
equations (q) with the group-operation given by the composing of

functions. The unit of ‘{4, l, is the function ¢t (¢ j): 1 = &.

The increasing phases form, in ‘q, an invariant subgroup <q°,
with the index 2; the decreasing phases form a coset of the fac-

tor group ‘0}/‘0}0, denoted Gl‘

The upper phases ¢ are characterized by the inequality
o(t) > t (¢ 3); they form a subset in ‘q,o, called the upper
complex, Kl‘ The lower phases O are characterized by the in-
equality O(t)< t (¢ j); they toc form a subset in ‘0}0, called
the lower complex, K 1. The complexes Kg (6 =t1) are disjoint
and consist of functions mutually inverse. Kl is composed of the
fundamental dispersions of the equations (q); K_, consists of

functions inverse of these dispersions. For §e ‘0} there applies:

.?—-le? = Ks.sgn 5

The set of all phases of the equation (~1) forms a subgroup
in "q,, namely the above mentioned fundamental group % The lat-
ter generates, on‘q,, the right decomposition ‘U}/r% and the left
decomposition “U}/z% . Bach element of the former has the form
%OL (Ot.e"ﬂj, ); it is the set of all phases of the equation (g)
with the carrier given by the formula (1). Each element of the
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latter is of the form q.;% (€9 ); it is the set of the func-
tions inverse of the phases of (qw, ). Every element U & 5 of
the least common covering U = [‘Q/rg, ‘Q/":S] is the union of
the phases of some equations (g) [4). The latter form the block
corresponding to the element U. To U there exists exactly one
inverse element G-t € U composed of the functions inverse of the
phases lying in uU. Every equation (q) from the block correspond-
ing to @ is inverse of every equation from the block correspond-

ing to U"'and vice versa.

The center of the group ‘-q o"% is the infipite cyclic
group 3 = {cn(t)} (cn(t) = t+n® ; n=0,%1,...). The group o(_“"}oc
(e ‘q,) consists of the central dispersions of the equation
(qa' ). The normalizer of 3 in ‘U& is the group of elementary
phases,’g . There holds: :ﬁj % .

The class A consists of all the equations (q) characterized
by the fact that the inner automorphisms of the group ‘U},formed
by their phases & , the so-called phase-automorphisms of the
equations (q), transform the center 3 into its normalizer:
ot 30(, c ’? . The same class A consists of the equations (q)

inverse of the equations of class A.

The class AP is a part of A: Apc: A. The equations of the
class ‘A? are characterized by the fact that the phase-automor-
phisms of the inverse equations transform the center 3, into the

fundamental group % .
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