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IL1

II. Integral equations in the space BV,[0, 1]

1. Some integral operators in the space BV/,[0, 1]

In this paragraph we assume that on the twodimensional interval I = [0, 1] x [0, 1]
< R, an n x n-matrix valued function K(s,t) = k;{s,)), i,j =1,2,...,n is given,
ie. K: I - L(R,). Moreover let the twodimensional variation of K: I — L(R,) be
finite, ie. (cf. 1.6.1)

(L,1) v(K) < .

The operator j d,[K(s, 2)] x(¢)

0

Let us assume that x € BV,[0, 1] = BV, is given, i.e. x(t) = (x,(t), x5(t), ..., x,(t))*;
te[0,1]. If it is assumed that

(1,2) var§ K(0, .) < o0,

then by 1.6.6 we obtain var} K(s, .) < v/(K) + varg K(0, .) < + oo forevery se[0,1].
This yields by 1.4.19 the existence of the Perron-Stieltjes integral

(13) j a4 [K(s. 0] ) = (5)

0

for any se[0,1]. The integral (1,3) evidently defines a function y: [0,1] - R,.
By 1.6.18 we have

(1) varly < sup [x(9)] v(K)

te[0,1]

and consequently y e BV,. Hence the integral (1,3) defines an operator acting in
the Banach space BV,. Let us denote this operator by

(1,5) Kx = Jld,[K(s, )] x(r), xeBYV,.
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1.1. Theorem. If K: I — L(R,) satisfies (1,1) and (1,2) then the operator K defined
by (1,5) is a bounded linear operator on BV, (K€ B(BYV,)) and

(1,6) | K|l sisv,y < varg K(O, .) + v,(K).

Proof. The linearity of the operator K is evident. Further for any x e BV, it is

Jld,[K(O, t)] x(t)| + var} (Jld,[K(., 1)] x(t))

< sup |x(t)| (vars K(0, .) + v/(K)) < (varg K(0, .) + v/(K)) [ x| sy,

te[0,1]

L P

where (1.6,13) and (1.6,14) from 1.6.18 was used. This implies the boundedness of K
and the inequality (1,6). .

1.2. Lemma. If K: I - L(R,) and K: I — L(R,) satisfy (1,1) and (1,2), then

(1) [ w10 = | ek 1)
0 0
for every x € BV, and s€[0,1] if and only if the difference
W(s, t) = K(s, t) — K(s, t)

satisfies

(1,8)  W(s,t+)=W(s,t—) = W(s,1—) = W(s5,0+) = W(s, 1) = W(s,0)

for every se[0,1] and te(0,1).

Proof. The assumptions on K, K guarantee that for W: I — L(R,) we have
v(W) < oo and vary W(0, .) < co. Hence by 1.6.6 also varg W(s, .) < oo for every

s€[0,1]. The equality (1,7) can be written in the form [§d,[W(s, )] x(t) = 0.

The assertion of our lemma follows now immediately from 1.6.5 since (1,8) is

equivalent to the fact that for every se[0,1] the elements of the matrix W(s, .)
belong to S[0, 1].

1.3. Corollary. If K,K: I —» I(R,) satisfies (1,1) and (1,2) where for the difference
W(s, t) = K(s, t) — K(s t) the chain of equalities (1,8) holds for any se[0,1] and
t€(0, 1), then the operator K € B(BV,) defined by the relation

Kx = Jld,[k(s, t)] x(t), xe BV,

is identical with the operator K e B(BV,) defined by (1,5).
If we define for any se€[0,1]

(1,9) K(s,t) = K(s,t+) — K(s,0)  for te(0,1),
K(s,00=0, R(s,1) = K(s, 1) — K(s,0),
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then v,(R) < o, var}K(0,.) < oo and the difference W(s, 1) = K(s, t) — K(s, t)
satisfies (1,8) for any se[0,1] and te(0, 1). Hence the operator

Kx = Jld,[k(s, )] x(t), xeBY,

is the same as the operator K e B(BV,) defined by (1,5), i.e. K = K.

Proof. The first part of this corollary simply follows from 1.2. For the second part
it is necessary to show that K: I - L(R,) from (1,9) satisfies (1,1) and (1,2).

Assume that 0 = ay < @, < ... <o, =1 is an arbitrary subdivision of [0, 1]
and J;; = [o;_y, 0] x [@;-y,;], i,j=1,...,k is the corresponding net-type sub-
division of I (see 1.6.3). We have for any given § > 0

k
2 |Kla, o + ) — Kle, o) — K(oi— g,y + 8) + K(oti— 1, o)

i=1
k k
+ Y Y |K(e o+ 8) — Ko, ;g +6) — K(o—y, 0+ 0) + K(o— g, ;- + 6)] < v,(K)
j=2 i=1
where we assume that K(s,t) = K(s, 1) if ¢ > 1. Since for K: I - L(R,) (1,1) and
(1,2) hold, the limit 6lixgl+K(s, t+0) = K(s, t+) exists for every se[0,1], te[0,1].

Passing to the limit § - 0+ in the above inequality we obtain for K the inequality
k k

- ” 1|’"K(JU)|
3 ¥ Rl n) - Rz, ) — Rz z) + Kooy < vi(K)

which holds for every net-type subdivision J;; of I. Hence (see 1.6.3) we obtain
v/(K) < v/(K) < oo. Since var§ K(0, .) < oo and K(0, t) = K(0, t+) — K(0,0) differs
from K(0,) — K(0,0) only on an at most countable set of points in [0, 1], the
variation var} K(0, .) is finite. For W(s,t) = K(s, ) — K(s, ) we have evidently

W(s, t—) = K(s,t—) — K(s, t—) = K(s, t ) — lim K(s, 7+) + K(s, 0) = K(s,0)

if se[0,1], te(0,1). Similarly also W(s,t+)= W(s,1—) = W(s,1) = W(s,0+)
= W(s,0) = K(s,0) holds and the assertion of the second part of the corollary is
valid.

1.4. Remark. The corollary 1.3 states that we can assume without any loss of gener-
ality that the kernel K: I — L(R,), which defines by (1,5) the operator K e B(BV,),
satisfies

(1,10) K(s,t+) = K(s,f) forany se[0,1], te(0,1)
and
(L,11) K(s,00=0  forany se[0,1].
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It is clear that if in (1,9) the right-hand limit K(s, t +) is replaced by the left-hand
limit K(s, t—), then 1.3 holds too. This justifies the possibility of replacing the con-
dition (1,10) by

(1,10) K(s,t—) = K(s,t)  forany se[0,1], te(0,1).

Hence without any restriction it can be assumed that the kernel K: I — L(R,)
defining the operator K e B(BV,) by (1,5) satisfies (1,10') and (1,11), K remaining
unchanged also in this case.

Moreover, any operator K e B(BV,) given by (1,5) with K: I — L(R,) satisfying
(1,1) and (1,2) can be represented by a kernel K: I — L(R,) satisfying the additional
assumptions (1,10), (1,11) (or (1,10°), (1,11)). Using the notations from 1.5 the ad-
ditional assumptions (1,10), (1,11) ((1,10'), (1,11)) state that the elements k;s, t) of
K: I - L(R,) as functions of the second variable ¢ belong to the class NBV
(NBV™).

1.5. Theorem. If K: I — L(R,) satisfies (1,1) and (1,2), then the operator K € B(BV,)
defined by (1,5) is compact, i.e. K € K(BV,,).

Proof. For proving Ke K(BV,) we use 1.3.16. Let {x,}, x,€BV,, k= 1,2,... be
an arbitrary sequence with

[ %/l v, = |%i0)] + varg x, < C =const.,, k=1,2,....

By Helly’s Choice Theorem (cf. 1.1.4) there exists a function X € BV, and a sub-
sequence X, | =1,2,... of {x,} such that lim x, (t) = %(t) for any te[0,1].
Let us put e
(1) = x, (t) — X(), te[0,1], I=1,2,....

Then |z sy, < C+ |%|py, < 0, z€BY,, I =1,2,... and
(1,12) lim z(t)=0 forany te[0,1].
Using 1.6.18 (see (1.6,14)) we have

(L13)  varl ( le,[x(., 0] (xu6) f((t))) = varl ( L A K( )] z,(t))
< [0l douty

where ®,: [0,1] — R is nondecreasing, @,(0) = 0, w,(1) = v/(K), (see 16.7). For
every te[0,1] and I = 1,2,... we haveevidently 0 < |z()| < ||z,] sy, < C + | %[5y,
and the real valued function |z(t): [0,1] - R belongs to BV[0,1] for every
I =1,2,...,. Hence by 14.19 the integral {5 |2(t)| dw,() exists for every | = 1,2, ...
1.4.24 implies by (1,12)

lim Jllz,(t)| dw,(t) = 0

- 0

78



111

and this together with (1,13) leads to the relation
1 1
(1,14) lim varg (j d,[K(., )] x,, (1) — J d[K(.,1)] i(r)) =0.
e 0 0
By (1.6.13) we have further

Uold.[K(O, 1) z(t)| < Ll|z,(t)| d[var}, K(0, .)]

and the same argument as above gives by (1,12)

(1,15) lim -0.

J, a0, 0700 - [tk %0

|

Let us now denote ¥(s) = 3 d,[K(s, )] X(z). By 1,1 evidently §e BV, and by
(1,14) and (1,15) we obtain

llirg |IKxi, — Fllsv, = ’hjg {IKx,.(0) — ¥(0)| + varg (Kx,, — §)} =0,

i.e. the sequence {Kx,} contains a subsequence which converges in BYV,. Hence

K e K(BV,).
1

The operator J K(s, 1) de(s)

0
Let us assume that @ € BV, is given, ¢(t) = (¢,(t), @,(t), ..., @.(t))*, te[0,1]. If

(1,16) varg K(., 0) < oo,
then by 1.6.6 we obtain varj K(., t) < v,(K) + var K(., 0) < oo for every t€[0,1]
provided (1,1) is fulfilled. In this case by 1.4.19 the Perron-Stieltjes integral

(L,17) flK(s, t) do(s) = ¥(t)

0
exists for every te[0,1].
Let us show that the function y: [0,1] > R, defined by (1,17) is of bounded
variation on [0, 1] if (1,16), (1,1), (1,2) are assumed.
Let 0 =9, <7y, <..<7 =1 be an arbitrary subdivision of [0, 1]- By 14.27
we have

W) = i) = L‘u«s, 7) = K(s 7e-1) dols)

< sup |K(s, 7;) — K(s, Vie1)| varg @ < (Vio.11x tre-vyalK) + K(0, 7;) — K(0, 7i-1)]) varg @

se(0,1]
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because for every se [0, 1]
|K(s, 7) = K(s,i-1)|
< |K(s, 7)) = K(57:-1) = K(O,7:) + K(O, 7:-)| + [K(0, 7)) = K(O,7:-,)]
< ViopxievsalK) + [K(0,7,) = K(0 7))
(cf. 1.6). Hence by 1.6.5
(1,18)

-

' |'/’(V.) - '/’(Yi~1)|

Si;("m.l]xlv.‘-,‘m(’() + ‘K(O’ 7)) — K(0,7:- 1)|) vary @
< [vi(K) + varg K(0, )] varg @ < [v/(K) + vars K(0, .)] | s,

for all subdivisions 0 =y, <7y, <...<7y,=1 and so vary¥ < co. In this way
the integral (1,17) defines an operator acting on BV,; we set

1
(1,19) Ko = j K(s,t)do(s), e@eBY,.

0

1.6. Theorem. If K: I - L(R,) satisfies (1,1), (1,2) and (1,16), then the operator K
defined by (1,19) is a bounded linear operator on BV,; i.e. Ke B(BV,) and

(1,20) K|l 5sv,, < |K(0,0)] + vard K(.,0) + vary K(0, .) + v/(K).
Proof. The linearity of K is obvious. For any ¢ € BV, by 1.4.27 we have

[ 5,00t

0

< s[1(1)p1 ]|K(s, 0)| vary @ < (|K(0,0)| + varg K(.,0)) || sy, -

Using (1,18) we obtain

HR‘P"m =

[ 50100t + var [ s )

< [IK(0,0)| + var§ K(0, .) + vary K(.,0) + v/(K)] ||@] s, -
Hence K € B(BV,) and (1,20) holds.

1.7. Lemma. Let M: [0,1] —» L(R,) be an n x n-matrix valued function such that
(1,21) vargM < 0.
Assume that a fixed o€ [a,b] is given. Define for x € BV, the operators

Mx = M(t) x(o), M*x=M()Ax(c), M x=M(t)A x(o)
where A*x(0) = x(6+) — x(0), A"x(0) = x(6) — x(0c—). The operators M, M*, M~
are compact linear operators on BV,, ie. M,M*, M~ € K(BV,).
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Proof. Since evidently
[Mx][ 5y, = [M(0) x(0)] + varg (M(.) x(a)) < [|M(O)] + varo M] |x(s)|
< [|M(0)] + var; M] ||x][ 5y,
we have M e B(BV,) and
M| 58y, < [IM(O)] + varo M].

The same argument gives also M*, M~ € B(BV,) and the inequalities
1M [sov,y < [IMO) + vargM], M7 || ppy,, < [IM(O)] + varg M].

Let us denote by B = {xeBV,; ||x|, <1} the unit ball in BV, M*(B)
= {yeBV,; y =M*x, xeB} is the image of B under the map M". Let y,e M*(B),
k = 1,2,... be an arbitrary sequence in M*(B), i.e. there is a sequence x, € B such
that y, = M*x,. Since x,€B, k= 1,2,... we have

|A* xy(0)| < varg x, < [[x,[py, < 1

and there is a subsequence {x,}, ! =1,2,... such thatlim A*x,(0) = ze R, and
M(¢) z € BY,,. Since evidently e
[M*x,, = M() 2], < (MO) + vars M) [A"x,, -
we obtain that
lim y,, = lim M'x,=M()z in BY,
and M™ e K(BV,).
For an analogous reason the results Me K(BV,), M~ € K(BV,) are derivable.

1.8. Lemma. Let {6,};2, be an arbitrary sequence of real numbers in [0, 1]. Suppose
that M;: [0,1] - L(R,), | = 1,2,... is a sequence of n x n-matrix valued functions
satisfying

(1,22) Y. (M(0)] + vary M) < oo .
I=1
Define for x € BV, the series
(1,23) Rx =Y M(t) A*x(a)),
=1
(1,24) Lx =) M(t) A" x(a)

where A*x(c) = x(o+) — x(c), for 0€[0,1) A”x(0) = x(0) — x(c—), for 6 €(0, 1]
A*x(1) = 0, A~x(0) = 0.
Both expressions (1,23) and (1,24) define compact operators on BV, i.e. R, Le K(BV,)
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Proof. We prove this lemma only for R; the proof for L is similar. First let us prove
that Re B(BV,). The linearity of the operator Risevident. Let 0 = oty <o, < ... <o, =1
be an arbitrary subdivision of [0, 1]. We have

Z Z |M(«; a;_,)| varg x

j=11=1

k

)

j=1

o0

Y (M) — Mo, ,)) A" x(o))

=1

o k 0
= i Y M) — M(o; - 1)|> vary x < Y, vary M, varg x
1=1 j=1

1=1
Hence

varg Rx < (i varg M,) varg x < (i vary M,) [ x| 5, -
=1

1=1
Further

2. M(0) A" x(a))
I=1
and consequently

R, < [‘i(w,(o)l + var} M,)] [xlay,, ic. ReB(BY).

< 5 M) vartx < ( £ M0 xlr.

Let us now define for every N = 1,2, ... the operator
Ryx = ZMI() x(o)), x€BY,.

1.7 implies that R, is compact for every N = 1,2,... because Ry is a finite sum
of compact operators. Further for every x € BV, we have

Rx — Ryx = Y M(t)A*x(o)
and as above also =

IRx — Ryl < | 5 (M) + vart M) | [l

Hence by the assumption (1,22) we obtain that JlimRy = R in B(BYV,) and therefore
by 1.3.17 we get Re K(BV,).

1.9. Theorem. If K: I — L(R,) satisfies (1,1), (1,2) and (1,16), then the operator
K e B(BV,) defined by (1,19) is compact, i.e. K e K(BV,).

Proof In 1.6 we have proved that K e B(BV,). The assumptions guarantee by 1.6.5
that var} K(., t) < oo for every t € [0, 1]. Hence by the integration-by-parts formula
1.4.33 we get

129 [ Ksdots) = - | 401009 + KL ) ol1) ~ K0, 0

— Y AKo,)Atele)+ ¥ AIK(o, ) A elo)

0<o<1 O<o<t
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for any te[0, 1], where A+K(6 t)=K(o+,t)—K(o,1), A; K(o,t) = K(a, t) — Ko —, 1),
A*g(o) = @(a+) — ¢(0). A" () = 9(o) — (o).

By 1.5 the integral [} d,[K(s, )] @(s) defines a compact operator on BV,. Further
by (1,1) and (1,2) we have varg K(s, .) < oo for any se [0, 1] (cf. 1.6.6). Hence by 1.7
the expressions K(1, t) ¢(1), K(0, t) (0) determine compact operators on BV,. If we
prove that the last two terms on the right-hand side in (1,25) define compact operators
on BV,; then K € B(BV,) is expressed by (1,25) in the form of the finite sum of compact
operators and is therefore also compact.

Let us consider the term
(1.26) Y AIK(e.1) A*glo) = Re

0<o<1
from the expression (1,25). Since (1,1) and (1,16) are assumed, the set of discontinuity
points of K(s, t) in the first variable lies on an at most denumerable system of lines
parallel to the t-axis (see 1.6.8) i.e. there is a sequence ¢, [ =1,2,..., 0,€[0,1]
such that A} K(o,t) = 0 whenever ¢ + 0, | =1,2,..,0€[0,1), and te[0,1] is
arbitrary. Hence the sum R¢ from (1,26) can be written in the form

Ry = Z A K(o), 1) A" glo)).
I=1
By 1.6.15 we have
vary AfK(o, .) < w,(0,4) — wy(0y),

where @,: [0,1] - R is defined by (L6,5) for K: I - L(R,). Hence (see 1.6.7)

Ms

l;var(’, AfK(oy, ) < Y (0,(01+) — o4(ay)) < varg o, = v((K).

1

1

Further evidently

M8

|AS K(o}, 0)| < varg K(.,0) < oo

l

1

by (1,16). Hence
[A K(o,, 0)| + vary AfK(s;, .)) < o0

HFﬂg

All assumptions of 1.8 bemg satisfied we obtain that R is a compact operator acting
on BV,. In a similar way we can show that the expression Y, A;K(o,t) A~ ¢(o)

O<eox<1
from (1,25) also defines a compact operator on BV, and this yields our theorem.
From 1.9 the following can easily be deduced.

1.10. Theorem. If K: I — L(R,) satisfies (1,1), (1,2) and (1,16) and moreover

(1,27) K(s,t+) = K(s,t)  forany se[0,1], t€(0,1),
K(s,0) =0 for any sef0,1]}
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then the expression

1
(1,28) Ko = J K*(s,t)de(s), @eNBY,
0
defines a compact linear operator acting on NBV,, ie. K'e K(NBV,). (By K*(s,t)
the transposition of the matrix K(s, t) is denoted.)

Proof. Using the properties of the norm of a matrix (see 1.1.1) we easily obtain
that for K*: I - L(R,) we have varg K*(0, .) < oo, varg K*(.,0) < oo, v/(K*) < oo,
K*(s,t+) = K*(s, t) for any se€[0,1], te(0,1) and K*(s,0) = 0 for any se[0,1]
whenever the assumptions of the theorem are satisfied. By 1.9 the operator Ky
= (§ K*(s,t)dy(s), ¥ € BV, belongs to K(BV,). The operator K’ given by (1,28) is
evidently a restriction of K to the closed subspace NBV, — BV, (cf. 15.2). For an
arbitrary ¥ € BV, we have by (1,27)

1
j K*(s,0)dy(s) =0  and for any te(0,1)
]

1 1
lim J K*(s, t + &) dy(s) = J K*(s, t) dy(s)
-0+ 0 0

since by 1.4.27 we have

< sup |K*(s, t + 8) — K*(s, t)| |¥/| s,

se[0,1]

JI(K*(S, t+8) — K*(s, t)) dy(s)

0

and by 1.6.16
lim sup |[K*(s, t + 6) — K*(s,#)] = 0.

520+ sef0,1]

Hence the above mentioned operator K e K(BV,) maps BV, into NBV, when (1,27)
is satisfied and its restriction K’ to the closed subspace NBV, = BV, consequently
belongs to K(NBV,).

Let us now consider the pair of Banach spaces BV,, NBV, which form a dual
pair (BV,, NBV,) with respect to the bilinear form

(1,29) (X, @) = j x*(t)de(t), xeBV,, @eNBYV,
4]

(see 1.5.9). By the results from 1.3 we have
1 1

Kx = J d [K(s, 1)] x(t) = I d[K(s, 1)) x(t),  se[o,1]
0 (]

for every x € BV, where K(s, t) is defined by (1,9) and K(s, t) evidently satisfies (1,1),
(1,2), (1,16) and (1,27) (i.e. the assumptions of 1.10). Hence

Kx, @) = <le,[k(-, )] x(e), ¢>



11.2

for every x e BV,, ¢ € NBV,. Using 1.6.22 we obtain

1
(Kx, @) = <x, J K*(s, .) d(p(s)> for every xeBV,, ¢eNBV,,
0

ie.
(Kx, 9> = {x,K'¢p)
" where
1
(1,30) Ko = J K*(s,t)de(s), te[0,1], @eNBYV,
0

and K’ is a compact operator acting on the space NBYV,. Resuming these results
we have :

1.11. Theorem. If K: I — L(R,) satisfies (1,1), (1,2), then for the operator K € K(BV,)
given by (1,3) we have
<Kx, ¢> = <{x, K'¢)

for every x € BV,, @ e NBV, where K' € K(NBYV,) is given by (1,30) and the bilinear
form {x, > on BV, x NBY, is given by (1,29).

2. Fredholm-Stieltjes integral equations

In this section we consider the Fredholm-Stieltjes integral equation

x(t) — J;lds[K(t, s)] x(s) = f(r)

in the Banach space BV,[0,1] = BV,
The fundamental results concerning equations of this kind are contained in the
following

2.1. Theorem. If K: I - L(R,) (I =[0,1] x [0,1] = R,) satisfies
(2,1) v(K) < o0,

(2,2) var} K(0, .) < o0,

then either

I. the Fredholm-Stieltjes integral equation

1

(2.3) x(t) — j d,[K(z, 5)] x(s) = £(¢), te[0,1]
0

admits a unique solution in BV, for any f e BV, or
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I1. the homogeneous Fredholm-Stieltjes integral equation
1

24 () [ 4K = 0
0

admits r linearly independent solutions x, ..., x, € BV, where r is a positive integer.

If moreover it is assumed that

(2,5) vary K(.,0) <

(2,6) K(t,s+) = K(t,s)  forany t€[0,1], se(0,1)
and

(27) K(z,0) =0 for any te[0,1],

then in the case 1. the equation

1
(2.8) o(s) — J K*(t, s) do(t) = ¥(s)

0
admits a unique solution in NBV, for any y € NBYV, and in the case 11. the corresponding
homogeneous equation

(29) o(s) — flK*(t, s)de(t) = 0

0
admits also r linearly independent solutions @y, @,,...,¢,€ NBV,.

Proof. Let us denote by

Ax = (I — K)x = x(t) — J:dS[K(t, s)|x(s), xeBY,

the linear operator corresponding to the Fredholm-Stieltjes integral equation (2,3).
By I we denote the identity operator on BV, and K is the operator defined by (1,5).
Since 1.5 implies K e K(BV,), we have by 1.3.20 ind A = ind (I — K) = 0 and this
implies the first part of our theorem immediately.

Under the assumptions of the second part we have by 1.11 {Kx, ¢)> = {x, K'¢)
for every x e BV,, ¢ € NBV, where K'¢ = [§ K¥(t,s) dg(t) is a compact operator
acting on NBV, (see 1,10). Hence ind (I — K’) = 0 and by 1.3.20 we have ofl — K)
= ofl — K') = B(I — K) = B(I — K’). This completes the proof.

2.2. Theorem. If K: I — L(R,) satisfies (2,1), (2,2), (2,5), (2,6) and (2,7), then the
equation (2,3) has a solution in BV, if and only if

(2,10) Llf*(t) de(t) =0
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for any solution ¢ € NBV, of the homogeneous equation (2,9) and symmetrically the
equation (2,8) has a solution in NBV, if and only if

(2,11) jlx*(t) dy(t) =0

0

for any solution x € BV, of the homogeneous equation (2,4).

Proof. In the proof of 2.1 it was shown that all assumptions of Theorem 1.3.2 are
satisfied. Hence this statement is only a reformulation of the results from 1.3.2.

2.3. Remark. 2.1 and 2.3 represent Fredholm theorems for the Stieltjes integral
equations (2,3) and (2,8). It is of interest that the corresponding integral operators
occuring in these equations are not connected with one another by the usual concept
of adjointness. In this concrete situation the difficulties with the analytic description
of the dual BV,* obstruct the analytic description of the adjoint K*. Fortunately
the concept of the conjugate operator K' with respect to suitably described total
subspace NBYV, works in our case and the results are given in an acceptable form.

2.4. Remark. Let us mention that in accordance with 1.4 in the same way the con-
jugate equation (2,8) in NBYV, can be replaced by the same equation working in
NBYV,” when instead of (2,6) we assume that K(t,s—) = K(t, s) for any t€[0,1],
s€(0,1).

2.5. Theorem. Let K: I =[0,1] x [0,1] » L(R,) satisfy (2,1), (2,2) and (2,5). If the
homogeneous Fredholm-Stieltjes integral equation

(2:4) x(t) — J‘Olds[K(t, s)] x(s) =0, te[0,1]

has only the trivial solution x = 0 in BV,, then there exists a unique n X n-matrix
valued function I'(t,s): I — L(R,) such that

(2.12) vl < oo,
(2,13) vary I'(.,0) < o,
(2,14) varg I0, .) < oo,

and for all (t,s)eI the equation
1

(2,15) r(t,s) = K(t,s) + J‘ d,[K(t,7)] I'(r,s)
0

is satisfied.
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Moreover for any f € BV, the unique solution x € BV, of the Fredholm-Stieltjes
integral equation (2,3) is given by the formula

(2,16) x(t) = f(r) + J:ds[l‘(t, s)] f(s),  tefo,1].

Proof. Let us set A=1I— KeB(BY,) where Kx = (! d[K(t,s)]x(s), xeBY,
and | is the identity operator on BV, By assumption we have N(A)= {0}. Since
K e B(BV,) is compact by 1.5, we have 0 = a(A) = B(A) = dim (BV,/R(A)) by 1.3.20.
Since R(A) is closed, we obtain R(A) = BV,. Hence the Bounded Inverse Theorem
.34 implies that the inverse operator A~'e B(BV,) exists and for any fe BV,
the unique solution of (2,3) is given by A™'f and for this solution the estimate

(2.17) Ixlsv., < Clf[sv.,

holds where C = |A™"| gy, is a constant.
Let us consider the matrix equation (2,15). Evidently the I-th column I3(t, s) of
r(t,s): 1 - L(R,), | = 1,2,...,n satisfies the equation

(2,18) It s) = Kt s) + le,[K(t, )] Lir. s).,

i.e. I(t, s) satisfies in the first variable the equation (2,3) with f(t) = K¢, s) for any
se[0,1]. We have fe BV, since by 1.6.6 varj K(., s) < v/(K) + varg K(., 0) and
(2,1), (2,5) are assumed. By 2.1 the equation (2,18) has exactly one solution for any
fixed se [0, 1] and consequently the same holds also for the matrix equation (2,15).

Let us now consider the properties of the matrix I'(z, s) defined by (2,15). By (2,17)
the inequality

ITi(-, s)ll v, < C||K, 5)| 5w,

holds for every se[0,1], I =1,2,...,n. Hence (from the definition of the norm in
BV,) we obtain for any se [0, 1] the inequality

IF(0, s)| + vary I'(., s) < C(K(0, s)| + varg K(., s))

which yields (2,13). )
Let 0 = ¢y < o; <... < o = 1 be an arbitrary decomposition of [0, 1]. If I'(z, s)
satisfies (2,15), then for any j = 1,...,k and t€[0,1] we have

It o)) — It ;) = K(t, o) — K(t, ;) + le,[K(t, N](0(r, o) = I(r, 2;-1)),

i.e. the difference I'(z,a;) — I'(t, a;_,) satisfies a matrix equation of the type (2,15)
and consequently by the Bounded Inverse Theorem 1.3.4 we have as above

(2,19) |F(0, a;) — I(0, a;_, )] + var (I'(., ) — (., 2;-4))
< C(IK(O, a,) — K(0, ;)| + vard (K(.. %) — K(., ;).



Hence

j:i,'r(o’ #) - [(0,2,_,)| < C(var} K(0, .) +j§lvar(‘, (K(. ) = K(.,551))

< C(varg K(0, .) + v,(K)),

and since the subdivision 0 = oy < o, < ... < oy = 1 was arbitrary we get (2,14)
by passing to the supremum over all finite subdivisions of [0, 1].

Let now J;; = [a;_y, 0] x [o;_,0;], i,j = 1,2,...,k be the net-type subdivision
of I corresponding to the arbitrary subdivision 0 = @y < a; < ... < o = 1 of [0,1].
For I': I - L(R,) satisfying (2,15) we obtain by (2,19) the following inequality

k

2 meT) = % M (o, ) — (o, 05— 1) — T(ot— g, ) + oy, 05-4)|

ij=1 ij=1 B

<

ivekd

vary  (I(., o) — I'(., 2_4)) =jgvar(‘) (r(.,o) — I(.,2-,))

< CI:ZI(|K(0, ;) — K(0,a;_,)| + varg (K(., 2;) — K(., 2;,)))
< C(varg K(0, .) + v,(K)).

This inequality yields evidently (2,12) and the first part of the theorem is proved.

Now we prove that by (2,16) really the unique solution of (2,3) is given Since
I': I - L(R,) satisfies (2,12) and (2,14), by 1.6.18 the integral [y d [I(z, s)] f(s) exists
for any f e BV, and t € [0, 1]. Putting (2,16) into the left-hand side of (2,3) we obtain
the expression

10+ [ atrea 19 - [ o) () + [ alres1 19) = 10,
Hence )
It) = f(r) + Lds[l’ (¢, s) — K(2, s)] (s) — Ld,[K(t, ] Lds[r (r, s)] £(s)-

Using 1.6.20 we obtain
[tk [ arresn g = o ([ alxenreg)ro. e
0 =10+ [ 0] 169 - k69 + [ alen 1.9 | 169 = 100

0

since I': I - L(R,) satisfies (2,15) and consequently (2,16) gives the solution-of (2,3).
This concludes the proof of our theorem.

2.6. Remark. The matrix valued function I(t,s): I > L(R,) given in 2.6 is the
resolvent of the Fredholm-Stieltjes integral equation (2,3). This resolvent gives
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by (2,16) the unique solution of (2,3) for every fe BY,. For the existence of the re-
solvent I'(t, 5) the assumption oA) = dim (I — K) = 0 is essential.

Further let us investigate the equation (2,3) when r = oA) = dim (I — K) # 0.

By assertion II. from 2.1 the homogeneous equation (2,4) admits in this case r
linearly independent solutions x, ..., x,€ BV, and R(I — K) % BV,, ie. (2,3) has
no solutions for all fe BV,

The following theorem holds in this situation. Let K: I = [0,1] x [0,1] - L(R,)
satisfy (2,1), (2,2), (2,5) and K(z, s+) = K(t, s) for any t€[0,1], s€(0,1), K(,0) =0
forany t e [0, 1]. Then there exists ann x n-matrix valued function (¢, s): I - L(R,)
such that v,(F) < oo, var I(.,0) < oo, var} [0, .) < co and if the Fredholm-
Stieltjes integral equation (2,3) has solutions for fe BV, (ie. if fe R(I — K), see
also 2.3), then one of them is given by the formula

(2,20) x(t) = f(r) + Jlds[f(t, s)] f(s), te[0,1].
0
The general form of solutions of (2,3) is

x(t) = f(t) + les[f(t, s)] £(s) +i; o, x{(1)

where x', i = 1,...,r are linearly independent solutions of the homogeneous equation
(24) (cf. 2.1) and oy, ...,0, are arbitrary constants.

The proof of this assertion is based on some pseudoresolvent technique using
projections in BY,. The theorem is completely proved in Schwabik [6].

3. Volterra-Stieltjes integral equations

In this section we consider integral equations of the form

(1) x(t) - ﬁds[x(t, g1x) = ), te[0,1]

in the Banach space BV,[0,1] = BV, with’ fe BV,. Equations of the form (3,1)
are called Volterra-Stieltjes integral equations.

Throughout this paragraph it will be assumed that K: I = [0,1] x [0,1] - L(R,)
satisfies

(3.2) v/(K) < o0
and
(33) varg K(0, .) < o0.

Let us mention that (3,3) can be replaced by varg K(to, .) < oo, where t,€ [0, 1]
is arbitrary. This follows from 1.6.6.
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Since (3,2) and (3,3) are assumed, for every fixed te [0, 1] we have var} K(t, .) < oo
by 1.6.6. Hence for any x € BV, and t€[0,1] the integral [}, d,[K(t,s)] x(s) exists
by 1.4.19.

Let us show that the equation (3,1) is a special case of the Fredholm-Stieltjes
integral equation considered in the previous Section 11.2.

To any given kernel K: I — I(R,) satisfying (3,2) and (3,3) we define a new
“triangular” kernel K*: I - L(R,) as follows:

(34) KA(t, s) = K(t, s) — K(t,0) if 0<s<t<l,
K4z, s) = K(t,1) — K(,0) = Kr,1)  if 0<t<s<l.
It is obvious that K(z,0) = 0 for any te [0, 1] and K*(0,s) = K%(0,0) = 0 for any
se[0,1]. Let
=[o- o] x [ 05],  Gj=1,...k
be an arbitrary net-type subdivision of the interval I corresponding to the sub-
division 0 = 0y < &; < ... < o = 1 of [0, 1]. By definition (3,4) of K* we have
mealJj) =me(J;) if 0<j<ic<k,
myald ;) = 0 if 0<i<j<k
and
mya(J;;) = Ko, o) — K(og, 04-4)  for i=1,2,

(For my(J) see 1.6.2.) Hence

Z |’"KA u| i ii |mK(J,-j)| +i§1|'<(“i= o) — K, ai—l)l

i,j=1 i=1 j=1

= Z Z mi(J35)| + jl K(es, ;) — Ko, ;- 4) — K(0, o) + K(0, 0, )|

i=1 j=1

k.

+ Z |K(0,- K(0, o; )| < v/(K) + varg K(0, .).
Consequently we obtain by definition (cf. 1.6.1, 1.6.3)
(3,5) v,(K*) < v,(K) + vary K(0, .) < o

Since K*(t, s) is by definition constant on the interval [, 1] for every te[0,1],
we have

(3:6) Jlds[KA(t, s)] x(s) = 0

t

for every x € BV,. Further
t t
st[KA(t, s) — K(t, s)]x(s) = — st[K(t, 0)] x(s) =0,
0 0
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Le.

[l 569 = [[ame 269,

Using (3,6) we obtain for an arbitrary Te[0,1] the equality

(7) [[a o5 = [ ot 9109

for any x e BV, and t€[0, T].
Let us summarize these results.

3.1. Proposition. Let K: I — L(R,) satisfy (3,2), (3,3). Then for the triangular kernel
K: I — L(R,) defined by the relations (3, 4) the following is valid.

(a) vary K*(.,0) =0, vary K*0,.) =0, v,(K* < oo,
(b) for every xe BV, Te[0,1] and te[0, T] the equality (3,7) holds, i.e. by the

relation
(3.8) Kx = J:ds[K(t, s)] x(s) = L d K%t s)] x(s),  xeBY,

an operator on BV, is defined and by 1.5 we have K e K(BV,).

3.2. Remark. Proposition 3.1 states that the Volterra-Stieltjes integral equation (3,1)
is equivalent to the Fredholm-Stieltjes integral equation

(39) 0 - [ ol =10, refo].

Hence by Theorem 2.1 either the equation (3,1) admits a unique solution in BV,
for every fe BV, or the correspondirig homogeneous equation

(3,10) x(t) — ﬁdS[K(t, s)|x(s)=0, te[0,1]

has a finite number of linearly independent solutions in BV,. Our aim is to give
conditions under which the equation (3,1) is really of Volterra type, i.e. when the
equation (3,10) admits only the trivial solution x = 0 in BV,

3.3. Theorem. Let the kernel K: I — L(R,) satisfy (3,2), (3,3) and
(3,11) lim |K(t, o) — K(t, )| = 0

for any te[0,1], se(0,1]. Then the homogeneous Volterra-Stieltjes integral equation
(3,10) has only the trivial solution x = 0 in BY,,
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Proof. Let K%: I - L(R,) be the triangular kernel corresponding to K by the
relations (3,4). Since (3,11) holds we have also

(3,12) lim |K4(t, 0) — K3(t, 5)| = 0
for any te[0,1], se(0,1]. Let us set
03(0) =0,  @3s) = Vo1 x0(K*)  for se(0,1].

The function wj: [0,1] — R is evidently nonnegative and nondecreasing (see 1.6.7).
Since (3,12) holds we have wj(s—) = w3(s) for every se(0,1] by L1.6.11, ie. w5 is
left continuous on [0,1].

Assume that x e BV, is a solution of (3,10). Then evidently x(0) = 0 and

|x(s)| < |x(0)] + var} x = var§ x

for every se[0,1]. Using (b) from 3.1 we get

var x = var ([ 01t 1 9 ) = var [t x6)

for every £€[0,1]. If (1.6,14) from 1.6.18 is used then we obtain

varx = vart ([ 4K, 91 x9) < [t o < [ vars ot

and 1.4.30 yields the inequality varjx < 0 for every £e[0,1]. Hence x(s) =0
on [0,1], ie. x= 0€ BV,

3.4. Example. Let us define h(t) =0 if 0 <t <3 h(t) =1/t if <t <1, g(s)=0
if 0<s<3 g(s)=s if $<s <1 Evidently h,ge BV. If we set k(t,s) = h(t) g(s)
for (t,5)eI =[0,1] x [0,1], then clearly v,(k) < oo (cf. 1.6.4), vargk(0,.) < oo
and varg k(.,0) < co. Let us consider the homogeneous Volterra-Stieltjes integral
equation

x{t) = J:ds[k(t, 9] x(s) = k(o j «9)dgls),  te[0,1].

0

Let us set y(s) =0 for 0 <s <4, ys)=1 for 3 < s < 1. By easy computations
using 1.4,21 we obtain

t
.Jy(s)dg(s)=0 if 0<t<i,
0

t t
jy(s)dg(s)=%y(%)+'[ Ws)ds=1t if $<e<1
V] 1/2
and consequently

0 [ 900 = 10
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for every t € [0, 1]. Hence y e BV is a solution of the homogeneous Volterra-Stieltjes
integral equation and y # 0. The condition (3,11) is in this case affected. In fact,
lim (k(t, 6) — k(t,3)) = 3h(t) and h(t) + 0 e.g. for t = }.

a—+1/2 -

3.5. Remark. Example 3.4 shows that for K: I — L(R,) satisfying (3,2) and (3,3)
the corresponding homogeneous Volterra-Stieltjes integral equation (3,10) need not
have in general only trivial solutions, i.. for the corresponding operator K e K(BV,)
we can obtain in general a nontrivial null space N(I — K). If (3,11) is assumed,
then this situation cannot occur. The condition (3,11) is too restrictive as will be
shown in the following. We shall give necessary and sufficient conditions on
K: I - L(R,) satisfying (3,2) and (3,3) such that the equation (3,10) has only the
trivial solution in BV,

3.6. Proposition. Let M: I = [0,1] x [0,1] » L(R,) satisfy  v,(M) < oo,
varg M(0, .) < co. Then for any a€[0,1] there exists a nondecreasing bounded
function &: [a,1] - [0, + o) such that for every be[a, 1] and x e BV, we have

(3,13) var (J:ds[M(t, s)] x(s)) < |x(a)| (&(a+) — &) + ||x|| sy, anE(b) — Ea+))-

Proof. Let M*: I - I(R,) be the triangular kernel which corresponds to
M: I - L(R,) (see 3.1). For any te[a,b] we have (see (3,7))

t b
3.14) [[amte o1 =) = [ armie s =),
Let us define the function
t) = Via1yx@a(M®) for te(a, 1], &a)=0.

¢: [a,1] > R is evidently nondecreasing and bounded on [a, 1] (cf. 1.6.7).
From (1.6,14) in 1.6.18 we obtain

(3.15) var® (J a[M( 9] ) f Ix(s)] ()

Using 1.4.13 we have
b

G1o [ ol et = btaletat) — )+ Jim, [ oot

a+é

and for any 0 < 6 < b—a by 1.4.27
b
J‘ 6|x(s)| dé(s) < [S‘ipa bl|x(s)t (&(b) — &a+9)) < [ x] v,gan(€(b) — Elat))-
Hence (3,15) and (3,16) imply (3,13).
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3.7. Proposition. Let H: [0,1] —» L(R,) be such that

(i) vargH < oo,
(i) there is an at most countable set of points t;€[0,1],i = 1,2, ... such that

Hit) =0  for te[0,1], t#¢, i=12..,
(iii) the matrix I — H(t) is regular for all te [0, 1]. Let us define the linear operator
(3,17) Tz=[I—-H@)] '2), te[0,1] for zeBY,.
Then there exists a constant C > 0 such that
(3,18) |Tz|py, < C||z|pv,  for every zeBY,,
ie. TeB(BV,).

Proof. By (iii) the inverse matrix [I — H(t)]™" exists for every te[0, 1] and the
operator T from (3,17) is well-defined.

Since 1= (I —H(t)[I - ()] Y=[1-H(@)] ' = HE[I - H(E)] ' for any
te[0,1], we have [I—H()] ' =1+ H()[I — H()]"' and for any zeBY,
we have

(3,19) Tz=z+u
where
(3,20 u(t) = H@R)[1 — H(®)] ' z(t), te[0,1].

The assumption (i) implies u(t) = 0 for any te[0,1], t % 1¢, i=1,2,... Hence
evidently

(321) varbu = 23 Jue)] = 2.5 [HE) [1 — H()] " 2()

< 2y, 3 W) |01 = Hie] .
By (i) and (ii) we have

Ms

[H()| < [HO)| + [H(1)| + 2 Y, |H(t)| = varjH < oo ;

i=1 t;€(0,1)
hence there exists an integer i, > 0 such that |[H(t;)| < 3 for any i > i,. This implies
» 1
I—HE)] <1+ HE)| +... +[HE)F+...= —— <2
for i > i, and immediately also the inequality
5 HE 00— HE ) < 5 ) - HeT ]+ 2 5 )

<(_max |[1-HE] Y+ z);EllH(ri)l = Cy< 0

T li=1
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which yields by (3,21)
varg u < 2C,||z| v, -
Hence (see (3,19))

IT2llav., = It = HO)] ™" 2(0) + vars Tz < ([ = HO)] 7| + 1 + 2Co) [ 2] av,
and (3,18) is satisfied with C = 1 + 2C, + |[I — H(0)] |-

3.8. Proposition. Let us assume that K: I =[0,1] x [0,1] > L(R,) satisfies (3,2)
and (3,3). Define M: I — L(R,) as follows:
(3,22) M(t,5) = K(t,s) if (t,s)el, t&*s,
M(t, 1) = K(t,t—) if te(0,1],
M(0,0) = K(0,0).
Then

(i) v/(M) < oo, varyM(0,.) < o0
(i) if x€BY,, then for any fixed te[0,1] we have

lim J:ds[M(t, ] x(s) = J:ds[M(t, 9] x(9),

Lind S

i.e. the integral [ d,[M(t, s)] x(s) does not depend on the value x(t)eR,,
(iii) for every x € BV, and te[0,1] we have

(623) ([t x6) = [‘amc 916 + 0 0
where
(3,24) H(t)
H(0)
(iv) for H: [0,1] - L(R,) given by (3,24) there exists an at most countable set of
2,.

points t;€[0,1], i = 1,2,... suchthat H(t) = 0 for te[0,1], t 1, i = 1,2,.
and vary H < co.

I

K(t,t) — K(t,t—)  for te(0,1],
09

Proof. In order to prove (i (i) let us mention that M(0, s) = K(0, s) for all s [0, 1]
and consequently varg M(0, .) = vary K(0, .) < co. Further let 0 =a,<a, <...
< o = 1 be an arbitrary subdivision of [0, 1] and let

Jij= [“i—l’“i] X [“j—l, aj] > Lj=1,...,k

k
be the corresponding net-type subdivision of I. We consider the sum Y. |m(J;))|
where b=t
mp(J ;) = M(o;, ;) — M(e;, “i—l) - Moy, 0) + M(e;_,, “1—1)
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for i,j = 1, ..., k. Usual considerations using the definition of M in (3,22) give

k

i Im(J35)] < vi(K) + 42{ K, @) — Ko, a;—)].

Since o "
j; [K(ay, ;) — K(ey 0~ )|
< 3 Kt t) ~ Klop,-) = K(0.5) + K(0.5-)] + 3 [K(0.2) = K(0.3,-)
< v,(K) + var; K(0, .),
we obtain

Zk: [mp(J;)| < 5v/(K) + 4 vari K(0, .) < o0

iLj=1
and (i) holds since J,; was an arbitrary net-type subdivision.

Let t€(0,1] be ﬁxed x,y € BV, x(s) = y(s) for se[0,t). By 1.4.21 and from the
definition of M we obtain

[ 906~ i) = M)~ M) x0) ~ y(0) = 0.
Hence

T t
[[ame s = [‘a 1m0yt
0 0
or in other words: for all x € BV, we have

lim f A [M( )] x(s) = Jo A [M( 5)] x(5).

P

For t = 0 the statement is trivial. Hence (ii) is proved.
Further for any t€(0,1] and x € BV, we have

t
fds[K(t, s) — M(t,s)] x(s) = [K(z,t) — M(t, 1) — K(t,t—) + M(t, 1 —)] x(z)
0
= [K(t, 1) — K(t, t—)] x(t) = H(z) x(¢) ,
and (3,23) holds. For ¢ = 0 the equality (3,24) is evident. Hence (iii) is valid.

By 1.6.8 the set of discontinuity points of K(t, s) in the second variable s lies on
an at most countable system of lines in I which are parallel to the ¢ axis, ie. there
is an at most countable system ¢, i=1,2,... of points in [0, 1] such that H(t)
= K(t,t) — K(t,t—) =0 for all te[0,1], t*1¢, i=12,..

For any te[0, 1] we have evidently

M) = IKie ) — Ko~
< |K(t,t) — K(t,t—) — K(0, 1) + K(0,t—)| + |K(0,2) — K(0,z—)|.
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Let 0 =0y < o; <... <oy =b be an arbitrary finite subdivision of [0, 1]. Then

iél”(“i) = Ho;_y)| < 2(_2 |H (o)
< 23 [|K(os o) — Ko, =) — K(0, o) + K(0, 0= )| + |K(O, ;) — K(0, ¢, )|]
< 2(v,(K) + varg K(0, .)) < o0

and (iv) is also proved.

3.9. Theorem. Let the kernel K: I — L(R,) (I =[0,1] x [0,1]) satisfy (3,2) and
(3,3). Then the homogeneous Volterra-Stieltjes integral equation (3,10) has only the
trivial solution x = 0 in BV, if and only if the matrix 1 — (K(z, t) — K(t, t—)) is regular
for any te(0,1] *).

Proof. By (iii) from 3.8 the equation (3,10) can be written in the equivalent form

(3,29) x(t) = J;ds[M(t, s)] x(s) + H(t) x(), te[0,1]

where M: I - L(R,), H: [0,1] - L(R,) are defined by (3,22), (3,24) respectively.
Hence if we assume that for any te[0, 1] the matrix I — H(t) =1 — (K(¢, t) — K(z, t—))
is regular, then the inverse [I — H(t)] ™' exists for any t€[0,1] and (3,25) can be
rewritten in the equivalent form

(3,26) x(t) = [1 — H(¥)]™* J d[M(t,s)] x(s), te[0,1].

This equality can be formally written in the form x = TMx where

Tz =[I-H@)] '2zt) for zeBY,
and

Mx = J:dS[M(t, s)] x(s)  for xeBY,.

Assume that x € BV, is a solution of (3,10). Then evidently x(0) = 0 and by 3.7,
3.6 we have for any 6 (0 < < 1)

(3.27) I 8v,10.61 = |x(0)| + varg x = | TMx| gy, (0.6 < C|Mx] 5y, 0.5

— cvar [ M09 x69)) < RO (€0+) = 50D + [l l0) 0

= C(¢(6) — &0+)) [x|av 0.0

*) In this case we have K(0,0) = K(0,0—) if we use the agreement K(0,s) = K(0,0) for s <0, ie.
in fact I — (K(0,0) — K(0,0—)) =1 is also regular. Nevertheless this is not used in the proof of the
theorem and the result does not depend on the behaviour of K(0.0) — K(0,0—).
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where ¢: [0,1] - [0, + o0) is bounded and nondecreasing by 3.6 and C > 0 is
a constant (cf. 3.7). The function ¢ is of bounded variation and has consequently
onesided limits at all points of [0,1]. Hence we can find a 6 > 0 such that
C(&(d) — &(0+)) < 3 and by (3,27) we obtain
1% [l av.0.01 < 3 x[l8v,g0.01
ie. x(t) = 0 for all te[0,5].
Let us now assume that t*€[0, 1] is the supremum of all such positive & that

the solution x € BV, of the equation (3,10) equals zero on [0, 5]. Evidently x(t) = 0
for all t € [0, t*). Since by (ii) from 3.8 we have

J:diM(r*, s)] x(s) = lim J:dS[M(t*, s)] x(s) = 0

and [I — H(t*)] ™" exists, we have by (3,26) x(t*) = 0, i.e. x(t) = 0 for te{0,t*].
Now assuming t* < 1 we have

()= [1 = HOT" [ aTMie 1) = [ = HOI [ M0 9] x6)

for all ¢e[r* 1]. Using the same procedure as above we can determine a & > 0
such that the inequality

(%[ 8.+ 01 < 3| vt o1

holds and consequently x(t) =0 for te[t* t*+6]. Hence we obtain a con-
tradiction to the property of t*. In this way we have t* = 1, ie. x(t) = 0 for all
t€[0,1] and the “if” part of the theorem is proved.

For the proof of the “only if” part of the theorem we refer to the Fredholm alter-
native included in 2.1. (cf. also 3.2) which states that either (3,10) has only the trivial
solution x = 0 in BV, or there exists fe BV, such that the equation (3,1) has no
solutions in BV,

Let us now assume that the matrix I — (K(,t) — K(t,t—)) = I — H(¢) is not
regular for all ¢ € (0, 1]. This may occur only for a finite set of points 0 < ¢, < ... < ¢,
in (0, 1] because vargH < oo by (iv) from 3.8 and consequently [H()| < £ for all
te[0, 1] except for a finite set of points in (0, 1]. Hence [I — H(t)] ™" exists for all
te[0,1], t*t, i=1,2,...,k, and I —H(t;), i=1,2,...,k is not regular. Evidently
there exists y € R, such that y ¢ R(I — H(t,)), i.e. the linear algebraic equation

(- He)x =y
has no solutions in R,. Let us define
f)=0 for te[0,1], t+t,, f(t;)=y

and consider the nonhomogeneous equation (3,1) with this right-hand side. Let us
assume that x € BV, is a solution of this equation. In the same way as in the proof
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of the “if” part we can show that x(t) =0 for all te[0,¢,) since [I — H(t)] ™" exists
for all t€[0,t,). Using the expression (3,23) and (ii) from 3.8 for {4 d,[K(¢,, s)] x(s)
we obtain

U—MMAm=qummmwﬂm=y

and x(t,) cannot be determined since y ¢ R(I — H(t,)) and consequently there is no
x € BV, satisfying (3,1) with the given fe BV,. By the above quoted Fredholm
alternative the equation (3,10) possesses nontrivial solutions and our theorem is
completely proved.

3.10. Theorem. Assume that K: I = [0,1] x [0,1] - L(R,) satisfies (3,2), (3,3) and
the matrix 1 — K(t,t) — K(t,t—)) is regular for any te(0,1].

Then there exists a uniquely determined I': I — L(R,) such that the unique solution
in BV, to the Volterra-Stieltjes integral equation (3,1) with fe BV, is given by the
relation

(3.28) X0 =10+ [alrCo . cefo.),
0
The matrix I'(t, s) satisfies the integral equation
(3.29)  I(t,s) = K(t,s) — K(z,0) + J‘td,[K(t, nN]I(r,s) for 0<s<t<l.

We have I(t,s)=TI(t,t) for 0<t<s<l, I(,0)=0, vargI'(0,.) < o0 and
v(I') < . '

Proof. By 3.1 the equation (3,1) can be written in the equivalent Fredholm-Stieltjes
form

(3,30) x(t) — les[KA(t, s)] x(s) = £(¢), te[0,1]

where K*: I — L(R,) is the corresponding triangular kernel given by (3,4). By 3.9
the homogeneous equation

x(r) — J:ds[KA(t, s)|x(s)=0, te[0,1]

has only the trivial solution x = 0 in BV, Since K satisfies evidently all assumptions
of 2.6, we obtain by this theorem the existence of I': I - L(R,) such that the
solution of (3,30) and consequently also_of the equivalent equation (3,1) is given by

631) X0 =10+ [ alreal 9. refo.n
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where I'(t, s) satisfies the matrix integral equation
I(t,s) = K*(t,s) + Jld,[KA(t, 1] I(r,s) forall (1,s)el.
0
Using the definition (3,4) of K*(t, s) and (3,8) we have
r(t,s) = K(t,s) — K(t,0) + frd,[K(t, n]r(r,s) for 0<s<t<1
0
and (3,29) is satisfied. For 0 <t < s < 1 we have similarly

res) = ke + [ 0K s
and

I(t, 1) = K4t 1) + ~[ld,[K(t, ] r(r,t).
Hence ’

I(t,s)— It = J:d,[K(z, ] ([(r,s) — I(r,1)),

ie. I(t,s)=TI(t,t) since Theorem 3.9 yields that the homogeneous equation
x(t) — [ d,[K(t, s)] x(s) = 0 has only the trivial solution x = 0€ BV, Similarly
we obtain I'(t,0) = 0 for all ¢ € [0, 1]. The inequalities varg I'(0, .) < oo, v/(I') < o0
are immediate consequences of 2.5.

From the equality I'(t,s) = I'(t, t) valid for t < s we get

1 t
([ atre. 919 = [ atrt 919
o 0
for all x € BV, and hence by (3,31) we obtain (3,28).

3.11. Theorem. Let K:1=1[0,1] x [0,1] - L(R,) satisfy (3,2), (3,3) and let
to€[0, 1] be fixed. Then the integral equation

t
(3,32) x(t) = J d[K(t,s)] x(s), te[0,1]

to
possesses only the trivial solution x = 0 in BV, if and only if for any te(to, 1] the
matrix | — (K(t, t) — K(t, t—)) is regular and for any te[0.t,) the matrix
I + K(t, t+) — K(t, t) is regular.

The proof of this statement can be given by a modification of the proof of 3.9.
Since serious technical troubles do not occur we add only a few remarks on this
proof. It is evident that x(t,) = 0 for any solution of (3,32). The proof of the fact
that x(t) = 0 for te(to, 1] if and only if I — (K(¢,t) — K(z,t—)) is a regular matrix
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for te(to, 1], follows exactly the line of the proof of 3.9. For proving “x(t) = 0
for te[0,t,) if and only if I + K(t,t+) — K(z, ) is regular for all t€[0,t,)", the
decomposition (t€[0,¢,))

[ 1) = [ M1 x5~ (1) = Kte0) )

to to

valid for any x e BV, can be used where the integral [} d[M(z,s)] x(s) does not
depend on the value x(t). This can be done in the same way as in 3.8 when it is assumed
that M(t, s) = K(t, s) if (t,s)el, t s, M(t,t) = K(t, t+) if t€[0,1), M(1, 1) = K(1, 1).
Using the above decomposition of [;, d,[K(z, s)] x(s) the approach from 3.9 can be
used in order to prove the result.

3.12. Corollary. Let K: I — L(R,) satisfy (3,2), (3,3) and let t,€[0,1] be fixed.
Then the integral equation

(3,33) x(t) = J:' d,[K(z, 5)] x(s) + £(z), te[0,1]

has a unique solution for every fe BV, if and only if for any te(to, 1] the matrix
I — (K(¢,t) — K(t,t—)) is regular and for any te[0,t,) the matrix I+ K(t,t+)
— K(t, t) is regular.

Proof. Let us define a new kernel K: I — L(R,) as follows.
If to < t < 1, then

K(t, s) = K(t, s) for to<s<t,
K*(t, s) = K(t, ) for t<s<l1,
K*(t,s) = K(t,t,) for 0<s<t,
and if 0 <t < t,, then
K*(t,s) = —K(t,s) for t <s<t,,
K(t,s) = —K(t, 1) for 0 <s<t,
K(t,s) = —K(t,t,) for to<s<1.

It is a matter of routine to show that v,(K*) < oo, varg K"(0, .) < oo and

[[ake s 6 = [ ot 116

0 0

for every t€[0,1] and x € BV,. Hence the equation (3,33) can be rewritten in the
equivalent Fredholm-Stieltjes form

x(t) — les[K"’(t, s)] x(s) = £(1), te[0,1].
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By 3,11 the corresponding homogeneous equation

x(t) — leS[K"’(t, s)] x(s) =0, te[0,1]

has only the trivial solution if and only if the regularity conditions given in the
corollary are satisfied. The corollary follows now immediately from 2.1.

Notes

The Fredholm-Stieltjes integral equation theory is based on the investigations due to Schwabik
(2] [5)

The case of Volterra-Stieltjes integral equations was considered by many authors in terms of product

integrals, the left and right Cauchy integral or other types of integrals. See e.g. Bitzer [1], Helton [1],
Herod [1], Honig [1], Mac Nerney [2].
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