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Abstract. We consider a one-dimensional porous-elastic system with porous-viscosity and
a distributed delay of neutral type. First, we prove the global existence and uniqueness of
the solution by using the Faedo-Galerkin approximations along with some energy estimates.
Then, based on the energy method with some appropriate assumptions on the kernel of
neutral delay term, we construct a suitable Lyapunov functional and we prove that, despite
of the destructive nature of delays in general, the damping mechanism considered provokes
an exponential decay of the solution for the case of equal speed of wave propagation. In
the case of lack of exponential stability, we show that the solution decays polynomially.
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1. Introduction

In 1972, Goodman and Cowin (see [17]) gave an extension of the classical elasticity

theory to porous media by introducing the concept of a continuum theory of granular

materials with interstitial voids into the theory of elastic solids with voids. In addi-

tion, Nunziato and Cowin (see [30]) presented a nonlinear theory for the behavior of

porous solids in which the skeletal or matrix material is elastic and the interstices

are void of material. In this theory the bulk density is written as the product of

two fields, the matrix material density field and the volume fraction field. Further-

more, this representation introduces an additional degree of kinematic freedom. The

intended applications of the theory of elastic materials with voids are to geological

materials like rocks and soils and to manufactured porous materials.
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In [31], Quintanilla gave the first investigation concerning the study of asymp-

totic behavior of the solutions for a one-dimensional porous-elastic system, where he

proved that the damping through porous-viscosity is not strong enough to provoke an

exponential decay. In [1], [2], Apalara showed that the same system considered in [31]

is exponentially stable for the case of equal speeds of wave propagation. In [7], Casas

and Quintanilla studied the one-dimensional porous-elastic system in the presence

of the usual thermal effect with microtemperature damping and they used the semi-

group approach to prove the exponential stability of the solutions irrespective of the

speeds of wave propagations. In [6], Casas and Quintanilla proved that the combina-

tion of porous-viscosity and thermal effects provokes an exponential stability of the

solutions. In [26], Magaña and Quintanilla showed that viscoelasticity damping and

temperature produced slow decay in time and when the viscoelasticity is coupled with

porous damping or with microtemperatures, the system decays in an exponential way.

Delay effect arises in many applications depending not only on the present state but

also on some past occurrences and it has attracted lots of attentions from researchers

in diverse fields of human endeavor such as mathematics, engineering, science, and

economics. The presence of delay may be a source of instability of systems which

are uniformly asymptotically stable in the absence of delay unless additional control

terms have been used (see [10], [11], [18], [28], [29], [35]). Also, the introducing of

this complementary control may lead to ill-posedness as shown in many works such

as [11], [32] and the references therein. In addition to the well-known discrete delays,

there are several others and we are interested here in the neutral delay where the

delay is occurring in the second (highest) derivative; for more details, see previous

studies [12], [13], [19], [20], [24], [34] and the references therein.

Among the investigations that have been realized concerning the asymptotic be-

havior with neutral delay, we cite the work of Seghour et al. (see [33]), where they

considered the thermoelastic laminated system subject to a neutral delay





̺wtt +G(ψ − wx)x +Awt = 0, x ∈ (0, 1), t > 0,

I̺(3stt − ψtt)−G(ψ − wx)− (3s− ψ) + µθx = 0, x ∈ (0, 1), t > 0,

3I̺

(
st +

∫ t

0

h(t− r)st(r) dr

)

t

+ 3G(ψ − wx)

+4γs− 3sxx = 0, x ∈ (0, 1), t > 0,

θt − κθxx + µ(3s− ψ)tx = 0, x ∈ (0, 1), t > 0,

with boundary conditions

{
ψ(0, t) = s(0, t) = θx(0, t) = wx(0, t) = 0, t > 0,

θ(1, t) = w(1, t) = sx(1, t) = ψx(1, t) = 0, t > 0,
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and initial data

{
(w,ψ, s, θ)(x, 0) = (w0, ψ0, s0, θ0), x ∈ (0, 1),

(wt, ψt, st)(x, 0) = (w1, ψ1, s1), x ∈ (0, 1).

The authors showed, under some appropriate assumptions, that the dissipation pro-

duced by the heat equation with the frictional damping stabilize exponentially the

system even in the presence of neutral delay for the case of equal wave speeds. In

the opposite one, and with an additional assumption on the kernel, they proved

a polynomial stability.

In this paper, we consider the following porous-elastic system with porous-viscosity

subject to a distributed delay of neutral type

(1.1)






̺utt − µuxx − bϕx = 0, x ∈ (0, 1), t > 0,

J

(
ϕt +

∫ t

0

k(t− s)ϕt(s) ds

)

t

− δϕxx + bux

+ξϕ+ µ1ϕt = 0, x ∈ (0, 1), t > 0,

u(x, 0) = u0(x), ut(x, 0) = u1(x), x ∈ (0, 1),

ϕ(x, 0) = ϕ0(x), ϕt(x, 0) = ϕ1(x), x ∈ (0, 1),

ux(0, t) = ux(1, t) = ϕ(0, t) = ϕ(1, t) = 0, t > 0,

where the functions u and ϕ represent, respectively, the displacement of the solid

elastic material and the volume fraction. The parameter ̺ designates the mass den-

sity and J equals to the product of the mass density by the equilibrated inertia. The

coefficients µ, δ, ξ, µ1 are positive constants representing the constitutive parameters

defining the coupling among the different components of the materials such that

(1.2) µξ > b2,

where b is a real number different from zero. The initial data u0, u1, ϕ0, ϕ1 be-

long to the suitable functional space and the integral represents the neutral delay

term, where k is the relaxation function specified in the preliminaries. System (1.1)

was constructed by considering the following basic evolution equations of the one-

dimensional porous materials theory:

(1.3) ̺utt = Tx, J

(
ϕt +

∫ t

0

k(t− s)ϕt(s) ds

)

t

= Hx +D,

where T , H and D represent, respectively, the stress tensor, the equilibrated stress

vector and the equilibrated body force. Consequently, to get system (1.1) we take
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the constitutive equations T, H and D of the form

(1.4) T = µux + bϕ, H = δϕx, D = −bux − ξϕ− µ1ϕt,

and by combining (1.4) in (1.3), we obtain (1.1).

The main goal of this paper is to prove a global well-posedness of problem (1.1)

by using the Faedo-Galerkin method with some a priori estimates. Moreover, based

on the multipliers method along side with some assumptions on the kernel of neutral

delay, we construct a suitable Lyapunov functional and we show that the dissipation

given by the porous-viscosity is strong enough to guarantee an exponential decay

in spite of the existence of the neutral delay for the case of equal speeds of wave

propagation, that is,

(1.5) χ =
µ

̺
−
δ

J
= 0.

In the opposite one, we establish a polynomial stability result. Furthermore, in

our case and compared to the work of Seghour et al. (see [33]), we were able to

dispense the thermal effect depending only on the damping mechanism to control

the neutral delay term.

Introducing a neutral delay makes our problem different from those considered

so far in the literature. Moreover, the study of the asymptotic behavior becomes

different and more complicated than in the case of other types of delay that has

appeared in the recent literature such as in [3], [4], [8], [9], [16], [21], [22]. In other

words, a neutral-type delayed dynamical system is a more general class than delayed

systems, in the sense where it is described by a model in which the highest derivative

of the state at the present time is a function not only of the values of the passed

state, but also of the highest derivative of the passed state and this strengthens the

challenges. It is also worth mentioning that besides the fact that systems are very

reactive to small delays, on the contrary, they can be stabilized by ‘large’ neutral

delays. In fact, neutral delays are sometimes deliberately inserted into the systems

to improve the performance of the structure and this has been proven by some

works, such as [25] in which the authors showed that the dissipation given only by

the neutral delay, without damping or other dissipation terms, provokes exponential

stability of the solution.

This paper is organized as follows. In Section 2, we introduce some assumptions

and transformations needed in the next sections to prove the main result. In Sec-

tion 3, we prove the existence and uniqueness of the solution. In Section 4, we show

the decay of the energy. In Section 5 and 6, we use the energy method to prove the

exponential and polynomial stability result.
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2. Preliminaries

In this section we present our assumptions on both kernels and introduce the

energy functional and some other functionals. We use the standard Lebesgue space

L2(0, 1) and the Sobolev space H1
0 (0, 1) with their usual scalar products and norms.

Let us define the space H as

H =H1
∗
(0, 1)× L2

∗
(0, 1)×H1

0 (0, 1)× L2(0, 1),

where H1
∗
(0, 1) = H1(0, 1) ∩ L2

∗
(0, 1) and

L2
∗
(0, 1) =

{
f ∈ L2(0, 1):

∫ 1

0

f(x) dx = 0

}
.

Moreover, we define the space

H2
∗
(0, 1) = {ψ ∈ H2(0, 1): ψx(0) = ψx(1) = 0}.

To simplify the calculations, we are obliged to announce this lemma which is usable

in the following sections.

Lemma 2.1 ([33]). For any function ψ ∈ C1([0,∞);L2(0, 1)) and any k ∈

C1([0,∞)), we have the following identity:

∫ 1

0

ψ(t)

(∫ t

0

k(t− s)ψt(s) ds

)
dx

= −
1

2
(k′ � ψ)(t) +

1

2

d

dt

∫ 1

0

(∫ t

0

k(t− s)ψ2(s) ds

)
dx

+
k(t)

2

∫ 1

0

ψ2 dx− k(t)

∫ 1

0

ψ(0)ψ(t) dx,

where

(k′ � ψ) =

∫ t

0

k(t− s)

(∫ 1

0

(ψ(t) − ψ(s))2 dx

)
ds, t > 0.

Also, we need the following hypothesis to reach our aim:

(H1) The kernel k is a nonnegative continuously differentiable and summable function

satisfying

k′(t) 6 0 ∀ t > 0, k =

∫
∞

0

k(s) ds < 1.

(H2) exp(ςt)k(t) ∈ L1(R+) for some ς > 0.

113



Note that if
∫
∞

0
eςsk(s) ds <∞ and lim

t→∞

exp(ςt)k(t) <∞, then

∫
∞

0

eςs|k′(s)| ds = −

∫
∞

0

eςsk′(s) ds = −eςsk(s)
∣∣∞
0

+ ς

∫
∞

0

eςsk(s) ds <∞.

Theorem 2.1 ([5]). Let B0 ⊂ B1 ⊂ B2 be three Banach spaces. We assume that

the embedding of B1 in B2 is continuous and that the embedding of B0 in B1 is

compact. Let p, r such that 1 6 p, r 6 ∞. For T > 0 we define

Ep,r =
{
v ∈ Lp(0, T ;B0),

dv

dt
∈ Lr(0, T ;B2)

}
.

(i) If p <∞, the embedding of Ep,r in L
p(0, T ;B1) is compact.

(ii) If p = ∞ and r > 1, the embedding of Ep,r in C
0(0, T ;B1) is compact.

Also, we need to use the following transformation in order to calculate the energy

of the system and for other necessary estimations:

(2.1)

(∫ t

0

k(t− s)ϕt(s) ds

)

t

= k(t)ϕt(0) +

∫ t

0

k(t− s)ϕtt(s) ds.

We shall consider the classical energy defined by

(2.2) E(t) =
1

2

∫ 1

0

(̺u2t + µu2x + Jϕ2
t + 2buxϕ+ ξϕ2 + δϕ2

x) dx

+
J

2

∫ 1

0

(∫ t

0

k(t− s)ϕ2
t (s) ds

)
dx, t > 0.

Lemma 2.2. The energy E(t) given by (2.2) satisfies

(2.3) E′(t) 6
J

2
(k′ � ϕt)(t) − µ1

∫ 1

0

ϕ2
t dx.

P r o o f. Multiplying (1.1)1, (1.1)2 by ut, ϕt and integrating over (0, 1) and sum-

ming them up, we obtain

(2.4)
1

2

d

dt

∫ 1

0

(̺u2t + µu2x + Jϕ2
t + 2buxϕ+ ξϕ2 + δϕ2

x) dx

+ J

∫ 1

0

(
ϕt

(∫ t

0

k(t− s)ϕt(s) ds

)

t

)
dx = −µ1

∫ 1

0

ϕ2
t dx.
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By exploiting (2.1) and applying the result in Lemma 2.1, we obtain

(2.5)

J

∫ 1

0

(
ϕt

(∫ t

0

k(t− s)ϕt(s) ds

)

t

)
dx = −

J

2
(k′ � ϕt)(t) + J

k(t)

2

∫ 1

0

ϕ2
t dx

+
J

2

d

dt

∫ 1

0

(∫ t

0

k(t− s)ϕ2
t (s) ds

)
dx.

Inserting (2.5) in (2.4) and taking into account the positivity of k(t), we have (2.3).

�

R em a r k 2.1. Note that

µu2x + 2buxϕ+ ξϕ2 = µ
(
ux +

b

µ
ϕ
)2

+
(
ξ −

b2

µ

)
(ϕ)2

and because µξ > b2, we deduce that the energy E(t) defined by (2.2) is nonnegative.

In view of the boundary conditions, our system can have solutions (uniform in the

variable x), which do not decay. In other words, it is known that for the problem

determined by (1.1) we can always take solutions where u is constant. For this

reason, we impose that

(2.6)

∫ 1

0

u0 dx =

∫ 1

0

u1 dx = 0.

It is worth noting that condition (2.6) is imposed to guarantee that the solution

decays. Thus, if we want to avoid this behavior, we need to impose condition (2.6).

In addition as in [3], to be able to use Poincaré’s inequality for u, we perform the

following transformation. From (1.1)1, we observe that

∫ 1

0

utt dx = 0.

If we take υ(t) =
∫ 1

0
u dx, we observe that υ(0) =

∫ 1

0
u0 dx = 0 and υ′(0) =∫ 1

0 u1 dx = 0. Moreover, υ is a solution of the following initial value problem:




υ′′(t) = 0 ∀ t > 0,

υ(0) =

∫ 1

0

u0(x) dx = 0, υ′(0) =

∫ 1

0

u1(x) dx = 0.

The solution of the problem is given by

υ(t) =

∫ 1

0

u(x, t) dx = t

∫ 1

0

u1(x) dx+

∫ 1

0

u0(x) dx = 0.

Consequently, ∫ 1

0

u(x, t) dx = 0 ∀ t > 0.
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3. Global well-posedness

In this section, we prove the global existence and the uniqueness of the solution of

problem (1.1) by using the classical Faedo-Galerkin approximations along with some

a priori estimates. The well-posedness of (1.1) is given by the following theorem.

Theorem 3.1. Assume that (H1)–(H2), (1.2) hold, and the initial data are

(3.1) (u0, u1) ∈ H1
∗
(0, 1)× L2

∗
(0, 1),

(ϕ0, ϕ1) ∈ H1
0 (0, 1)× L2(0, 1).

Then problem (1.1) has a unique global weak solution

(3.2) u ∈ C(R+, H
2
∗
(0, 1) ∩H1

∗
(0, 1)) ∩ C1(R+, H

1
∗
(0, 1)) ∩ C2(R+, L

2
∗
(0, 1)),

ϕ ∈ C(R+, H
2(0, 1) ∩H1

0 (0, 1)) ∩ C
1(R+, H

1
0 (0, 1)) ∩ C

2(R+, L
2(0, 1)).

In addition, the solution (u, ϕ) depends continuously on the initial data.

P r o o f. We divide the proof into three steps: We first construct Faedo-Galerkin

approximations, then thanks to a priori estimates we look to prove that tn = T for

n ∈ N
∗. Finally, we pass to the limit.

Step 1: Faedo-Galerkin approximations. We construct approximations of the so-

lution (u, ϕ) by the Faedo-Galerkin method as follows (see [15] and [27]): For every

n > 1, let Wn = span{e1, e2, . . . , en} be a Hilbert basis (orthonormal basis) of

H2
∗
(0, 1) ∩ H1

∗
(0, 1) and L2

∗
(0, 1). Also, we denote by Γn = span{σ1, σ2, . . . , σn} a

Hilbertian basis of H2(0, 1) ∩H1
0 (0, 1) and L

2(0, 1). For given initial data

(u0, u1) ∈ H1
∗
(0, 1)× L2

∗
(0, 1),

(ϕ0, ϕ1) ∈ H1
0 (0, 1)× L2(0, 1),

we seek functions ynj , h
n
j ∈ C2([0, T ]) such that the approximations

(3.3)





un(x, t) =

j=n∑

j=1

ynj (t)ej(x),

ϕn(x, t) =

j=n∑

j=1

hnj (t)σj(x),

check the approximate problem

(3.4)






̺untt, −µu
n
xx − bϕn

x = 0,

Jϕn
tt + J

(∫ t

0

k(t− s)ϕn
t (s) ds

)

t

− δϕn
xx + bunx + ξϕn + µ1ϕ

n
t = 0
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with the initial data

(3.5)

{
un(x, 0) = un0 (x), u

n
t (x, 0) = un1 (x),

ϕn(x, 0) = ϕn
0 (x), ϕ

n
t (x, 0) = ϕn

1 (x),

which satisfies

(3.6)






un0 =

n∑

j=1

(∫ 1

0

u0ej dx

)
ej −→

n→∞

u0 strongly in H
1
∗
(0, 1),

un1 =

n∑

j=1

(∫ 1

0

u1ej dx

)
ej −→

n→∞

u1 strongly in L
2
∗
(0, 1),

ϕn
0 =

n∑

j=1

(∫ 1

0

ϕ0σj dx

)
σj −→

n→∞

ϕ0 strongly in H
1
0 (0, 1),

ϕn
1 =

n∑

j=1

(∫ 1

0

ϕ1σj dx

)
σj −→

n→∞

ϕ1 strongly in L
2(0, 1).

Through (3.4), we get

(3.7)





̺〈untt, ek〉L2(0,1) − µ〈unxx, ek〉L2(0,1) − b〈ϕn
x , ek〉L2(0,1) = 0,

J〈ϕn
tt, σk〉L2(0,1) + J

〈(∫ t

0

k(t− s)ϕn
t (s) ds

)

t

, σk

〉

L2(0,1)

−δ〈ϕn
xx, σk〉L2(0,1) + b〈unx, σk〉L2(0,1) + ξ〈ϕn, σk〉L2(0,1) + µ1〈ϕ

n
t , σk〉L2(0,1) = 0

with (un0 , u
n
1 ) and (ϕn

0 , ϕ
n
1 ), respectively, in Wn and Γn. According to the standard

ordinary differential equations theory, the finite dimensional problem (3.7) has a so-

lution (ynj , h
n
j )j=1,...,n ∈ C2([0, tn])

2. Then the a priori estimates that follow imply

that in fact, tn = T for all T > 0.

Step 2: Energy estimates.–A priori estimate I. For every n > 1, by integrating by

parts in (3.7), we get

(3.8)






̺

∫ 1

0

unttek dx+ µ

∫ 1

0

unxekx dx− b

∫ 1

0

ϕn
xek dx = 0,

J

∫ 1

0

ϕn
ttσk dx+ J

∫ 1

0

σk

(∫ t

0

k(t− s)ϕn
t (s) ds

)

t

dx

+δ

∫ 1

0

ϕn
xσkx dx+ b

∫ 1

0

unxσk dx+ ξ

∫ 1

0

ϕnσk dx

+µ1

∫ 1

0

ϕn
t σk dx = 0 ∀ k = 1, . . . , n.
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By multiplying (3.8)1 and (3.8)2, respectively, by (ynk )t and (hnk )t, and by using

integration by parts, we obtain

(3.9)
1

2

d

dt

∫ 1

0

(̺(unt )
2 + µ(unx)

2 + J(ϕn
t )

2 + 2bunxϕ
n + ξ(ϕn)2 + δ(ϕn

x)
2) dx

+ J

∫ 1

0

ϕn
t

(∫ t

0

k(t− s)ϕn
t (s) ds

)

t

dx+ µ1

∫ 1

0

(ϕn
t )

2 dx = 0.

We use the same technique in the proof of Lemma 2.2. We have

(3.10)
1

2

d

dt

∫ 1

0

(̺(unt )
2 + µ(unx)

2 + J(ϕn
t )

2 + 2bunxϕ
n + ξ(ϕn)2 + δ(ϕn

x)
2) dx

+
J

2

d

dt

∫ 1

0

(∫ t

0

k(t− s)(ϕn
t )

2(s) ds

)
dx

=
J

2
(k′ � ϕn

t )(t) −
(
J
k(t)

2
+ µ1

) ∫ 1

0

(ϕn
t )

2 dx 6 0.

Now integrating (3.10), we obtain

1

2

∫ 1

0

(̺(unt )
2 + µ(unx)

2 + J(ϕn
t )

2 + 2bunxϕ
n + ξ(ϕn)2 + δ(ϕn

x)
2) dx

+
J

2

∫ 1

0

(∫ t

0

k(t− s)(ϕn
t )

2(s) ds

)
dx

6
1

2

∫ 1

0

(̺(un1 )
2 + J(ϕn

1 )
2 + (δ(ϕn

x)
2 + µ(unx)

2 + 2bunxϕ
n + ξ(ϕn)2)(x, 0)) dx.

Hence, the previous inequality takes the form

En(t) 6 En(0),

where

(3.11) En(t) =
1

2

∫ 1

0

(̺(unt )
2 + µ(unx)

2 + J(ϕn
t )

2 + 2bunxϕ
n + ξ(ϕn)2 + δ(ϕn

x)
2) dx

+
J

2

∫ 1

0

(∫ t

0

k(t− s)(ϕn
t )

2(s) ds

)
dx.

In view of the hypotheses on the function k and as in Remark 2.1, we deduce

0 6 En(t) 6 En(0).

Now, since the sequences (un0 )n∈N, (u
n
1 )n∈N, (ϕ

n
0 )n∈N, (ϕ

n
1 )n∈N converge (see (3.6)),

using (H1) and (H2), we can find a positive constant C independent of n such that

(3.12) En(t) 6 C.

Then tn = T for all T > 0.
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A priori estimate II. Throught (3.3), also as (ynj , h
n
j )j=1,...,n ∈ (C2[0, T ])2 and

(ej)j>1 ⊂ H2
∗
(0, 1) ∩H1

∗
(0, 1) ⊂ H1(0, 1) →֒ C(0, 1),

(σj)j>1 ⊂ H2(0, 1) ∩H1
0 (0, 1) ⊂ H1(0, 1) →֒ C(0, 1),

we have

(3.13)

{
un ∈ C2(0, T ;H2

∗
(0, 1) ∩H1

∗
(0, 1)),

ϕn ∈ C2(0, T ;H2(0, 1) ∩H1
0 (0, 1)).

Because E = C2(0, T ;H2
∗
(0, 1)∩H1

∗
(0, 1)) is a Banach space equipped with the norm

‖un‖E = sup
t∈[0,T ]

‖un(·, t)‖H2(0,1) + sup
t∈[0,T ]

‖unt (·, t)‖H2(0,1)

+ sup
t∈[0,T ]

‖untt(·, t)‖H2(0,1) ∀n ∈ N
∗,

also F = C2(0, T ;H2(0, 1) ∩H1
0 (0, 1)) is a Banach space equipped with the norm

‖ϕn‖F = sup
t∈[0,T ]

‖ϕn(·, t)‖H2(0,1) + sup
t∈[0,T ]

‖ϕn
t (·, t)‖H2(0,1)

+ sup
t∈[0,T ]

‖ϕn
tt(·, t)‖H2(0,1) ∀n ∈ N

∗.

Taking into account (3.13), we get ‖un‖E <∞, ‖ϕn‖E <∞, and using the fact that

‖unxx‖L2(0,1) 6 ‖un‖E <∞ ∀n ∈ N
∗ and ∀ t ∈ [0, T ],

‖ϕn
xx‖L2(0,1) 6 ‖ϕn‖F <∞ ∀n ∈ N

∗ and ∀ t ∈ [0, T ],

we get

(3.14)

∫ 1

0

(unxx)
2 + (ϕn

xx)
2 dx <∞ ∀ t ∈ [0, T ].

Step 3: The limit process. From (3.12) and (3.14), we conclude that

(3.15) (un)n∈N∗ is bounded in L∞(0, T ;H2
∗
(0, 1) ∩H1

∗
(0, 1)),

(unt )n∈N∗ is bounded in L∞(0, T ;L2
∗
(0, 1)),

(ϕn)n∈N∗ is bounded in L∞(0, T ;H2(0, 1) ∩H1
0 (0, 1)),

(ϕn
t )n∈N∗ is bounded in L∞(0, T ;L2(0, 1)).

Note that the boundedness in L∞(0, T ;H2
∗
(0, 1) ∩ H1

∗
(0, 1)) is not a consequence

of (3.14) only, but we exploit it as follows:
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Throughout (3.12), we conclude

(3.16)

∫ 1

0

(unx)
2 dx <∞ ∀n > 1, ∀ t ∈ [0, T ],

and by using Poincaré inequality with (3.14), we have

sup
t∈[0,T ]

(∫ 1

0

(un)2 dx+

∫ 1

0

(unx)
2 dx+

∫ 1

0

(unxx)
2 dx

)
<∞ ∀n > 1.

Then

un is bounded in L∞(0, T ;H2
∗
(0, 1) ∩H1

∗
(0, 1)) ∀n > 1.

By using Theorem 2.1, since

⊲ the embedding of H1
∗
(0, 1) in L2

∗
(0, 1) is continuous,

⊲ the embedding of H2
∗
(0, 1) ∩H1

∗
(0, 1) in H1

∗
(0, 1) is compact,

⊲ the embedding of H1
0 (0, 1) in L

2(0, 1) is continuous,

⊲ the embedding of H2(0, 1) ∩H1
0 (0, 1) in H

1
0 (0, 1) is compact,

then the embedding of E∞,∞ in C(0, T ;H
1
∗
(0, 1)) is compact, where

E∞,∞ =
{
un : un ∈ L∞(0, T ;H2

∗
(0, 1)∩H1

∗
(0, 1)), unt =

dun

dt
∈ L∞(0, T ;L2

∗
(0, 1))

}
,

and the embedding of Ẽ∞,∞ in C([0, T ], H
1
0 (0, 1)) is compact with

Ẽ∞,∞ =
{
ϕn : ϕn ∈ L∞(0, T ;H2(0, 1)∩H1

0 (0, 1)), ϕ
n
t =

dϕn

dt
∈ L∞(0, T ;L2(0, 1))

}
.

On the other hand, from (3.15) we have that (un)n∈N∗ and (ϕn)n∈N∗ are bounded in

E∞,∞ and Ẽ∞,∞, respectively. So, there exist two subsequences (u
m)m>1 of (u

n)n>1

and (ϕm)m>1 of (ϕ
n)n>1 such that

um
m→∞
−→ u strongly in C(0, T ;H1

∗
(0, 1)),(3.17)

ϕm m→∞

−→ ϕ strongly in C(0, T ;H1
0 (0, 1)),(3.18)

which implies that

(3.19) {um}m>1 simply converges to u ∀ t ∈ [0, T ].

By using (3.13), we have umt ∈ C1(0, T ;H2
∗
(0, 1) ∩ H1

∗
(0, 1)) for all m > 1, and

by (3.19) with the dominated convergence theorem, we obtain for any t ∈ [0, T ]

120



and k ∈ N
∗

(3.20)

lim
m→∞

‖umt (·, t)− um+k
t (·, t)‖2L2(0,1) = lim

m→∞

∫ 1

0

|umt (x, t) − um+k
t (x, t)|2 dx

=

∫ 1

0

lim
m→∞

|umt (x, t) − um+k
t (x, t)|2 dx = 0.

Also, by the same way, we can write

(3.21)

lim
m→∞

‖umtx(·, t)− um+k
tx (·, t)‖2L2(0,1) = lim

m→∞

∫ 1

0

|umtx(x, t)− um+k
tx (x, t)|2 dx

=

∫ 1

0

lim
m→∞

|umtx(x, t)− um+k
tx (x, t)|2 dx = 0.

Combining (3.20)–(3.21), we get

lim
m→∞

sup
t∈[0,T ]

‖umt (·, t)− um+k
t (·, t)‖2H1(0,1) = 0,

which means that (umt )m>1 is a Cauchy sequence in X = C(0, T ;H1
∗
(0, 1)) equipped

with the norm

‖u‖X = sup
t∈[0,T ]

‖u(·, t)‖H1(0,1).

Since X = (C(0, T ;H1
∗
(0, 1)); ‖·‖X) is a Banach space, then there exists a unique

g ∈ C(0, T ;H1
∗
(0, 1)) such that

(3.22) umt
m→∞
−→ g strongly in C(0, T ;H1

∗
(0, 1)).

Now, it is left to prove that g = ut. Since the operator A defined as

A : D(A) = C1(0, T ;H1
∗
(0, 1)) ⊂ C(0, T ;H1

∗
(0, 1)) → C(0, T ;H1

∗
(0, 1)), u→ ut

is closed, that is to say if (um)m>1 ⊂ D(A) converges strongly to u ∈ C(0, T ;

H1
∗
(0, 1)) and umt = Aum, m > 1 converges strongly to g ∈ C(0, T ;H1

∗
(0, 1)), we get

u ∈ C1(0, T ;H1
∗
(0, 1)) and g = Au = ut. Using (3.17) and (3.22), we obtain

(3.23) umt
m→∞

−→ g = ut strongly in X = C(0, T ;H1
∗
(0, 1)).

Similarly, by using (3.13) and (3.18), we can easily prove that

(3.24) ϕm
t

m→∞
−→ ϕt strongly in Y = C(0, T ;H1

0 (0, 1)).
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Also, by using (3.13), we have umtt ∈ C(0, T ;H2
∗
(0, 1) ∩H1

∗
(0, 1)) for all m > 1, and

by (3.19) with the dominated convergence theorem, we obtain for any t ∈ [0, T ]

and k ∈ N
∗

(3.25)

lim
m→∞

‖umtt (·, t)− um+k
tt (·, t)‖2L2(0,1) = lim

m→∞

∫ 1

0

|umtt (x, t) − um+k
tt (x, t)|2 dx

=

∫ 1

0

lim
m→∞

|umtt (x, t) − um+k
tt (x, t)|2 dx = 0;

this last formula implies that

lim
m→∞

sup
t∈[0,T ]

‖umtt (·, t)− um+k
tt (·, t)‖L2(0,1) = 0,

which means that (umtt )m>1 is a Cauchy sequence in Z = C(0, T ;L2(0, 1)) equipped

with the norm

‖u‖Z = sup
t∈[0,T ]

‖u(·, t)‖L2(0,1).

Since Z = (C(0, T, L2(0, 1)); ‖·‖Z) is a Banach space, then there exists a unique

f ∈ C(0, T, L2(0, 1)) such that

(3.26) umtt
m→∞

−→ f strongly in C(0, T ;L2(0, 1)).

Now, it is left to prove that f = utt. By using (3.17) and (3.23), we get

(3.27) um
m→∞
−→ u strongly in C1(0, T ;H1

∗
(0, 1)).

Since the operator B defined as

B : D(B) = C2(0, T ;L2(0, 1)) ⊂ C1(0, T ;L2(0, 1)) → C(0, T ;L2(0, 1)), u→ utt

is closed, by using (3.26) and (3.27) we obtain

(3.28) f = Bu = utt,

which implies

umtt
m→∞
−→ f = utt strongly in C(0, T ;L

2(0, 1)).

Similarly, by using (3.13), (3.18) and (3.24), we can easily prove that

ϕm
tt

m→∞
−→ ϕtt strongly in C(0, T ;L

2(0, 1)).

By passing to the limit in (3.5) and (3.8), problem (1.1) admits a global weak solution

satisfying (3.2).
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The proof now can be completed arguing as in [23], Théorème 3.1.

Continuous dependence and uniqueness.–Uniqueness: Let us assume that (Λ1,Υ1)

and (Λ2,Υ2) are two global solutions of (1.1). Then (χ,Ξ) = (Λ1 − Λ2,Υ1 − Υ2)

satisfies (1.1)1 and (1.1)2 with

(3.29)

{
χ(x, 0) = χt(x, 0) = Ξ(x, 0) = Ξt(x, 0) = 0, x ∈ (0, 1),

χx(0, t) = χx(1, t) = Ξ(0, t) = Ξ(1, t) = 0, t > 0.

From the linearity of the equations and the fact that the energy E(t) is decreasing,

so that, for (χ,Ξ), we have 0 6 E(t) 6 E(0) = 0 for any t > 0, where

E(t) =
1

2

∫ 1

0

(̺χ2
t + µχ2

x + JΞ2
t + 2bχxΞ+ ξΞ2 + δΞ2

x) dx

+
J

2

∫ 1

0

(∫ t

0

k(t− s)Ξ2
t (s) ds

)
dx

satisfies

(3.30)
d

dt
E(t) =

J

2
(k′ � Ξt)(t)−

(
J
k(t)

2
+ µ1

) ∫ 1

0

Ξ2
t dx 6 0.

Hence, (χ,Ξ)(t) = (0, 0), identically. So problem (1.1) has a unique global solution.

The continuous dependence on initial data. Let (Θ,Φ) be a global solution of (1.1).

A simple integration, using Young’s inequality and the positivity of energy, we get

(3.31)

E(t) 6 E(0) +
1

2

∫ t

0

(∫ 1

0

(̺Θ2
t + µΘ2

x + JΦ2
t + 2bΘxΦ+ ξΦ2 + δΦ2

x) dx.

+
J

2

∫ 1

0

(∫ t

0

k(t− s)Φ2
t (s) ds

)
dx

)
dτ

6 E(0) +
1

2

∫ t

0

(∫ 1

0

(̺Θ2
t + (µ+ |b|)Θ2

x + JΦ2
t + (ξ + |b|)Φ2 + δΦ2

x) dx

+
J

2

∫ 1

0

(∫ t

0

k(t− s)Φ2
t (s) ds

)
dx

)
dτ

6 E(0) + ς1

∫ t

0

(∫ 1

0

(Θ2
t +Θ2

x +Φ2
t +Φ2 +Φ2

x) dx+

∫ t

0

k(t− s)Φ2
t (s) ds

)
dτ,

where

ς1 = max
{̺
2
,
1

2
(µ+ |b|),

J

2
,
1

2
(ξ + |b|),

δ

2
,
J

4

}
.

On the other hand, we have

E(t) > ς2

∫ 1

0

(
Θ2

t +Θ2
x + Ξ2

t + Ξ2 + Ξ2
x +

∫ t

0

k(t− s)Ξ2
t (s) ds

)
dx
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with

ς2 = min
{̺
2
,
J

2
,
δ

2
,
1

2

(
µ−

b2

ξ

)
,
1

2

(
ξ −

b2

µ

)
,
J

4

}
.

Applying Gronwall’s inequality to (3.31), we obtain

∫ 1

0

(
Θ2

t +Θ2
x +Φ2

t +Φ2 +Φ2
x +

∫ t

0

k(t− s)Φ2
t (s) ds

)
dx 6 eς1tE(0).

This shows that the solution of problem (1.1) depends continuously on the initial

data. This ends the proof of Theorem 3.1. �

4. Stability result

In this section, we use the energy method to study the asymptotic behavior of

solutions of system (1.1).

4.1. Exponential stability. In this subsection, we establish an exponential decay

result of solutions of problem (1.1) in the case when (1.5) holds. The same result

is obtained in [21], where the authors considered the one dimensional porous-elastic

system subject to a distributed delay and by some assumptions on the weight of

delay they proved an exponential decay of the solution. Also, in [3] the author

established an explicit and general decay rate of solution of the same system damped

via a nonlinear damping term under some properties of convex functions. In our case

the situation is completely different and this is due to the nature and form of the

neutral delay. So, we need the following lemmas.

Lemma 4.1. Let (u, ϕ) be the solution of system (1.1). Then the functional

F1(t) = J

∫ 1

0

ϕ

(
ϕt +

∫ t

0

k(t− s)ϕt(s) ds

)
dx

+
b̺

µ

∫ 1

0

ϕ

(∫ x

0

ut(y) dy

)
dx+

µ1

2

∫ 1

0

ϕ2 dx

satisfies, for any ε0 > 0,

(4.1) F ′

1(t) 6 − δ

∫ 1

0

ϕ2
x dx− 2ξ1

∫ 1

0

ϕ2 dx+
(3J

2
+

b2̺2

4µ2ε0

) ∫ 1

0

ϕ2
t dx

+ ε0

∫ 1

0

u2t dx+
Jk

2

∫ 1

0

(∫ t

0

k(t− s)ϕ2
t (s) ds

)
dx.
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P r o o f. By differentiating F1(t) and integrating by parts, we obtain

(4.2) F ′

1(t) = J

∫ 1

0

ϕ2
t dx+ J

∫ 1

0

ϕt

(∫ t

0

k(t− s)ϕt(s) ds

)
dx

− δ

∫ 1

0

ϕ2
x dx− b

∫ 1

0

uxϕdx− 2ξ1

∫ 1

0

ϕ2 dx+ b

∫ 1

0

uxϕdx

+
b̺

µ

∫ 1

0

ϕt

(∫ x

0

ut(y) dy

)
dx.

Using Young’s and Cauchy-Schwarz inequalities, we obtain

(4.3)

J

∫ 1

0

ϕt

(∫ t

0

k(t− s)ϕt(s) ds

)
dx 6

J

2

∫ 1

0

ϕ2
t dx+

Jk

2

∫ 1

0

(∫ t

0

k(t− s)ϕ2
t (s) ds

)
dx.

Using Young’s inequality, we get

(4.4)
b̺

µ

∫ 1

0

ϕt

(∫ x

0

ut(y) dy

)
dx 6

b2̺2

4µ2ε0

∫ 1

0

ϕ2
t dx+ ε0

∫ 1

0

u2t dx.

Inserting (4.3) and (4.4) into (4.2), we obtain (4.1). �

Lemma 4.2. Let (u, ϕ) be the solution of system (1.1). Then the functional

F2(t) =
δ̺b

µJ

∫ 1

0

ϕxut dx+ b

∫ 1

0

(
ϕt +

∫ t

0

k(t− s)ϕt(s) ds

)
ux dx

satisfies, for any ε1 > 0,

(4.5) F ′

2(t) 6 −
b2

4J

∫ 1

0

u2x dx+ Cε1

∫ 1

0

ϕ2
x dx+ ε1(2 + k(0))

∫ 1

0

u2t dx

+
b2k(t)

4ε1

∫ 1

0

ϕ2
0x dx+

b2k(0)

4ε1

∫ 1

0

(∫ t

0

|k′(t− s)|ϕ2
x(s) ds

)
dx

+
µ2
1

J

∫ 1

0

ϕ2
t dx+

̺b

µ
χ

∫ 1

0

ϕtutx dx,

where

Cε1 =
δb2

µJ
+
b2k2(0)

4ε1
+
ξ2

2J
.

P r o o f. By differentiating F2(t), and integrating by parts, we obtain

(4.6) F ′

2(t) =
̺b

µ
χ

∫ 1

0

ϕtutx dx−
b2

J

∫ 1

0

u2x dx+
δb2

µJ

∫ 1

0

ϕ2
x dx−

bξ

J

∫ 1

0

ϕux dx

+ b

∫ 1

0

utx

(∫ t

0

k(t− s)ϕt(s) ds

)
dx−

bµ1

J

∫ 1

0

ϕtux dx.
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Integrating by parts with respect to t the last term of (4.6), we have

b

∫ 1

0

utx

(∫ t

0

k(t− s)ϕt(s) ds

)
dx

= b

∫ 1

0

utx

(
k(0)ϕ(t)− k(t)ϕ(0) +

∫ t

0

k′(t− s)ϕ(s) ds

)
dx

= − bk(0)

∫ 1

0

utϕx dx+ bk(t)

∫ 1

0

utϕx(0) dx− b

∫ 1

0

ut

(∫ t

0

k′(t− s)ϕx(s) ds

)
dx.

Then (4.6) becomes

(4.7) F ′

2(t) =
̺b

µ
χ

∫ 1

0

ϕtutx dx−
b2

J

∫ 1

0

u2x dx+
δb2

µJ

∫ 1

0

ϕ2
x dx

− bk(0)

∫ 1

0

utϕx dx+ bk(t)

∫ 1

0

utϕx(0) dx−
bξ

J

∫ 1

0

ϕux dx

− b

∫ 1

0

ut

(∫ t

0

k′(t− s)ϕx(s) ds

)
dx−

bµ1

J

∫ 1

0

ϕtux dx.

By using Young’s inequality, we arrive at

−bk(0)

∫ 1

0

utϕx dx 6 ε1

∫ 1

0

u2t dx+
b2k2(0)

4ε1

∫ 1

0

ϕ2
x dx,(4.8)

−
bµ1

J

∫ 1

0

ϕtux dx 6
b2

4J

∫ 1

0

u2x dx+
µ2
1

J

∫ 1

0

ϕ2
t dx(4.9)

and

(4.10) +bk(t)

∫ 1

0

utϕx(0) dx 6 ε1k(t)

∫ 1

0

u2t dx+
b2k(t)

4ε1

∫ 1

0

ϕ2
0x dx

6 ε1k(0)

∫ 1

0

u2t dx+
b2k(t)

4ε1

∫ 1

0

ϕ2
0x dx.

Young’s and Cauchy-Schwarz inequalities lead to

(4.11) −b

∫ 1

0

ut

(∫ t

0

k′(t− s)ϕx(s) ds

)
dx

6 ε1

∫ 1

0

u2t dx+
b2k(0)

4ε1

∫ 1

0

(∫ t

0

|k′(t− s)|ϕ2
x(s) ds

)
dx.

By using Young’s and Poincaré inequalities, we have

(4.12) −
bξ

J

∫ 1

0

ϕux dx 6
b2

4J

∫ 1

0

u2x dx+
ξ2

J

∫ 1

0

ϕ2
x dx.

By substituting (4.8)–(4.12) in (4.7) and taking into account that χ = 0, we get (4.5).

�
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Lemma 4.3. Let (u, ϕ) be the solution of system (1.1). Then the functional

F3(t) = −

∫ 1

0

uut dx

satisfies

(4.13) F ′

3(t) 6 −̺

∫ 1

0

u2t dx+
b2

2µ

∫ 1

0

ϕ2
x dx+

3µ

2

∫ 1

0

u2x dx.

P r o o f. Differentiating F3(t) and integrating by parts, we obtain

F ′

3(t) = −̺

∫ 1

0

u2t dx+ µ

∫ 1

0

u2x dx− b

∫ 1

0

uϕx dx,

Young’s and Poincaré inequalities give (4.13). �

Lemma 4.4 ([33]). Let (u, ϕ) be the solution of system (1.1). Then the functionals

F4(t) = e−ςt

∫ 1

0

(∫ t

0

eςsH̃1(t− s)ϕ2
t (s) ds

)
dx,

F5(t) = e−τt

∫ 1

0

(∫ t

0

eτsH̃2(t− s)ϕ2
x(s) ds

)
dx

satisfy, for all t > 0,

F ′

4(t) = −ςF4(t) + H̃1(0)

∫ 1

0

ϕ2
t dx−

∫ 1

0

(∫ t

0

k(t− s)ϕ2
t (s) ds

)
dx,(4.14)

F ′

5(t) = −τF5(t) + H̃2(0)

∫ 1

0

ϕ2
x dx−

∫ 1

0

(∫ t

0

|k′(t− s)|ϕ2
x(s) ds

)
dx,(4.15)

where H̃1(t) =
∫
∞

t
eςs|k(s)| ds and H̃2(t) =

∫
∞

t
eτs|k′(s)| ds.

Now, we define the Lyapunov functional L(t) by

(4.16) L(t) = NE(t) +N1F1(t) +N2F2(t) + F3(t) +N3F4(t) +N4F5(t),

where N, N1, N2, N3 and N4 are positive constants.

Lemma 4.5. Let (u, ϕ) be the solution of (1.1). Then there exist two positive

constants κ1 and κ2 such that the Lyapunov functional (4.16) satisfies

(4.17) κ1(E(t) + F4(t) + F5(t)) 6 L(t) 6 κ2(E(t) + F4(t) + F5(t)) ∀ t > 0,

and

(4.18) L′(t) 6 −β1(E(t) + F4(t) + F5(t)) +C2k(t) +N2
̺b

µ
χ

∫ 1

0

ϕtutx dx, β1 > 0.
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P r o o f. From (4.16) we have

|L(t) −NE(t)−N3F4(t)−N4F5(t)|

6 N1J

∫ 1

0

|ϕ|

∣∣∣∣ϕt +

∫ t

0

k(t− s)ϕt(s) ds

∣∣∣∣ dx+N1
µ1

2

∫ 1

0

ϕ2 dx

+N1
|b|̺

µ

∫ 1

0

|ϕ|

(∫ x

0

|ut(y)| dy

)
dx+N2

δ̺|b|

µJ

∫ 1

0

|ϕx||ut| dx

+N2|b|

∫ 1

0

|ux|

∣∣∣∣ϕt +

∫ t

0

k(t− s)ϕt(s) ds

∣∣∣∣ dx+ ̺

∫ 1

0

|u||ut| dx.

By using Young’s, Cauchy-Schwarz and Poincaré inequalities, we obtain

|L(t)−NE(t)−N3F4(t)−N4F5(t)| 6 λ1E(t).

Therefore,

(N − λ1)E(t) +N3F4(t) +N4F5(t) 6 L(t) 6 (N + λ1)E(t) +N3F4(t) +N4F5(t);

by choosingN (depending on N1, N2, N3, N4) sufficiently large we obtain (4.17) with

κ1 = min{N − λ1, N3, N4}, κ2 = max{N + λ1, N3, N4}.

Now, by differentiating L(t), exploiting (2.3), (4.1), (4.5), (4.13), (4.14), (4.15) and

setting ε0 = ̺/(4N1), ε1 = ̺/(4N2(2 + k(0))), we get

L′(t) 6 −
(
Nµ1 −N1

(3J
2

+
b2̺2

4µ2ε0

)
−N3H̃1(0)−N2

µ2
1

J

)∫ 1

0

ϕ2
t dx

+
NJ

2
(k′ � ϕt)(t)−

̺

2

∫ 1

0

u2t dx− 2N1ξ1

∫ 1

0

ϕ2 dx

−
(
δN1 −N2Cε1 −

b2

2µ
−N4H̃2(0)

) ∫ 1

0

ϕ2
x dx

−
( b2
4J
N2 −

3µ

2

) ∫ 1

0

u2x dx− ςN3F4(t)− τN4F5(t)

−
(
N3 −

Jk

2
N1

) ∫ 1

0

(∫ t

0

k(t− s)ϕ2
t (s) ds

)
dx

−
(
N4 −

N2
2 b

2k(0)(2 + k(0))

̺

)∫ 1

0

(∫ t

0

|k′(t− s)|ϕ2
x(s) ds

)
dx

+
b2N2

2k(t)(2 + k(0))

̺

∫ 1

0

ϕ2
0x dx+N2

̺b

µ
χ

∫ 1

0

ϕtutx dx.
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We select our parameters appropriately as follows. First, we choose N2 large enough

such that
b2

4J
N2 −

3µ

2
> 0.

We pick N4 large enough such that

N4 −
N2

2 b
2k(0)(2 + k(0))

̺
> 0.

We select N1 large enough such that

δN1 −N2Cε1 −
b2

2µ
−N4H̃2(0) > 0.

We choose N3 large such that

N3 −
Jk

2
N1 > 0.

Finally, we take N large enough (even larger so that (4.17) remains valid) such that

Nµ1 −N1

(3J
2

+
b2̺2

4µ2ε0

)
−N3H̃1(0)−N2

µ2
1

J
> 0.

All these choices lead to

(4.19)

L′(t) 6 − α1

∫ 1

0

(ϕ2
t + ϕ2

x + u2t + u2x + ϕ2) dx−

∫ 1

0

(∫ t

0

k(t− s)ϕ2
t (s) ds

)
dx

+ α2k(t)

∫ 1

0

ϕ2
0x dx− ςN3F4(t)−N4τF5(t) +N2

̺b

µ
χ

∫ 1

0

ϕtutx dx,

where α1, α2 > 0.

On the other hand, from (2.2) and by using Young’s inequality, we obtain

E(t) 6
1

2

∫ 1

0

(̺u2t + Jϕ2
t + (µ+ |b|)u2x + δϕ2

x + (ξ + |b|)ϕ2) dx

+
J

2

∫ 1

0

(∫ t

0

k(t− s)ϕ2
t (s) ds

)
dx

6 ̺1

(∫ 1

0

(u2t + ϕ2
t + u2x + ϕ2

x + ϕ2) dx+

∫ 1

0

(∫ t

0

k(t− s)ϕ2
t (s) ds

)
dx

)
,

where ̺1 > 0, and which implies that

(4.20) −

∫ 1

0

(u2t +ϕ
2
t +u

2
x+ϕ

2
x+ϕ

2) dx−

∫ 1

0

(∫ t

0

k(t− s)ϕ2
t (s) ds

)
dx 6 −̺2E(t),

where ̺2 > 0. The combination of (4.19) and (4.20) gives (4.18) with C2 = α2 ×∫ 1

0
ϕ2
0x dx. �
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We are now ready to state and prove the following exponential stability result.

Theorem 4.1. Let (u, ϕ) be the solution of (1.1) and assume that (1.2),

(H1)–(H2) hold and χ = 0. Then there exist two positive constants τ1 and τ2
such that

(4.21) E(t) 6 τ2e
−τ1t ∀ t > 0.

P r o o f. By using (4.18) and the right side of (4.17), we get

(4.22) L′(t) 6 −C1L(t) + C2k(t),

where C1 = β1/κ2 > 0. Multiplying (4.22) by exp(C1t), we obtain

(4.23)
d

dt
(L(t) exp(C1t)) 6 C2 exp(C1t)k(t).

Integrating over (0, T ) inequation (4.23) and choosing C1 smaller than ς , we have

L(T ) exp(C1T ) 6 L(0) + C2

∫ T

0

exp(ςt)k(t) dt 6 L(0) + C2

∫
∞

0

exp(ςt)k(t) dt.

Thanks to the hypothesis (H2), we can write

L(T ) 6 C3 exp(−C1T ), C3 > 0,

which yields the serial result (4.21), using the fact that F4(t), F5(t) are positive and

the other side of the equivalence relation (4.17) again. The proof is complete. �

4.2. Polynomial stability. Here, similarly to [33], we prove a polynomial de-

cay result of solutions of problem (1.1) when (1.5) does not hold by assuming that

the function k verifies the same hypotheses (H1)–(H2) and the following additional

assumption:

(H3) −ωk(t) 6 k′(t) 6 0, where ω is a positive constant.

In order to establish this result, we need to introduce the second-order energyE2(t)

by using the multipliers technique as in the case of E(t). For that, by differentiat-

ing (1.1)1 and (1.1)2 with respect to time, we arrive at

(4.24)





̺uttt = µuxxt + bϕxt, x ∈ (0, 1), t > 0,

Jϕttt + J

(∫ t

0

k(t− s)ϕt(s) ds

)

tt

= δϕxxt − buxt − ξϕt + µ1ϕtt, x ∈ (0, 1), t > 0,
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with boundary conditions

uxt(0, t) = uxt(1, t) = ϕt(0, t) = ϕt(1, t) = 0, t > 0,

and initial data
{
u(x, 0) = u0(x), ut(x, 0) = u1(x), utt(x, 0) = u2(x), x ∈ (0, 1),

ϕ(x, 0) = ϕ0(x), ϕt(x, 0) = ϕ1(x), ϕtt(x, 0) = ϕ2(x), x ∈ (0, 1).

Note that

(∫ t

0

k(t− s)ϕt(s) ds

)

tt

=

(∫ t

0

k(s)ϕt(t− s) ds

)

tt

=

(∫ t

0

k(s)ϕtt(t− s) ds+ k(t)ϕt(0)

)

t

=

∫ t

0

k(t− s)ϕttt(s) ds+ k(t)ϕtt(0) + k′(t)ϕt(0).

Then system (4.24) can be rewritten as

(4.25)





̺uttt = µuxxt + bϕxt, x ∈ (0, 1), t > 0

Jϕttt + J

∫ t

0

k(t− s)ϕttt(s) ds+ Jk(t)ϕ2 + Jk′(t)ϕ1

= δϕxxt − buxt − ξϕt − µ1ϕtt, x ∈ (0, 1), t > 0,

where ϕ2 = ϕtt(0) and ϕ1 = ϕt(0) depend on x.

Theorem 4.2. The second-order energy E2(t) associated to system (1.1) de-

fined by

(4.26) E2(t) =
1

2

∫ 1

0

(̺u2tt + Jϕ2
tt + ξϕ2 + δϕ2

xt + µu2xt + 2bϕtutx) dx

+
J

2

∫ 1

0

(∫ t

0

k(t− s)ϕ2
tt(s) ds

)
dx

satisfies

(4.27) E′

2(t) 6 −Jk′(t)

∫ 1

0

ϕ1ϕtt dx− µ1

∫ 1

0

ϕ2
tt dx+

J

2
(k′ � ϕtt)(t),

and

(4.28) E2(t) 6 l ∀ t > 0.
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P r o o f. By multiplying (4.25)1 by utt, (4.25)2 by ϕtt, integrating over (0, 1) and

summing up, we obtain

(4.29)
1

2

d

dt

∫ 1

0

(̺u2tt + Jϕ2
tt + ξϕ2 + δϕ2

xt + µu2xt + 2bϕtutx) dx

+ Jk(t)

∫ 1

0

ϕttϕ2 dx+ Jk′(t)

∫ 1

0

ϕttϕ1 dx

+ J

∫ 1

0

ϕtt

(∫ t

0

k(t− s)ϕttt(s) ds

)
dx = −µ1

∫ 1

0

ϕ2
tt dx.

By using again the result in Lemma 2.1 to estimate the last term of (4.29), we get

(4.30) J

∫ 1

0

ϕtt

(∫ t

0

k(t− s)ϕttt(s) ds

)
dx

=
J

2

d

dt

∫ 1

0

(∫ t

0

k(t− s)ϕ2
tt(s) ds

)
dx− Jk(t)

∫ 1

0

ϕ2ϕtt dx

+
Jk(t)

2

∫ 1

0

ϕ2
tt dx−

J

2
(k′ � ϕtt)(t).

By using the positivity of k(t) and the combination of (4.29) with (4.30), we

have (4.26) and (4.27).

Now, by using the hypothesis (H3) and Young’s inequality, we can write

(4.31) −Jk′(t)

∫ 1

0

ϕ1ϕtt dx 6 Jδ1ωk(t)

∫ 1

0

ϕ2
tt dx+

Jωk(t)

4δ1

∫ 1

0

ϕ2
1 dx,

letting δ1 = 1/(2ω) and because k′(t) 6 0, then (4.27) becomes

E′

2(t) 6
Jω2k(t)

2

∫ 1

0

ϕ2
1 dx = ζk(t),

where

ζ =
Jω2

2

∫ 1

0

ϕ2
1 dx > 0.

A simple integration over (0, T ) and by the hypothesis (H1), we obtain (4.28). �

We introduce the functional

F̃2(t) = −
̺b

µ
χ

∫ 1

0

ϕtux dx

that satisfies

F̃ ′

2(t) = −
̺b

µ
χ

∫ 1

0

utxϕt dx−
̺b

µ
χ

∫ 1

0

ϕttux dx.
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By using Young’s inequality, we get

−
̺b

µ
χ

∫ 1

0

ϕttux dx 6
b2

8J

∫ 1

0

u2x dx+ C0

∫ 1

0

ϕ2
tt dx.

Then

F̃ ′

2(t) 6
b2

8J

∫ 1

0

u2x dx+ C0

∫ 1

0

ϕ2
tt dx−

̺b

µ
χ

∫ 1

0

utxϕt dx.

We define the following Lyapunov functional as

(4.32)

L1(t) = N(E(t)+E2(t))+N1F1(t)+N2(F2(t)+ F̃2(t))+F3(t)+N3F4(t)+N4F5(t).

The Lyapunov functional L1 defined by (4.32) is not equivalent to the energy func-

tional E, but it is equivalent to E + E2 + F4(t) + F5(t). Indeed, by using (4.32)

Young’s, Poincaré’s and Cauchy-Schwarz inequalities, we have

|L1(t)−N(E(t) + E2(t))−N3F4(t)−N4F5(t)|

6 λ1E(t) + λ2E2(t) 6 β(E(t) + E2(t)), β = max(λ1, λ2),

(N − β)(E(t) + E2(t)) +N3F4(t) +N4F5(t)

6 L1(t) 6 (N + β)(E(t) + E2(t)) +N3F4(t) +N4F5(t).

Now by choosing N sufficiently large, we obtain

̺1(E(t) + E2(t) + F4(t) + F5(t)) 6 L1(t) 6 ̺2(E(t) + E2(t) + F4(t) + F5(t)),

where

̺1 = min{N − β,N3, N4}, ̺2 = max{N + β,N3, N4}.

Therefore,

L1(t) ∼ E + E2 + F4 + F5.

Now, we are ready to state and prove the polynomial stability result.

Theorem 4.3. Let (u, ϕ) be the solution of (1.1) and assume that (1.2),

(H1)–(H3) hold and χ 6= 0. Then there exits a positive constant C3 such that

E(t) 6
C3

t
, t > 0.
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P r o o f. First, note that when χ 6= 0, we have

(4.33) F ′

2(t) + F̃ ′

2(t) 6 −
b2

8J

∫ 1

0

u2x dx+
(δb2
µJ

+
b2k2(0)

4ε1
+
ξ2

2J

) ∫ 1

0

ϕ2
x dx

+ ε1(2 + k(0))

∫ 1

0

u2t dx+
b2k(t)

4ε1

∫ 1

0

ϕ2
0x dx+

µ2
1

J

∫ 1

0

ϕ2
t dx

+
b2k(0)

4ε1

∫ 1

0

(∫ t

0

k′(t− s)ϕ2
x(s) ds

)
dx+ C0

∫ 1

0

ϕ2
tt dx.

By differentiating L1 and using (2.3), (4.1), (4.33), (4.13), (4.14) and (4.15), we get

L′

1(t) 6 − δ1

∫ 1

0

ϕ2
t dx+ δ2(k

′ � ϕt)(t)− δ3

∫ 1

0

u2t dx− δ4

∫ 1

0

ϕ2 dx− δ5

∫ 1

0

ϕ2
x dx

− δ6

∫ 1

0

u2x dx− δ7F4(t)− δ8F5(t)− δ9

∫ 1

0

(∫ t

0

k(t− s)ϕ2
t (s) ds

)
dx

− δ10

∫ 1

0

(∫ t

0

|k′(t− s)|ϕ2
x(s) ds

)
dx+ (δ11 + δ14)k(t)

− δ12

∫ 1

0

ϕ2
tt dx+ δ13(k

′ � ϕtt)(t),

where

δ1 =
(
Nµ1 −N1

(3J
2

+
b2̺2

4µ2ε0

)
−N3H̃1(0)−N2

µ2
1

J

)
, δ2 =

NJ

2
,

δ3 =
̺

2
, δ4 = 2N1ξ1, δ5 =

(
δN1 −N2Cε1 −

b2

2µ
−N4H̃2(0)

)
,

δ6 =
( b2
8J
N2 −

3µ

2

)
, δ7 = ςN3, δ8 = τN4, δ9 =

(
N3 −

Jk

2
N1

)
,

δ10 =
(
N4 −

N2
2 b

2k(0)(2 + k(0))

̺

)
, δ11 =

b2N2
2 (2 + k(0))

̺

∫ 1

0

ϕ2
0x dx,

δ12 = (Nµ1 −N2C0), δ13 =
JN

2
, δ14 = Nζ.

We select our parameters as follows. First, we choose N2 large enough such that

δ6 =
b2

8J
N2 −

3µ

2
> 0.

We pick N4 large such that

δ10 = N4 −
N2

2 b
2k(0)(2 + k(0))

̺
> 0.

We select N1 large enough such that

δ5 = δN1 −N2Cε1 −
b2

2µ
−N4H̃2(0) > 0.
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We choose N3 large such that

δ9 = N3 −
Jk

2
N1 > 0.

Finally, we take N large enough (even larger so that (4.17) remains valid) such that

δ1 = Nµ1−N1

(3J
2

+
b2̺2

4µ2ε0

)
−N3H̃1(0)−N2

µ2
1

J
> 0, and δ12 = Nµ1−N2C0 > 0.

Because k′(t) 6 0 and δ2, δ7, δ8, δ10, δ11, δ12, δ13 > 0, then

L′

1(t) 6 − δ1

∫ 1

0

ϕ2
t dx− δ3

∫ 1

0

u2t dx− δ4

∫ 1

0

ϕ2 dx− δ5

∫ 1

0

ϕ2
x dx

− δ6

∫ 1

0

u2x dx− δ9

∫ 1

0

(∫ t

0

k(t− s)ϕ2
t (s) ds

)
dx+ (δ11 + δ14)k(t)

6 − υ1

∫ 1

0

(
u2t + ϕ2

t + u2x + ϕ2
x + ϕ2 +

∫ t

0

k(t− s)ϕ2
t (s) ds

)
dx+ υ2k(t),

where υ1 = min{δ1, δ3, δ4, δ5, δ6, δ9}, υ2 = δ11 + δ14.

On the other hand, from the energy formula and by using Young’s inequality,

we obtain

E(t) 6
1

2

∫ 1

0

(̺u2t + Jϕ2
t + (µ+ |b|)u2x + δϕ2

x + (ξ + |b|)ϕ2) dx

+
J

2

∫ 1

0

(∫ t

0

k(t− s)ϕ2
t (s) ds

)
dx

6 ̺1

(∫ 1

0

(u2t + ϕ2
t + u2x + ϕ2

x + ϕ2) dx+

∫ 1

0

(∫ t

0

k(t− s)ϕ2
t (s) ds

)
dx

)
,

where ̺1 > 0, and which implies that

−

∫ 1

0

(
u2t + ϕ2

t + u2x + ϕ2
x + ϕ2 +

∫ t

0

k(t− s)ϕ2
t (s) ds

)
dx 6 −̺2E(t),

where ̺2 > 0. Then

L′

1(t) 6 −ω0E(t) + ω1k(t)

with ω0 = υ1̺2, ω1 = υ2. By integrating over (0, T ), we get

ω0E(T )T 6 −L1(T ) + L1(0) + ω1

∫ T

0

k(t) dt 6 L1(0) + ω1

∫
∞

0

k(t) dt = l.

So

E(T ) 6
C3

T
with C3 =

l

ω0
.

The proof is complete. �
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R em a r k 4.1. We note that the results obtained hold even for µξ = b2. In this

case, we have to redefine the energy as in [14] as

E(t) =
1

2

∫ 1

0

(
̺u2t + Jϕ2

t + δϕ2
x + µ

(
ux +

b

µ
ϕ
)2

+
(
ξ −

b2

µ

)
(ϕ)2

)
dx

+
J

2

∫ 1

0

(∫ t

0

k(t− s)ϕ2
t (s) ds

)
dx,

and adjust our calculations accordingly.

5. Conclusion

In this paper, we studied the asymptotic behavior of the solution of porous-elastic

system in the presence of neutral delay. Introducing a single damping mechanism

given by this type of delay makes our problem different from those considered so

far in the literature and under some assumptions imposed on the kernel of delay,

we have been able to prove an explicit energy decay rate that depends on the wave

speeds of propagation.
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