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Abstract. We present some extensions of Chu’s formulas and several striking generaliza-
tions of some well-known combinatorial identities. As applications, some new identities on
binomial sums, harmonic numbers, and the generalized harmonic numbers are also derived.
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1. INTRODUCTION

First, let us recall that the generalized harmonic numbers denoted by H,(f) are
defined to be partial sums of the Riemann zeta series:

. ~ 1
(1.1) HO):O and H,(f):zﬁ forn,r=1,2,...
k=1

When r = 1, these numbers reduce to the classical harmonic numbers, shortened as
H, = HY.

Secondly, we recall that the complete Bell polynomials can be explicitly expressed
as in [9]

B n! T1\™M1 [Ty \™M2 Ty \Mn
Bn(z1, 22, 2n) = Z my!mo! mn'(F) (5) (F) ’

mi+2mo—+...+nm,=n

Combinatorial identities is a classical topic in combinatorics that have always been
of great importance since Euler’s era. In [21], Karatsuba indicated that combinatorial
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identities are used in several combinatorial problems, number theory, probability,
the construction of computational algorithms, and mathematical physics. For some
specific references of these applications see, for example, [1], [2], [7], [11], [14], [18],
[19], [20], [24], [29], [30], [31], [33], [36].

There are various formulas and identities involving binomial coefficients. One of
these combinatorial identities is

x(r + 1)7.1.!.(x+n) = i (?)%

J=0

which appeared, for example, in [12], page 3, [14], equation (1.41) and [16], page 188.
In recent years, there has been considerable interest in providing simple probabilistic
proofs for this identity (see, for example, [26], [27], [32], [34]).

The second identity is the formula

> ()i =t
j=0 J

In the literature, this identity is usually called the Boole formula because it appears
in Boole’s classical book (see [6]). Actually, it goes back to Euler, so Gould (see [15])
renamed it to Euler’s formula.

In recent decades, Euler’s formula has received a regain of interest, therefore sev-
eral papers have been devoted to provide new proofs. The interested reader can
consult [1], [3], [4], [5], [13], [17], [22], [28].

Involving complex numbers, Katsuura (in [22]) generalized Euler’s formula as

n /n N’ 0 if 0<li< n,
Z(—1)3<‘)(b+aj) = ooy
iz J (=D)"a™n! if 1=mn,
where a and b are two complex numbers.

Extending Katsuura’s formula, Pohoata (see [28]) considered the following identity
in terms of polynomials with real coefficients:

n
> (=1yn (”) P(a+ fj) = Bl ay,
— J
7=0
where P(z) is a polynomial of degree n with leading coefficient as,.

In [8], among other results, Chu established for any two natural numbers A and 6
with 0 < 6 < A(n+1) the partial fraction decompositions of the two rational functions

1 zf

d
Mo+ 1A (z+n)A o Mz 4+ )N (z+n)N
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then he obtained several striking harmonic number identities and recovered a con-
jectured identity due to Weideman (see [35]):

n

3
(1.2 S0t () (Bt~ Ho? 4 2 4 52,)) =
k=0
In [10], Driver and his collaborators confirmed this formula via computer algebra
and symbolic calculus. It is important to note that Weideman (see [35]) declared
that this formula is one of the hardest challenges among algebraic identities.
In [37], Zhu and Luo rewrote these two identities of Chu (see [8]) in another form as

AA—1
(1 3) 1 ~ ZBj(xl,xg,...,a:j)
' Mz + DA (z+n)P = gz + k)M

and for A< M < A(n+1),

(1.4) aM zn: 1)RAM 7 k?MZ xl,xg,...,xj)
' Mz + DA (z+n)A —~ Yo+ k)Ad 7

and gave a novel proof of these two main results of Chu (see [8]) using an appropriate
contour integral and Cauchy’s residue theorem.

Motivated by these results, our purpose is to establish the following general com-
binatorial identities which are a common generalization of these important works
introduced before.

Let m and n be two positive integers. Let P(z) = 2™ (z+1)"(x+2)™ ... (x+n)™
and Q(z) € Clz] be two polynomials such that deg(Q) < m(n + 1). Then the
following algebraic identity holds true:

g (]S

1
§j=0 i=0

)

mi: C(=D)EBg (1, 22, - . 2) QD (=)
= ikl (@ + j)m—ith

where
o =m(l - D (HD + (1) HD).

Here and further, Q) (z) denotes the ith derivative of Q(x).
In addition, if Q(z) € C[z] is a polynomial of degree | with leading coefficient a;,
then we have the following identity:

zn:(_l)jm n\" e (=)™ 1B, (w1, 22, T 1) QW ()
i) = il(m—1—1)
0 if0<l<mn+1)—1,
(n)™a; ifl=m(n+1)-1.

Jj=0
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Consequently, we obtain

>y (’?ﬂw = 3Q () (Haj — H))

D (a1, )7 + (12, + H))

0 if 0<l<3n+2,
B (n))3a; if 1=3n+2.

+

Setting Q(x) = 1, the last expression reduces to the conjectured identity of Weideman
(see [35]):

n 3
S17 () 3ttty = HyP 4 (12, 4 1) =0,

2. PRELIMINARIES AND THE PROOF OF THE MAIN IDENTITIES

We first formulate the following important result.

Theorem 2.1. Let oy, qs,...,as be distinct elements in the field of complex
numbers C. For a positive integer m, let P(x) = (x — a1)™(x — a2)™ ... (z — as)™
For any polynomial Q(x) € Clz] with deg(Q) < deg(P), we have
e 90 SN D 0B, ) Q0(y)

' P(z) itk (z — o)k ’

j=1 1i=0 k=0

where

and g,(z) = H (x —a;)™ ™.

l
o
i=1,itj 7 i) i=1,i#j

= 2090 L)),
j=1 i=0
where N
Lji(x)[P] = Pj(z)(x — o)’ Z M a;)(z — aj)k
and .
P = I w=a)" = oo (o) = (Bla)
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As a consequence, we obtain the identity

m—1—1i k)(

Lji( Z klx_amzk

Therefore, by combining these identities, we can write

s m—1m—1—i (k) i
Qz 95" (0;)Q (ary)
PEx; =22 2 @ =)

j=1 i=0 k=0

On the other hand, we have

9i(x) = o(z) o fj(),

where ¢(z) = exp(mz) and f;(z) = In( [ (z — ai)_l). It is clear that
i=1,ij
<p(k5) (z) = mF exp(mz) and f;k) (z) = (=1)*(k — )! 0.1 (@), Wwhere Hy o1 (@) =
> 1/(z — a;)". Now by applying the Faa di Bruno formula [23], equation (1.13
i=1,ij
we get

);

93(‘k)($):(—1)k9j($) > m1!m2k.';!. mle( it HM[J( )> l.

mi+2mo—+...+kmr=k

It follows that
91" (a5) = (~1)g;(a;)By(ar, ..., @),

Therefore, the rest follows easily. O
Theorem 2.1 has the following corollary.
Corollary 2.1. Let m and n be two positive integers. Let P(x) x™

= 2™ x
(x—1)™...(z—n)™ and Q(z) € C[z] be two polynomials such that deg(Q) < deg(P).
We have

n)™"Q(x P\ L KT (=)D By (2, o 2) Q) (5
()Q():Z() 4 Z( ) k( KR ()

ikl (xz — j)ym—i-k ’

where
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In particular, we get

where 1 <1 <m(n+ 1), and

(’I’L')m n m m— 1 m n— j)+kBk($1,$2,---7$k)
P(x) Z( ) z% k(@ —g)m=h '

According to the expression of Theorem 2.1, we can easily obtain the following
result.

Corollary 2.2. Let m and n be two positive integers. Let P(x) = ™ (z + 1)™ x
(x +2)™...(x +n)™ and Q(z) € Clz] be two polynomials such that deg(Q) <
m(n + 1). The following algebraic identity holds true:

(2.2) (”’;3"222)(%) ZE": < >mm

1m11
7=0 =0

Z Bk) xl;xQ;" )Q(z)(_j)
> IR

where
z=m(l - D) (HY + (-1 HD).

By multiplying both sides of (2.2) by = and letting = to oo, we obtain the following
result.

Theorem 2.2. Let m and n be two positive integers. Let Q(x) € Clz] be a poly-
nomial of degree | with leading coefficient a;. Then we have the following identity:

n n mm=1 Ny 1 et —i (T1, T2y v oo Tt @) (s
Z(—l)]m<-> Z( 1) Biuo1-i(1, 2, )Q™ (=)

= i) = il(m—1—1)!
0 fo<i<m(n+1)—1,
B (n)™a; ifl=m(n+1)-1,

where
z=m(l - D) (HY + (-1 HD).
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Setting m = 1,2, 3 in Theorem 2.2, we gain the following identities.

Corollary 2.3. Let n be a positive integer and Q(x) € Clz| be a polynomial of
degree | with leading coeflicient a;. Then we have

(a) form =1

(2.3) Z(—l)’< .>Q(—j) = { : )

= J nla; Iifl =n,
(b) form =2
"\ .o if0<1<2n41,

(2.4) ;O (;) (Q' (=) = 2(Hn-j — Hj)Q(—3)) = { (a0l =2+ 1,
(c) form=3

n @)
e Y (M) () s, - m)

§=0

+ 3Q(2 D (3(H, ; — H)? + (B, + 1))

0 fO<I<3n+2,
B (nh3a; ifl=3n+2.

Remark 2.1. In the following, we derive Euler’s formula, Katsuura’s formula,
and Pohoata’s formula.

> When Q(z) = 2™, identity (2.3) gives Euler’s formula.
> When Q(x) = (b — ax)!, identity (2.3) reduces to Katsuura’s formula.
> Setting Q(x) = P(a — Bz) in identity (2.3), we obtain Pohoata’s formula.

The following example is an illustration of (2.4).

Example 2.1. Choose Q(x) = x and Q(z) = z*"! in (2.4), we derive

n

) (?)2(1 +2j(H,—j — Hj)) =0

=0
and

Z <ZL> (20 +1)72" + 22" (H,_; — H;)) = ()2,

Jj=0

respectively.
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Example 2.2. By choosing special polynomials in Corollary 2.3, we obtain
interesting identities.

> Setting Q(x) = 1, the expression of (2.5) becomes

n 3
[T 2 2
>S9 (1) 3ttty = HyP 4 (12, 4 1) =0,
— J
J

The last identity is declared as one of the hardest challenges among identities.
It is conjectured by [35], equation (20) and proved in [10] by means of symbolic
calculus and computer algebra package Sigma.

> When Q(z) = z, the formula of (2.5) reduces to the identity

n 3
(—1)7 <”> (2(Hp—j — H;) + j(3(Huej — Hj)* + (H?, + H))) = 0.
Jj=0 J

When we set Q(z) = 1 and Q(x) = 2%, where 0 is a positive integer, in the
formula (2.2), we can easily reformulate the two algebraic identities appeared in the
work of Chu (see [8]), anticipated at the beginning of this paper, as follows.

Corollary 2.4. Let m, n and 0 be three positive integers with 0 < 8 < m(n+1).
Then

n mm—1lm—1—1¢ .
i n AN (—1)k+0 lBk(iL'l T, ... {Ek)
— —1)m™ 6—1i 2 )
21 ( ) > 2 (z)J R +ymit
where

In particular, we have

(nh™ S m (M ml (=1 B (21,72, ..., Tk)
27) xm(x—l—l)m...(a:—i—n)miz( b <> ! j '

According to (2.6), we can provide a list of identities, for example the following
two examples.
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Example 2.3. Let n and 6 be two positive integers with § < n + 1. Then

n! x? _ " /n V40 50
x(m+1)...(m+n)_z(j)( 1) (x+7)

Jj=0

The last identity appeared in the work of Chu (see [8], Example 1).

Example 2.4. Let n and € be two positive integers with 6 < 2(n + 1). Then

(n})?a” N~ (Y (D d (Haey — H) 4 0577
x2<x+1>2...<x+n>2j§%<j) (e Y e )

and the corresponding harmonic number identity is

" (Y , 0 if 0<60<2n+1,
¥ ) (0= 2j(H; — Hnj)) = .
=0 J (nh* if0=2n+1.

We note that the last formula has been conjectured by Weideman in [35], equa-
tion (11) and proved in [10], Theorem 1 and recovered by Chu in [8], Example 2.

According to (2.7), we can obtain several expansion expressions involving the
generalized harmonic numbers, for example for m = 2, 3, one obtains the following
two identities.

Remark 2.2.

(n})? &Y 12 L
PP P X <.7> (G e =)
noN 1 B(Hay— Hy) | 9(Ha oy — H)?+3(HD, + HY)

jzzzo(_l) (J) ((x+j)3 ICENE (z + §)

_ (n!)3
(x+1)3...(z+n)d

Corollary 2.5. Let n be a positive integer. Let Q(z) € C[z] be a polynomial
such that deg(Q) < n+ 1. We have

n! Q(z) - (n) (=17 Q(=j)

(2.8) x(x+1)...(x+n): J (@ +7)

Jj=
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When Q(z) = ', 1=0,1,...,n, formula (2.8) reduces to

nlz! B " (n (—1)7Ft
x(x+1)...(x+n)_z<j> (x+7)

Jj=0

As a consequence, we recover the well-known identity (see, for example, [12], page 3,
[14], equation (1.41), and [16], page 188):

3. CONCLUSION

In this concluding section, we encourage the interested reader to develop the results
of this paper and examine other important algebraic identities.

Acknowledgments. The authors would like to thank the referee for the
detailed and valuable comments that helped to improve the original manuscript in
its present form.
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