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Special sets of reals and weak forms

of normality on Isbell-Mrowka spaces

VINICIUS DE OLIVEIRA RODRIGUES,
VICTOR DOS SANTOS RONCHIM, PAUL J. SZEPTYCKI

Abstract. We recall some classical results relating normality and some natural
weakenings of normality in W-spaces over almost disjoint families of branches in
the Cantor tree to special sets of reals like Q-sets, A-sets and o-sets. We introduce
a new class of special sets of reals which corresponds to the corresponding almost
disjoint family of branches being Ng-separated. This new class fits between
A-sets and perfectly meager sets. We also discuss conditions for an almost disjoint
family A being potentially almost-normal (pseudonormal), in the sense that A
is almost-normal (pseudonormal) in some c.c.c. forcing extension.

Keywords: Isbell-Mréwka spaces; almost disjoint families; almost-normal; weak
A-set

Classification: 54D15, 54D80

1. Introduction

Given a countable infinite set N, an almost disjoint family (on N) is an in-
finite collection of infinite subsets of N whose pairwise intersections are finite.
Throughout this paper we assume that [N]* " N = §. A MAD family (maximal
almost disjoint family) is an almost disjoint family which is not properly contained
in any other almost disjoint family. It is well known that there are almost disjoint
families of size ¢, see [1].

Each almost disjoint family A on N is associated to the Isbell-Mrowka space
of A, also called the U-space of A and denoted by ¥(A). This space is the set
N U A, where N is open and discrete and for each a € A, the sets of the form
{a}U (a\ F), where F' C N is finite, form an open basis for the point a. It is
easy to verify that A is a Hausdorff, locally compact (and therefore Tychonoff)
zero-dimensional non-compact separable Moore topological space.
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The topological properties of ¥(A) often depend on the combinatorial prop-
erties of A. For instance, ¥(.A) is pseudocompact if and only if A is MAD and
U (A) is metrizable if and only if A is countable. W-spaces provide a rich source of
counter-examples to many topological questions including questions about con-
vergence and compactness, and there are many interesting and difficult problems
about the combinatorial properties of almost disjoint families that are interesting
in their own right. As good introductions to this field of study we mention [10]
and [8].

To improve our notation, we say that an almost disjoint family A has a certain
topological property if and only if ¥(.A) has this topological property. So the
statement “A is normal” means the same as “U(.A) is normal”.

The normality of Isbell-Mréwka spaces has been extensively studied, perhaps
initially in relation to the normal Moore space problem. These problems are
closely related to the concept of @Q-set, a special kind of sets of reals:

Definition 1.1. Let X be a Polish space. We say A C X is a Q-set if and only
if A is uncountable and every subset of A is Gy relatively to A. We say A C X
is a A-set if and only if A is uncountable and every countable subset of A is
a Gy relatively to A.

We have the following classical result. We give [9] as a reference.

Theorem 1.2. The following are equivalent:

(1) There is a Q-set.
(2) There is an uncountable normal Isbell-Mréwka space.
(3) There is a separable normal non-metrizable Moore space.

The proof (1) < (2) of the proposition above is sketched as follows: given a set
X C 2% of reals, we may define an almost disjoint family on N = 2<% named Ax
consisting of the sets ay = {z|,: n € w} for x € X. Then it is shown that Ax is
normal if and only if X is a Q-set. Moreover, it is shown that if A is a normal
almost disjoint family on w, then it is a @-set of the Polish space P(w).

Of course, the existence of a @-set (and so all the above statements) are in-
dependent of the axioms of ZFC (Zermelo—Fraenkel set theory with the axiom
of choice). For instance, under CH (continuum hypothesis) (2) fails since such
a space would be a separable normal space with a closed discrete subspace of
size ¢, which violates Jones’s lemma, and under p = ¢, every set of reals of size
less than ¢ = p is a @-set (since the natural poset for making a subset of a given
set relative G5 is o-centered, as mentioned in [2]).

The main contribution of this paper is the introduction of a new class of special
subsets of the reals which we call weak A-set. For information on the classical
special subsets of reals, such as o-sets, A-sets and Q-sets we refer to [14].
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In the past decades several weakenings of normality have been proposed and
studied. A topological space is pseudonormal if for every closed set K and every
countable closed set F' disjoint from K there exist disjoint open sets U,V such
that F C U, K C V. It is mentioned in [9] that X C 2% is a @-set if and only
if Ax is normal and that an almost disjoint family A is normal, then it is a ()-set
of P(w). On the other hand, they mention that X C 2“ is a A-set if and only
if Ax is pseudonormal and if an almost disjoint family A is pseudonormal, then
it is a A-set of P(w). The proofs are similar.

Other weakenings of normality have been studied in the realm of Isbell-Mréw-
ka spaces. We cite [7], [4] as recent works.

In [7], several weakenings of normality in Isbell-Mréwka spaces have been stud-
ied including the notion of almost-normal. We say that a topological space is
almost-normal if and only if for every closed set K and every regular closed set F'
disjoint from K there exist two disjoint open sets U, V such that K C U and
F C V. They asked if there exists an almost normal Isbell-Mréwka space which is
not normal, or, more strongly, if there exists a MAD family whose Isbell-Mréwka
space is almost-normal. In [4], V. Rodrigues and V. Ronchim used forcing to show
that the answer to the former is consistently positive with both CH and —CH.
The latter is still open.

In [4], in order to produce the mentioned example something which was defined
as “almost Q-set” was used. This definition, which will be stated in the next
section, was designed to work with almost-normality in the same way as Q-sets
work with normality, that is, in a way such that X C 2“ is an almost Q-set if
and only if Ay is almost-normal. In this paper, we show that this class of sets
actually is the well known class of the o-sets of reals, see [14].

In [7], P. Szeptycki and S. Garcia-Balan defined the notion of an strongly No-
separated almost disjoint family, which is an almost disjoint family where every
pair of disjoint closed countable sets can be separated by a clopen set. They
proved that every almost-normal almost disjoint family is strongly Ny-separated.
In this paper we introduce a new class of special subsets of the reals which we call
weak A-sets which fits between the class of A-sets and the class of perfectly meager
sets. Recall that X C 2“ is perfectly meager if and only if its intersection with
every perfect set P is meager in P. It follows that X C 2¢ is weak A if and only
if Ax is strongly Np-separated, and that if an almost disjoint family A is strongly
Ng-separated then it is a weak A-set of P(w). Cousistently, there are perfectly
meager sets which are not weak A-sets. We do not know if there is a weak A-set
which is not a A-set.
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2. Almost-normality and o-sets

As mentioned in the introduction, throughout this paper we will give special
attention to the almost disjoint families of branches in the Cantor tree 2<%:

Definition 2.1. Let X C 2%, the almost disjoint family induced by X (over
N = 2<¥) ig the family Ax = {a,: z € X}, where a, = {z|,: n € w} for each
zecX.

We denote X = {z|,: n € w,z € X} and for a subset K C U(Ay), we define
(Kyx ={zr € X:a, € K}.

Notice that almost disjoint families of branches are never MAD because each
element of Ax intersects each infinite anti-chain in 2<“ at most in one point. It
is worth mentioning that for this special class of almost disjoint families some
topological properties from ¥(Ax) can be characterized in terms of topological
properties of the set X. The proposition below is probably folklore, but we include
the proof for completeness.

Proposition 2.2 (Folklore). Given X C 2¢ and Y C X. The following are
equivalent:

(1) Ay and Ax\y can be separated in Ax;
(2) Yand X \Y are F, in X.

ProOOF: (1) = (2): Let Z C 2<“ be a partitioner for Ay and Ax\y such that
forall yeY and z € X \Y, ay C* Z and a, N Z =* (). It follows that:

Y={yeX:a,C Z}= ] [ {veX: ylmeZ}.

ncwm>n

closed in X

Notice that Zy = 2<“\ Z is a partitioner for Ay and Ax\y such that A, C* Zy
if and only if x € X \ 'Y, so one concludes that X \ 'Y is also an F,, set of X.

(2) = (1): For F C 2%, we denote F = {z|,: n € w, z € F}.

Write Y = {J,,c., Frn and X\ Y = J,,c,, Gn, where F,, and G, are closed in X.
We proceed by a standard shoelace argument. Define Jy = f}), Ky = éo \ f}),
and, recursively, J, = ﬁn \ (UKH (A?Z), K, = én \ (UKn }AQ) for n > 0. Let
J = Upnew JIn- It follows that J N K, = 0 for all m e w. We claim that J is
a partitioner separating Ay from Ax\y.

If a, € Ay, then x € Y so there exists an n € w such that x € F,,. Since
U, <, Gi is closed, there exists k € w such that {f € 2*: z|x C f}NU,., Gi = 0.
Hence, a, C* J, C J. Similarly, if a, € Ax\y, then a, NJ =* 0. O

necw

Given an almost disjoint family A4 over N, we say that a set J C N is a parti-
tioner for disjoint subfamilies B,C C A if and only if the following are satisfied:
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(1) Forall ae A, a C* JoranJ =*
(2) forall be B, bC* J;
(3) forall ceC,ecnJ=*0.

It is well known and easy to see that an almost disjoint family A is normal
if and only if for all B C A, there exists a partitioner for B and A\ B. As an
immediate consequence of this fact and the previous result, we obtain the following
folklore result:

Corollary 2.3. X is a Q-set of 2¢ if and only if ¥(Ax) is normal.

Recall that an almost disjoint family A is strongly No-separated if and only if
each pair of countable disjoint subfamilies B,C C A can be separated by a parti-
tioner (or, equivalently, B,C can be separated by a clopen subset of ¥(.A)). This
definition was first presented in [7], it is weaker than almost-normality and under
CH there exist strongly Ng-separated MAD families.

Corollary 2.4. Let X C 2%. Suppose that for every pair of countable disjoint
subsets Y, Z C X there exists F C 2% which is both F, and Gy (that is, a AY-set)
satisfying:
Ay C Apnx and Az C AX\F-

Then ¥ (Ayx) is strongly Ng-separated.
PRrROOF: Let B and C be countable disjoint subfamilies of Ax. Then there exist
countable disjoint subsets Y, Z C X such that B= Ay and C = Az. Let F C X
be a F,-G; set that separates B and C. By Proposition 2.2, B and Ax \ B are
separated. Thus, Ax is strongly No-separated. ([
Proposition 2.5. Let K C ¥(Ax). The following are equivalent:

(1) There exists W C 2<% such that K = cl(W) N Ax;

2) (K)x={reX:a, € K} isGs in X.
PrOOF: (1) = (2): Let W C 2<% such that K = cl(W) N Ax. It follows that:

{reX:aeKy={zeX: ja,nW|=w}=[) | {zreX: 2|, eW}.

ncwm>n

open set in X

Thus, it is a Gs-set of X.

(2) = (1): Suppose (K)x is a G5 subset of X. Write (K)x = ()¢, Un,
where each U, is an open subset of X and U,, C U,,, whenever n > m.

For each n, write U, = J{[s]: s € L.}, where L,, is a countable subset of 2<“
such that for all s,t € L,,, s,t are incompatible and for all s € L,,, |s| > n.

Let W = J{Ln: n € w}. We claim that clWNAx = K.
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Suppose a € cl(W) N Ax. Let = € X be such that a = a,. It suffices to see
that € U, for every n € w. Fix n. Since a, € cl(W), there exists infinitely many
m € w such that x|, € W = ., Lx. Since all members of Lj are pairwise
incompatible, for each k, x|,, € Ly for at most one m. So there exists m € w and
k > n such that x|, € Lk, so x € Uy C U,.

On the other hand, if a € K, let x € (K)x be such that a = a,. Then z € U,
for all n € w, that is, for each n € w there exists s,, € L,, such that s,, C x. Since
|sn| > n for each n and s, € W, this implies that = € cl(W). O

In [4, Theorem 3.6] equivalent conditions to almost-normality in WU-spaces were
presented. In particular, the authors have shown that for an arbitrary almost
disjoint family A, the following holds:

For all regularly closed set F, there exists

2.6) ¥ is almost 1
(2:6) W(A) is almost normal <= a partitioner for FN.A and A\ F.

Definition 2.7. Let X be a Polish space. We say that a subset A C X is a o-set
if and only if every relative G5 subset of A is relative F,.

Definition 2.8. An almost @Q-set in 2“ is an uncountable subset X C 2% such
that for every W C 2<% [W]x = {z € X:Vm € w In > m (x|, € W)} (which
is {x € X: |ap, NW|=w}) is an F,, subset in X.

Combining (2.6) and Proposition 2.5 yields an indirect proof that the almost
Q-sets defined in [4] are, in fact, the well-known class of o-sets:

Theorem 2.9. Let X C 2%. The following are equivalent:

(1) Ax is almost-normal;
(2) X is o-set;
(3) X is an almost Q-set.

PROOF: The equivalence between (1) and (3) is established in [4, Corollary 4.4].
(1) = (2) Let Y C X be a relative G5 set and consider K = Ay. Notice that
(K)x =Y is a G set, thus by Proposition 2.5 there exists W C 2<% such that
Ay = cl(W) N Ax. Since cl(W) is a regularly closed set, by (2.6) there exists
a partitioner Z C 2 for Ay and Ax\y. Then, by Proposition 2.2, Y is also
a relative F, set.
(2) = (3) It is clear that for every W C 2<%, [W]x is a Gs. O

Recall that a Luzin family (Luzin* family) is an almost-disjoint family A of
size wy for which there exists an injective enumeration A = {as: @ < w1} such
that Va <wi; Vn e w{8 < a: agNay C n} is finite (such that Va <wy Vn € w
{# < a:lag Nay| < n} is finite). Clearly, every Luzin* family is a Luzin family.
Luzin families fail to be normal badly: for every pair of disjoint uncountable sets
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B, C of A there is no X C w such that for every a € B, a C* X and for every
aelC,anX =*0.

Recall that a forcing pre-order has the c.c.c. (countable chain condition) if and
only if it has no uncountable antichains. In that case, we say it is a c.c.c. forcing.
It is well known that c.c.c. forcings preserve cardinals. In [11], M. Hrusdk and
0. Guzman introduced the notion of an almost disjoint family potentially having
a property P. Given a property P of almost disjoint families and an almost
disjoint family A, they defined A is potentially P if there exists a c.c.c. forcing
notion P such that 1 IFp A is P. They showed that A is potentially normal if and
only if A has no n-Luzin gap (see their paper for the definition).

We can ask if there is a nice characterization for potentially almost-normal
almost disjoint families. We don’t have an answer for this question. However, we
have the following:

Proposition 2.10 (ZFC). There exists a Luzin* family which is not potentially
almost-normal. In fact, there exists a Luzin* family which is not almost-normal
and remains not almost-normal after forcing with any poset preserving cardinals.

PROOF: Let {a,: n € w} be a partition of w into infinite sets. For each n, let
X, be an infinite subset of ag,, such that as, \ X,, is infinite. Let X = Unew X,
For each infinite countable ordinal «, let ¢, : w — a be a bijection.

With (a,: n € w) already fixed, we will recursively define (a: w < o < w)
such that for all o < wy:

(1) aq € [w]¥ and a, Nag is finite for every 8 < a,
(ii) Vn ew {B < a: |ag Nay| < n} is finite,
(iii) if @ is odd, then a, N X = 0, and
(iv) if « is even, then X splits a,, that is, both a, \ X and a, N X are infinite.

The items (i) and (ii) guarantee that A = {as: o < w1} is a Luzin* family,
(iii) and (iv) guarantee that X is such that {a < w;: |aq N X| = w} is the set of
even countable ordinals.

Notice that (i)—(iv) hold for o € w. Having constructed ag for 8 < a for some
infinite o < wy, we construct a,, as follows: for each n, let s, C ay, (n)\U, <y, 0. (i)
such that |s,| = n. If « is odd, we choose s,, such that s, N X = ), which is
possible by (iii) and (iv). If « is even and ¢, (n) is even, we choose s, C X,
which is possible by (iv), and if ¢, (n) is odd, we choose s, such that X Ns, = 0,
which is possible by (iii). It is clear that by letting an = U{sn: n € w}, (i)—(iv)
are satisfied.

Now if V[G] is a forcing extension of V preserving cardinals, A is still a Luzin*
family in V[G] and {as: o < wis even} U X is a regular closed subset of ¥(.A)
that cannot be separated from the closed set {an: @ < wis odd} since that
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would imply the existence of a partitioner for the uncountable sets {aq: @ < w is
even} U X and {aq: o < w is odd}, violating the fact that A is Luzin*. O

Such a set X does not exist for every Luzin family. For instance, in Exam-
ple 2.10 in [7], CH is used to construct a MAD Luzin family A for which for every
X Cw, {a € A: |[an X| = w} is either finite or co-countable. It is not clear for
us if that Luzin family is potentially almost-normal.

Question 2.11. Is it consistent that there is an almost-normal Luzin-family?
What about a potentially almost-normal one?

Question 2.12. What is a nice characterization of potentially almost-normal
almost disjoint families?

We note that for any Luzin family A and for any uncountable set B C A
whose complement is also uncountable, we can add, by a c.c.c. forcing, a set X
such that B={a € A: |[aN X| = w}, thus:

Proposition 2.13. Every Luzin family is potentially not almost-normal.

PrROOF: Let A be a Luzin family, let B C A be an uncountable set whose
complement in A is also uncountable. Consider Solovay’s poset, see [12], for
adding a set X almost disjoint with A\ B , i.e., P = [w]<¥ x [A\ B]<¥ or-
dered by (s, A) < (', A") (< means stronger) if and only if s D s’, A D A’ and
Vnes\s (n¢lJA). O

Notice that A may potentially have a property P and potentially have prop-
erty - P.

3. Pseudonormality and A-sets

In [4] the authors extended the definition of strongly Ro-separated almost dis-
joint family, introduced in [7], in the following way: an almost disjoint family .4
is said to be strongly (g, < ¢)-separated if and only if every pair of disjoint sub-
families of A can be separated, provided one is countable and the other has size
less than ¢. This stronger property is useful to distinguish, at least consistently,
almost-normal and strongly Ny-separated almost disjoint families because, under
the assumption p > wq, a Luzin family is strongly (R, < ¢)-separated and it is not
almost normal. This separation property can be further extended in the following
natural way:

Definition 3.1. We say that an almost disjoint family A is strongly (R, c)-
separated if and only if for every countable subfamily B C A, B and A\ B can
be separated.
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It turns out that this property is the combinatorical equivalent of the well
known topological property, pseudonormality. Recall that a topological space X
is pseudonormal if and only if for every pair of disjoint closed sets, with at least
one of them being countable, can be separated by disjoint open sets.

Proposition 3.2. Let A be an almost disjoint family. The following are equiva-
lent:

(1) A is strongly (Ro, ¢)-separated.
(2) W(A) is pseudonormal.

PROOF: (1) = (2): Let F,G be disjoint closed subsets of ¥(A), where F is
countable. Then, there exists a partitioner Z C w for AN F and A\ F. The set
H={a€ A: a C* Z}UZ is clopen and it follows that C = HU(FNw) is a clopen
set that separates FN.A and A\ F. Now it is easy to check that C' = C'\ (GNw)
is a clopen set that separates F' and G.

(2) = (1): Given a countable subset B of A, it suffices to show a partitioner
for B and A\ B. Let C be a clopen set separating these two closed sets. It is
straightforward to show that P = C Nw works. O

We will stick with the term pseudonormality. The following folklore proposition
is already known, as noted in [6]. The proof can be obtained as a corollary of
Proposition 2.2. and we write it for completeness.

Recall that X C 2¥ is a A-set if and only if every countable subset of X is
relative Gg.

Proposition 3.3. Let X C 2“. The following are equivalent:

(1) X is a A-set;
(2) ¥(Ax) is pseudonormal.

PrOOF: (1) = (2): By the previous proposition, it is enough to prove that
A is strongly (R, ¢)-separated. If B C Ax is a countable subfamily, there exists
a countable set Y C X such that B = Ay and Ax \ B = Ax\y. Since Z and
X\ Z are F, sets, by Proposition 2.2, B and Ax \ B are separated.

(2) = (1): Let Y C X a countable set. Then Ay and Ax\y are separated
by disjoint open subsets U O Ay and V' 2 Ax\y. One can check that U and V'
are clopen sets. Then, by Proposition 2.2, Y is a G5 set in X. (|

The reader may notice that, by the previous proof, in U(Ax), for a pair of
disjoint closed subsets F, G, provided at least one of them is countable, it holds:

F and G are separated F and G are separated
(3.4) =
by open sets by clopen sets.
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It is worth noting that by [7, Proposition 3.3], we do have MAD strongly Ng-
separated families. However, the same does not happen for pseudonormal families
since, as it is known, in a MAD family we cannot separate an infinite countable
set from its complement.

Proposition 3.5. If A is a pseudonormal almost disjoint family, then A is not
MAD.

It is straightforward from the definition that strongly (Ng, < c)-separated al-
most disjoint families are strongly Ng-separated and these two definitions are the
same under CH. Moreover, it was proved in [7] that almost-normal almost disjoint
families are strongly No-separated. It was noticed in [4] that under the assump-
tion that p > w; there exists a strongly (Rg, < ¢)-separated almost disjoint family
that is not almost-normal (in fact any Luzin family would have this property).

Proposition 3.6 (CH). There exists a pseudonormal almost disjoint family that
is not almost-normal.

ProOF: Notice that by Theorem 2.9 and Proposition 3.3, it suffices to show that
there exists a set X C 2“ such that X is a A-set but not a o-set. Such a set exists
under CH, see [3]. O

Thus, either under p > w; or under CH we have strongly Ry-separated almost-
disjoint families which are not almost-normal. The referee has mentioned the
following question which we find interesting:

Question 3.7. Is there a strongly Nyp-separated almost disjoint family which is
not almost-normal in ZFC?

Recall that in a MAD family A, it is not possible to separate any countable
subfamily B from A\ B. In particular, the existence of an almost-normal MAD
family would give an example of almost-normal almost disjoint family that is not
strongly (No, ¢)-separated. This discussion can be summarized by the following
diagram:

P ~A
(Ro, < ¢)-separated <= pseudonormal
S~ / I
el / )
B S ! -
: el TN ! B false if there exists an
(true under CH) ?: _/\\\ ™~ :? (almost—normal MAD family)
; [ N \
RO

No-separated <= almost-normal

In the preceding diagram the double arrows are the results that holds in ZFC,
the crossed dashed arrows are counter-examples that assumes additional combi-
natorial axioms and the dotted arrows are implications that remain unknown.
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Question 3.8. In ZFC, is every strongly RNyp-separated almost disjoint family also
strongly (Xg, <c)-separated?

Question 3.9. Are almost-normal almost disjoint families strongly (Ro, < ¢)-
separated? Assuming additional axioms, can one construct an almost-normal
almost disjoint family that is not strongly (N, <c)-separated?

In the previous section we mentioned that in [11] it was proved that A is
potentially normal if and only if A4 does not contain n-Luzin gaps. To prove
this theorem, the authors of [11] used a forcing notion denoted by Sp,¢. Given an
almost disjoint family A and disjoint subsets B, C of A, Sp ¢ is the set of all triples
(s, F,G) such that s € 2<%, F € [B]<¥, G € [C]<* and (UF) N (UG) C |s]. We
order Sg¢ by letting (s, F,G) < (¢, F',G') if and only if s’ C s, F¥ C F, G’ C G,
for all n € |s|\ |s'|(n € UF' — s(n) = 1) and for all n € |s|\ |s'|(n € UG —
s(n) = 0). By standard density arguments it is clear that if G is a generic filter
then J{s: (s, F,G) € G} is a characteristic function for a partitioner of BUC
separating B from C.

In general this poset does not need to preserve cardinals, but it is c.c.c. (in fact,
o-centered) if either |B] = w or |C| = w. So iterating this poset with standard
bookkeeping techniques we get the following result:

Proposition 3.10. Every almost disjoint family is potentially strongly (R, ¢)-
separated. Moreover, we can show that by using a poset which does not increase
the value of the continuum.

As we have mentioned, this is not true for normality (e.g. Luzin families are not
potentially normal, and we have provided an example of a Luzin*-family which is
not potentially almost-normal).

4. Weak M-sets and strongly Ng-separated almost disjoint families

In this section we introduce the weak M\-sets, a weakening of the notion of \-
sets which relates to strongly Ng-separated almost disjoint families in the same
way as Q-sets relate to normal almost disjoint families.

We consider [w]¥ with the (Polish) topology obtained by identifying [w]* with
the subspace of 2“ corresponding to the characteristic functions of infinite sets.
As mentioned in the introduction, if A4 is normal (pseudonormal) then A is a Q-
set (A-set) when viewed as a subspace of [w]¥, see [9].

Definition 4.1. We say that X C 2¢ is a weak A-set if and only if for every pair
of countable disjoint sets Y, Z C X there exists a Gs-F, set H of X such that
YCHand ZC X\ H.
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Notice that given an almost disjoint family A and a partitioner Z for A, the
sets B={aec A:aC* Z} and A\B={ac A:anZ =* 0} are relative F,’s
and Gs’s of A simultaneously.

Proposition 4.2. If A is a strongly Rg-separated almost disjoint family, then A
is a weak A-set of P(w).

PROOF: Given two countable disjoint families B,C C A, by our assumption there
exists a set J C w such that:

BC{aeA:aC*" J} and CCl{aeA:andJ ="10}.
Observe that these sets can be rewritten as:

U n{aEA:mGa\n = m € J},

new mew

U m{aeA:mea\n = m¢ J}.
ncw mew
Thus they are F, sets of P(w) containing B and C, respectively. Since J is
a partitioner, the conclusion follows. [l

Proposition 4.3. Let X C 2¥. Then X is a weak \-set if and only if Ax is
strongly Wg-separated.

PROOF: First, suppose X is a weak A-set. Let B,C C Ax be countable disjoint
sets. Let Y, Z C X be (disjoint) sets such that B = Ay and C = Az. There
exists a partitioner P separating B and C. Let G = {# € X: a, C* P} and
H={zx € X:a, NP =*0}. Ttis clear that Y C G, Z C H, and that Ag =
Ax\g = Ax \ Ag and H are separated by P in Ax. So by Proposition 2.2,
G and H are complementary F,’s of X, thus, Gs’s of X. In particular, B and C
are separated by a partition of Gs’s.

Let Y, Z C X be disjoint countable sets. Then Ay and Az are separated by
some partitioner. Then, again by Proposition 2.2, Y and Z are separated by
a partition of Gy’s. O

Of course, a A-set is a weak \-set. Moreover, we have the following:

Theorem 4.4. Let X be a Polish space. Then every weak \-set of X is perfectly
meager.

PROOF: Let Z be a weak A subset of X. We can suppose that Z is uncount-
able. Fix a perfect set P. Write ZNP =Y UC where Y = {x € ZNP:
for every open neighborhood U of z, [UNZNP|>wi}and C=ZNP\Y. No-
tice that C' is countable since the space is second countable, and that Y is dense
in itself and nonempty. It suffices to show that Y is meager in P.
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It is straightforward to construct two countable disjoint subsets F, K C Y such
that Y =F =K.

Since Z is a weak A-set, there exist sequences of open sets A4,, B, (n € w)
such that:

( ) FCﬂnEw
( ) KCﬂnEw
(3) Npew An mZmﬂnew n = 0;
(4) ZNNpew Br =2\ Nyew An-

For each n € w, let G,, = A, U (X \Y). Then each G,, is an open dense set,
furthermore, G, N P is dense in P because:

Since GNP =) G, NP is a dense G in P, it is comeager in P and we

have that:

new

YNGcCYn ﬂAnCY\ﬂBn: UY\Bn.

new new new

Notice that for each n, Y \ B,, has empty interior since Y \ B, C Y \ B,, and
B,, is dense in Y. Thus Y NG is meager in P. But also, Y\ G =Y \ (PNG) is
meager in P. Hence, Y is meager in P. (I

Recall that a set X of reals is a \'-set if for each countable A, X U A is a A-set.
Analogously, we define a set to be a weak \'-set if for every countable set A, X UA
is a weak X set. It follows easily that weak )\ -sets are weak A-sets. Moreover, in
the light of Theorem 4.4, we have the following diagram of implications between
special sets of reals:

Q-set

acgfls(éit <——— 0o-set

e

Sierpinski
set

A-set —— ‘;\iesilg — perfectlyt —> s¢-set

meager se

, weak
A-set ==/ ot
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In [6], forcing was used to construct a consistent example of a @-set X which
is concentrated on a countable dense subset F' of 2¢ (F is in the ground model).
The proof actually shows that X is concentrated in every dense subset F’ of F
which is in the ground model. Therefore, by letting Fp, F; be two disjoint dense
subsets of F' in the ground model, we get the set Y = Fy U F; U X is perfectly
meager and not a weak A-set (in the forcing extension). This latter fact holds
since it is easy to verify that a weak A-set cannot be concentrated on two pairwise
disjoint countable subsets. This discussion yields the following proposition:

Proposition 4.5. It is consistent that there exists a perfectly meager set which
is not a weak \-set and it is consistent that the class of weak A-sets is not an
ideal.

It is still possible that every weak A-set is a A-set (in ZFC), but it is worth
noting that the existence of weak A-set that is not a A-set cannot be weak \'.

Question 4.6. Is there, at least consistently, a weak A-set that is not a A-set?
In the negative case, is there a weak A-set that is not weak \'-set?

The next proposition is proved in Section 9 of [17].

Proposition 4.7. b is the least size of a non A-set and the least size of a non
o-set.

The following diagram describes the relations we have done so far for almost
disjoint families of branches. The double arrows are the results that holds in
ZFC, the dashed arrows are implications that assumes additional combinatorial
axioms and the dotted arrows are implications that remain unknown. The first
line stands for the least size of a set of reals which does not have the respective
property. Here q is defined simply as the least size of a set of reals which is not
a @-set. For more on q, see [2]. The fact that b is the least size of a non A-set
and of a non o-set is discussed in [17]. The least size of a non perfectly meager
set is non(M) since the least size of a nonmeager set of a Polish space with no
isolated points does not depend on the space.

Cardinal: non(M) > 7 > b = b > q
! :
///,\) 1\ ey I /,_/\\)l I /(%_\) I
X C2v: Pril;fsggy <— weak A A-set o-set <—— @Q-set
I [ seudo almost I
U(Ax) : ? «———= Ny-sep. < Eormal normal < normal
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5. Further discussion and more questions:

As discussed in the previous sections, we know that if A is normal then A is
a @-set (as a subset of P(w)). However, the converse is consistently not true, as
proved in [15] where a model with a MAD family which is a Q-set is constructed.
Given the relations between o-sets and almost-normality, A-sets and pseudonor-
mality and weak A-sets and strongly No-separatedness, it is natural to ask if similar
results hold for these notions. As we have already discussed, in this sense, strongly
No-separated almost disjoint families are weak A-sets and pseudonormal almost
disjoint families are A-sets.

The example from [15] mentioned above shows us that almost disjoint families
which are A-sets do not need to be pseudonormal as subsets of P(w) since MAD
families are not pseudonormal.

However, the following two questions remain open:

Question 5.1 ([7, Question 4.3]). Is there a MAD almost-normal family?

Question 5.2. Is it true that every almost disjoint family which is a weak A-set
is also Np-separated?

Proposition 2.10 grants the existence of an almost disjoint family of size w;
which is not almost-normal. Thus, assuming b > w;, we have:

Corollary 5.3. b > w; implies the existence of an almost disjoint family A C [w]*
of size w1 which is a o-set but is not almost-normal. Moreover, the existence of
such an almost disjoint family is consistent with CH.

PROOF: For the second part of the theorem, start with a model of b > w; and
force with a o-closed forcing poset which collapses ¢ onto w1, such as Fn(wy, ¢,w;)=
{s: 8 Cwy xc¢ is a countable partial function} ordered by reverse inclusion. Since
this poset does not add reals and sequences with range in V', all the uncountable
almost-disjoint families which are o-sets but are not almost-normal will be pre-
served in V[G]. O

In some sense, there is not much we can do regarding this implication since
there are models without o-sets ([13], Theorem 22), so in this model “every almost
disjoint family which is a o-set is almost-normal” is trivially true. Still, we ask:

Question 5.4. What are the relations between A being a o-set of P(w) and A
being almost-normal? If there is a o-set, is there an almost disjoint family which
is a o-set but is not almost-normal?

The diagram below summarizes the known implications and the open questions
concerning these properties of U(A) and properties of A as a subset of [w]®.
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A C [w]¥ : weak A-set <———= A-set «————— o-set ——= (Q-set

! ™ T i i
~ /’/’—7[_5\\,1 ~ /’/’7—7[_‘\\\9 ~ /”4%_‘\\) v
U(A): Ro-sep. <= pseudonormal < almost-normal <= normal

Looking in a different direction, one may ask about countable paracompactness-
like properties of Isbell-Mréwka spaces. It is known that for Hausdorff spaces X,
X is countably paracompact if and only if for every decreasing sequence (F,:
n € w) of closed subsets of X such that ), Fn = 0 there exists open sets
(Vi: n € w) such that F, €V, and (., cl(Vn) = 0 (e.g. see [5, Theorem 5.2.1]).

With the definition of almost-normality in mind, it is natural to define analo-

gous weakenings of countable paracompactness associated to regular closed sets.
For example,

Definition 5.5. We say a subset F' C X is o-regular closed if and only if F' is
an intersection of a countable family of regular closed sets.

We say a topological space X is almost countably paracompact (o-almost
countably paracompact) if and only if for every decreasing sequence (F),: n € w)
of regular closed (o-regular closed) subsets of X such that (., F, = 0, there
exists open sets (Vj,: n € w) such that F,, €V, and (,,c,, cl(Vn) = 0.

A-sets are special subsets of reals associated to countable paracompactness.
We say D C 2¢ is a A-set if and only if for each non-increasing sequence (Hp, )neo
of subsets of D with empty intersection, there exists a sequence of open sets
(Vi )new of D, with empty intersection and H,, C V;,. Every Q-set is a A-set, and
for X C 2% W(Ax) is countably paracompact if and only if X is a A-set. We
refer to [16, Section 8] for more information on these sets.

Thus, it is natural to ask if there is a class of sets of reals characterizing o-
almost countably paracompactness in the associated W-space of branches. Some-
what surprisingly, any almost disjoint family of branches has this property:

Proposition 5.6. For every X C 2¥, ¥(Ax) is o-almost countably paracom-
pact.

PROOF: Let A = Ax and Y = ¥(Ax). Fix a decreasing sequence (F;: i € w)
of o-regular closed subsets of Y with empty intersection. For each i € w, let
(Fin:n € w) be a family of regular closed sets such that F; = Fin.

Let U; =Y \ F; and Z; = {x € X: a, € U;}. Notice that:

new

Zi{xeX:AIGY\ ﬂFn} U {xeX;AzeY\Fi,n}

new new
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Each F; ,, is a regularly closed set in U(Ax), so we can write F; ,, = cl(W), where
W C 2<¢. It follows that:

{reX: A, eY\F,}={zeX:ImVn>m (z|, € 2%\ W)}
= U ﬂ{zGX:z|n€2<“’\W},

mewn>m

therefore each Z; is F,, so there exists a sequence (K;: i € w) of closed subsets
of X such that for each i, K; C Z; and U, Ki = U,e,, Zi = X.

Write 2<¢ = {s: k € w}. Let 0: w — w be strictly increasing such that for
each k € w, si € Uy

For each i € w, let L; = {A,: 2z € K;(J U({2|n: n € w, 2 € X}NU;) U
{sk: o(k) =1i}.

It is now straightforward to verify that J,.,, int(L;) = Y, that L; C U; and
that L; is closed, so by letting V; = Y'\ L; for each ¢ € w the proof is complete. [

Question 5.7. Is every Isbell-Mréwka space og-almost countably paracompact?
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