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KYBERNETIKA — VOLUME 59 (2023), NUMBER 3, PAGES 418-436

DISTRIBUTED ACCELERATED NASH EQUILIBRIUM
LEARNING FOR TWO-SUBNETWORK ZERO-SUM GAME
WITH BILINEAR COUPLING

XIANLIN ZENG, LiHUA Dou AND JINQIANG CuUl

This paper proposes a distributed accelerated first-order continuous-time algorithm for
O(1/t?) convergence to Nash equilibria in a class of two-subnetwork zero-sum games with bi-
linear couplings. First-order methods, which only use subgradients of functions, are frequently
used in distributed/parallel algorithms for solving large-scale and big-data problems due to
their simple structures. However, in the worst cases, first-order methods for two-subnetwork
zero-sum games often have an asymptotic or O(1/t) convergence. In contrast to existing time-
invariant first-order methods, this paper designs a distributed accelerated algorithm by combin-
ing saddle-point dynamics and time-varying derivative feedback techniques. If the parameters
of the proposed algorithm are suitable, the algorithm owns O(l/tQ) convergence in terms of
the duality gap function without any uniform or strong convexity requirement. Numerical
simulations show the efficacy of the algorithm.

Keywords: two-subnetwork zero-sum game, distributed accelerated algorithm, Nash equi-
librium learning, nonsmooth function, continuous-time algorithm

Classification: 91A10, 37N40, 93A14

1. INTRODUCTION

Two-subnetwork zero-sum games are an important class of distributed non-cooperative
games that have found a wide range of applications, including signal/image processing
[, statistical learning [29, [35, [40], formation control [21, 25, [44], and resource allo-
cation [11 20) 23| AI]. In a two-subnetwork zero-sum game (see [24] [34]), agents in
one subnetwork cooperate to minimize their payoff function using local information ex-
change, and agents in the other subnetwork try to maximize the same payoff function.
Two-network zero-sum games are powerful for modeling distributed robust optimiza-
tion, distributed optimization with adversaries, and distributed optimization using the
Lagrangian method. Hence, developing efficient distributed algorithms for solving a
Nash equilibrium to two-network zero-sum games is very important.

Researchers have paid much attention to the research on distributed algorithms for
solving a Nash equilibrium of two-subnetwork zero-sum games over multi-agent systems.
Focusing on two-subnetwork zero-sum games, [15] proposed distributed algorithms using
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time-invariant saddle-point dynamics over directed and undirected network topologies.
To relax the requirement on fixed communication graphs, [24] proposed a subgradient-
based distributed algorithm to compute a Nash equilibrium under uniformly jointly
strongly connected directed graphs with homogeneous stepsizes. Focusing on nonsmooth
cost functions and bounded constraints, [45] proposed a distributed continuous-time
algorithm for min-max optimization (equivalent to two-network zero-sum games) using
the proportional-integral design. Using the no-regret learning technique, [I9] proposed a
distributed mirror descent algorithm for computing a Nash equilibrium and established
regret bounds on iterates using diminishing stepsizes and constant stepsizes. However,
the prior research only focused on proving the convergence of algorithms to a Nash
equilibrium and did not address estimating the convergence rate.

Recently, there is a substantial body of research on accelerated algorithms for cen-
tralized saddle point problems, which model classic zero-sum games. Focusing on sad-
dle point problems, (time-invariant) saddle-point dynamics have possessed O(1/t) or
asymptotic convergence rates under the worst choice of convex/concave cost functions
[12,[16]. By using adaptive parameters to increase the convergence rate, [6] has proposed
a primal-dual algorithm with a rate of convergence O(1/t?) for saddle point problems
under the assumption that either primal or dual cost function is uniformly convex. [43]
has proposed an accelerated design for the primal-dual block coordinate method that
has O(1/t?) convergence for the Lagrangian method with strongly convex functions. [42]
has proposed a linearized augmented Lagrangian method with an acceleration O(1/t?)
for strongly convex functions with adaptive parameters. [I] has proposed accelerated
methods for solving smooth convex-concave saddle-point problems with a structure. [7]
has focused on saddle point problems with bilinear couplings and proposed an acceler-
ated method using a multistep acceleration scheme. All these works focus on centralized
saddle point problems, and the analysis is hard.

Continuous-time optimization algorithms have been appealing for analyzing accel-
erated and distributed algorithms, because their analysis is often easier than that of
discrete-time counterparts. When considering unconstrained convex optimization prob-
lems, works [26, 27] have shown that the best rate of convergence for first-order algo-
rithms is O(1/¢?) under convex cost functions. However, the intuitions of the discrete-
time algorithms in [26] 27] are not well understood. Recently, [31], B7] have proposed an
ordinary differential equation with O(t%) convergence, and have given a better under-
standing of design intuitions of the accelerated optimization methods. [2] has further
shown that the best convergence rate for continuous-time accelerated algorithm is o(t%)
for well-tuned parameters. To deal with nonsmooth functions, [32] has generalized the
results in [2] to differential inclusions by replacing gradients with subdifferentials. [30]
further proposed alternative ordinary differential equations for Nesterov’s accelerated
methods, which are called high-resolution ODE models because they use Hessians of cost
functions to distinguish between Nesterov’s accelerated gradient method for strongly
convex functions and Polyak’s heavy-ball method. To extend the accelerated flow to
primal-dual cases, [I7, 50] proposed a primal-dual flow with an O(t%) convergence rate
for optimization problems subject to affine constraints, and applied the flow to network
optimization. [49] has further extended the algorithm in [50] to saddle point problems.
However, distributed accelerated continuous-time algorithms for two-subnetwork zero-



420 X. ZENG, L. DOU, AND J. CUI

sum games with nonsmooth and non-strongly convex cost functions are rarely reported.

The main shortcoming of existing works for distributed two-subnetwork zero-sum
games is that they only have O(1/t) or asymptotic convergence rates under convex/concave
cost functions. This shortcoming motivates this paper, where we aim to propose an
accelerated first-order method with a convergence rate O(1/t?) for distributed two-
subnetwork zero-sum games without the strong convexity or uniform convexity assump-
tion. The main contributions of this paper can be stated as follows:

1. This paper proposes a distributed accelerated continuous-time algorithm for a class
of two-subnetwork nonsmooth zero-sum games with bilinear coupling structures,
by combining Nesterov’s momentum technique and the saddle point dynamics. It
is shown that the proposed algorithm has an optimal convergence rate of order
O(1/t?) (in terms of the duality gap function) by choosing suitable parameters.
To our best knowledge, this is the fastest convergence rate on distributed algo-
rithms for two subnetwork nonsmooth zero-sum games without strongly-convex
and strongly-concave assumption on cost functions.

2. This paper shows that the proposed algorithm is well-defined and valid in the
presence of nonsmooth cost functions, using the Lyapunov stability theory of dif-
ferential inclusions. In contrast, most accelerated continuous-time algorithms fo-
cus on differentiable cases. The proposed algorithm extends the recent works in
[49, 50] to two-subnetwork zero-sum games, and relaxes the assumption on the
differentiability of cost functions in these works.

The paper is organized as follows. Section[2)gives mathematical preliminaries. Section
B presents the two-subnetwork nonsmooth zero-sum game with bilinear couplings, and
proposes a distributed accelerated algorithm for seeking a Nash equilibrium. Section [4]
proves that the proposed algorithm owns an O(1/t?) rate of convergence, which is faster
than existing results. Finally, Section [5] gives concluding remarks.

2. MATHEMATICAL PRELIMINARY
2.1. Notation

R denotes the set of real numbers; R, denotes the set of nonnegative real numbers; R"
denotes the set of n-dimensional real column vectors; R™*™ denotes the set of n-by-m
real matrices; I,, denotes the n x n identity matrix; (-)T denotes transpose. We write
rank A for the rank of the matrix A, range(A) for the range of the matrix A, ker(A) for
the kernel of the matrix A, 1,, for the n x 1 ones vector, 0,, for the n x 1 zeros vector,
and A ® B for the Kronecker product of matrices A and B. Furthermore, || - || denotes
the Euclidean norm; | - ||, denotes the p-norm where p > 1; A > 0 (A > 0) denotes that
matrix A € R™*™ is positive definite (positive semi-definite); dist(p, M) denotes the
distance from a point p to the set M, that is, dist(p, M) 2 infyenq ||p — z||; 2(t) = M
as t — oo denotes that x(t) approaches the set M, that is, for each ¢ > 0 there exists
T > 0 such that dist(z(t), M) < e for all ¢t > T.

Let f: £ — R be a continuous function. Function f is said to be (strictly) convex
if f(Asa + (1 —XN)s1) < (<)Af(s2) + (1 — X)f(s1) for any s1,50 € Q and A € (0, 1).
If f is convex, Of(z) denotes the subdifferential of f(-). For convenience, we define
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O[—f(x)] = —0f(x) when f is a convex function without causing confusions. Consider
an absolutely continuous function z(-) € Q. It is shown in [3] that a convex function
f satisfies & f(z(t)) = v @(t) for all v € Of(x(t)) and almost all t. A vector-valued
function f : R™ — R™ is Lipschitz continuous if there exists £ > 0 such that || f(s2) —
f(s1)|| < klls2 — s1|| for all 51,59 € R™. Let f: Ry — Ry. f(t) = O(1/t") denotes that
there exist constant C' > 0 and to € R, such that f(t) < Ct™ for all t > t.

2.2. Graph Theory

An undirected graph G is denoted by G(V, &, A), where V = {1,...,n} is a set of nodes,
E CVxVisaset of edges, and A = [a;;] € R"™" is the adjacency matriz such
that a;; = a;; > 01if (j,i) € € and a;; = 0 otherwise. The Laplacian matriz is
L, = D — A, where D € R™" is diagonal with D;; = > a;j, i € {1,...,n}. If
the graph G is undirected and connected, then L, = L > 0, rank L,, = n — 1, and
ker(L,) = {k1, : k € R}.

2.3. Nonsmooth Analysis

Consider a second-order differential inclusion given by
i(t) + OF (u(t)) 3 h(t, u(t),u(t)), (1)

where t > tg > 0, u(to) =Ug € Rd, ’U,(tg) =g € Rd, h: R.}r xR4xR? — Rd, F:RY— R,
and u € R? is the state variable.

Definition 2.1. (Paoli [28]) A function u : [tg,7] — R? is a solution of with
u(to) = Ug and ’U,(to) = ’l.J,O if

1. u is Lipschitz continuous,
2. 7 is an absolutely continuous function,
3. function holds almost everywhere in [to, T

To guarantee the existence of solutions to system , the following assumption is
needed.

Assumption 2.2.

(1) Function h is a continuous function from [ty, T] x R? x R? to R¢ and is Lipschitz
continuous in its last two arguments uniformly with respect to the first one.

(2) Function F is a convex function from R? to R U {+oc}, lower bounded, non-
identically equal to +oco and lower semicontinuous.

Then, we provide a result (a special case of Theorem 3.1 of [28]) on the existence of
solutions to system .

Lemma 2.3. Let Assumption hold. For any initial condition (ug, o), System
has a solution in the sense of Definition
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3. PROBLEM FORMULATION AND DISTRIBUTED ALGORITHM

In this section, we present a class of two-subnetwork zero-sum games with nonsmooth
cost functions and bilinear couplings, and propose a distributed algorithm with damping
and increasing coefficients.

3.1. Problem Description

Consider two subnetworks Gy (V1, &1, A1) and Go(Vs, s, A2) with V; = {1,...,n1} and
Vo = {1,...,n2}. Define strategy variables, feasibility sets, and payoff functions of the
nonsmooth subnetwork bilinear zero-sum game as follows.

e Strategic variables of networks G; and G, are x = [z{,...,z, ]’ € RP™ and
Y=1[Y-- . ¥n,] €RI"2 respectively. The local variable of agent i in G1 (G2) is
z; € RP (y; € RY).

e Feasible sets for strategic variables of G; and G, are
O ={xeRM 1a; =u;,Vi,j €V}, Qo={yeRI :y; =y,;, Vi,j €V}

That is, the strategy variables of agents in the same subnetwork are required to
be consensus.

e The payoff functions of networks G; (G2) is U(:) (=U(+)), where function U :
RP™ x RI"2 — R is given by

U(X>y) :f(x)+yTHX_§(y)> (2)

with f(x) = 3212 fi(w), g(y) = 22021 gi(yi), y T Hx = 302 3002y Hi jai. Ma-
trix H; ; € R?*? is a non-zero matrix if agent ¢ of G; and agent j of Go can observe
each other’s strategy variable. Define Ny as the set of connected edges between
two subnetworks such that (i, ) € No if H; j # Ogxp. Agent i € {1,...,n1} of Gy
knows the information of f;(-), ;, H; j, and y; for (4, ) € Ny; agent j € {1,...,ns}
of Go knows the information of g;(-), H; ;, y;, and z; for (i,j) € Np.

In this setup, subnetwork G; chooses its strategy x € € to minimize U(x,y), and
subnetwork Gs chooses y € Qo to maximize U(x,y). Then we give the definition of a
Nash equilibrium of the game.

Definition 3.1. A strategy (x*,y*) € Q1 X Qg is a Nash equilibrium of the two-
subnetwork zero-sum game if

* . U *’ * U * .
X" € arg min (xy"), ¥ € arg max (x",y)

The two-subnetwork zero-sum game with nonsmooth cost functions and bilinear cou-
plings is reformulated as

(in | max U (x,¥) (3a)

st.Lix = Opnla Loy = anga (3b)
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where Ly = Ly ® I, Ly = Ly ® Iy, and L, and Ly are Laplacian matrices of G; and G».

The objective of this paper is to propose a distributed algorithm for subnetworks Gy
and G to solve , in a distributed manner that each agent ¢ € V4 of G1 (j € Vs of Gs)
only communicates with its neighbors in the same subnetwork and observes strategy of
agents 7, (i,7) € Ny (agent 4, (i,7) € Np) in the other network.

Remark 3.2. Problem models distributed optimization problems with parameter
uncertainties and adversaries. It becomes the widely studied distributed optimization
problem [8, [0, 22] if variable y is removed. Practical applications include the distributed
optimal consensus of multiple vehicles [33, B9] and distributed control of redundant
mobile manipulators [38]. It also arises in distributed adversarial resource allocation
of multiple communication channels [I5] 24], in which one sub-network allocates signal
power and one adversarial sub-network gives noises.

Remark 3.3. In problem 7 we do not consider set constraints for easy analysis.
Suppose there are set constraints z; € X; and y; € V;, where X; and )); are convex sets
(whose projection operators are computationally simple). One can use exact penalty
techniques in [5l Proposition 1.5.3] to deal with the set constraints as in [51].

The following assumption is standard for distributed algorithms.
Assumption 3.4.
(1) Graphs G; and Gy are connected and undirected.

(2) Functions f;(-) and g;(-) are convex, continuous, and lower bounded for all i €
{1,...,n1} and j € {1,...,na}.

(3) Problem has at least one Nash equilibrium point.

Next, we establish the sufficient and necessary conditions, which are a special case of
[48, Theorem 4.1], for a Nash equilibrium of problem ().

Lemma 3.5. Under Assumption a point (x*,y*) € Q1 x Qs C RP™M x R js a
Nash equilibrium of problem if and only if there exist \* € RP™ and p* € R?"2 such
that

Lix* =0pp,, (4a)
Loy* =0gn,, (4b)
Of(x*) + H'y* + Li\* 50,n,, (4c)
09(y*) — Hx* + Lap™ 304, . (4d)
Define a Lagrangian function as
S(x 1y, A) = Uxy)+ A Lix—p' Ly + %XTL1X - %YTL2Y~ (5)

If Assumption holds, S is convex with respect to (x, u) and concave with respect to
(y, ), and hence, a point (x*, u*,y*, A*) € RP™ x RI"2 x RI"2 x RP™ gatisfies if
and only if

S(x, 1,y ) = S(x5, py N = S, uty, A). (6)
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3.2. Distributed Algorithm

The algorithm for agent 7 of G; and agent j of Gs is proposed as

Qg

Z;(t) € — ;

i ( ) 8fz xz ZH y] + yj( ))

—Zl:ai7k()\i(t)+§)'\i(t)—)\3( —f)\ Zazk (t) —z;(t), (7a)

Sut) = oz1z +Zazk zi(t) + xz(t) () — 5g‘cj(t)), (7b)
s (1) € = 225 (1) = 0g; (¢ +ZHH i(t) + (1)

- Z 4,k (:“i(t) + 5/‘1( ) = m(t) — Zaj k yJ (t))7 (7c)
jis(t) = — 24 +Zaj, i (t) + 235(0) — ua(0) - gykm), (7d)

where t > tg > 0,72 € {1,...,711}, jE {1,...,712}, Qg > 3, Qg j > 3, Il(O) =Ti0 € RP,
#;(0) = @30 € RP, y;(0) = yj0 € RY, 9;(0) = 50 € R, A (0) = Xijo € RP, \(0) = Nio €
RP, 15(0) = pj0 € RY, f15(0) = f1j0 € RY, and a;, (a3 ;) is the (i, k)th ((4, k)th) element
of the adjacency matrix of graph G; (Ga).

Remark 3.6. In algorithm , a1 > 3 and ag; > 3 are suitable choices, which can
be proven following the techniques in [49].

Remark 3.7. The dual variable y;(t) in algorithm @ arises from the specific property
of the game and makes the convergence challenging. Unlike distributed algorithms with
second-order dynamics in [14] [36] [47], algorithm (7 incorporates derivatives multiplied
by time-varying gains to obtain a convergence rate of O( ), which are proven to be
faster than existing ones with the convergence rate of O(+ ) in Section I

For convenience, we omit time ¢ in the remaining of this paper without confusion. Let
Dy = diaglag1,...,01,,,] € R"*™ Dy = diaglag1,...,02n,] € R™*"2 and define
D, =D, ®1,, Dy = Dy ® I,;. Algorithm has an equivalent form

j'ce—%D1X—8f(x)—L1x—HT(y+EY)—L1(>\+%}\)7 (8a)
f=— DU Li(x + 2%), (8b)
ye— %D2y —0g(y) — Loy + H(x + %)‘() —Lo(p+ %u), (8¢)
po=- 1D2ﬂ + Ly (y + E)’) (8d)

t 2
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4. MAIN RESULT

This section presents the convergence results of algorithm ({g]).

4.1. Existence of Solutions
fu=[x",u ,y ,\T|T e R?m1+2am2 F(y) = f(x) 4 §(y), and
—iDix —Lix - H' (y+ 4y) - Li(A + £3)
—1D A+ Ly (x + £%)
—1Day — Loy + H(x + %) — Lo(+ 5/1)
— 7Dt + La(y + 5¥)

h(t,u,u) =

then algorithm () can be rewritten as ([1)). For any interval [to, T], one can verify that
Assumption holds if Assumption [3.4] is satisfied. Hence, it follows from Lemma [2.3
that algorithm has a solution over any bounded interval [tg,T] under Assumption

4.2. Convergence of Algorithm

For ease of notion, we define z = [x T, u",y ", AT]T € R2Pmi+2anz et z* ¢ R2Pa+t2anz
be an equilibrium of algorithm . Clearly, z* satisfies , and hence, there exist
fx+ € 0f(x*) and gy~ € 0g(y*) that

Lix* =0pp,, (9a)

Loy* =0gn,, (9b)

for + Hy* + LA =0,,, (9c)
gy — HX* + Lop* =0y, (9d)

By Lemma (x*,y*) is a Nash equilibrium of problem . Define the duality gap
function as
G(va) = S(Xv/J?y*»)‘*) _S(X*,M*,y, )‘)
Fo) = Fx) +3(y) =gy +y"  Hx—x") = (y —y") " Hx"

1 1
—|—/\*TL1X + ,u*TLgy + §XTL1X + §yTL2y.

By the property of saddle points (see ) and the positive semi-definiteness of Ly, Lo,

1 1
G(x,y) > §XTL1X + inLgy >0, V(x,y)€RP" x RI"2, (10)

Define function
V(t,z,2) = Vi(t,x,y) + Va(t, x, %) + Va(t, p, 1) + Va(t,y, ) + Va(t, A, 0, (11)
where Vi = $t*G(x,y),

t . y 1 N «
Vo= x5 = x|+ 50— %) (D1 = 3y, ) (x = x),
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¢ 1 .
T R 1) (D = 3Ign,) (1 — 1),

Vs = ||M+ 5
t ) 1 .
Vi=ly+5y -y 1F+ -y ) Dy = 3Ign,)(y — ¥7),

and ; 1
Vs =X+ 5A = N2+ 5 (A= A1) T (D1 = 3Lpm, )(A = A7),

The following Lemma shows that function V'(-) along algorithm is non-increasing
to time.

Lemma 4.1. Suppose that Assumption holds. The derivative of V(-) along algo-
rithm satisfies

. 1 1
V(t,2,2) = —5x Lix— gy Loy =% (D1 = 8Lm,)%

_yT(D2 - 3an2)y - )"T(Dl -3 Iml))‘ f (D 3an2)ﬂ < 0. (12)

The proof of Lemma is given in Appendix.
Then we give the following theorem to show the convergence rate of the proposed
algorithm in terms of the gap function G(-).

Theorem 4.2. Suppose that Assumption holds. Let z(t) be a trajectory of algo-
rithm (8]).

(i) The trajectory of (z(t),tz(t)) is bounded for any ¢ > t.

(ii) The trajectory (x(t),y(t)) satisfies that G(x(t),y(t)) = O(%), x ' Lix = O(3%),
and y 'Loy = O(%

t2

)-
(iii) If, in addition, f;(-) and g;(-) are strictly convex for some ¢ € {1,...,n;} and
jed{l,... ,ng} (x(t), y(t)) converges to the Nash equilibrium of problem ().

Proof. (i) Consider function (II)). It is clear that V' is radially unbounded and positive
definite with respect to (z — z*,tz) for all t > to. It follows from Lemma that
V(t,z,2z) <0, and hence, the trajectory of (z(t),tz(t)) is bounded for ¢ > .

(ii) Since V (t,z(t),z(t)) < 0, then V(t,z(t), (t)) < mg = V(to,z(to), z(tp)). Recall
that V;(-) > 0fori e {1,..., 5}. It follows from and definition of V7 (-) that

1 1 1
0 S iG(X(t)vy(t» = ﬁvl(t,x(t)vy(t)) S t2 —-mo.
Hence, G(x(t),y(t)) = O(3%). It follows from (I0) that x"Lix = O(3%), and y ' Loy =

(iii) Since the trajectory of z is bounded for ¢ > to, x ' Lix = O(tQ) and y ' Loy =
O(4) imply that (x(t),y(t)) = Q1 x Qs as t — oo. If fi(-) and g;(-) are strictly convex
for some i € {1,...,n1} and j € {1,...,n2}, then the minimizer of G(-) subject to the
constraint set {1; x Qg is unique. Thus, (x(t),y(¢)) — (x*,y*) as t — oco. It follows
from Lemma that (x*,y*) is a Nash equilibrium of problem . The proof is thus
completed. g
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Remark 4.3. Theoremshows that algorithm (8) has an O(%) convergence rate (in
terms of the duality gap function), which is faster than existing results in [13] [15] 24],
and relaxes the strongly monotone requirements in [I0} I8, 46]. The main challenge for
establishing the convergence rate of the proposed algorithm is finding a suitable Lya-
punov candidate function. Augmented Lagrangian functionss and quadratic functions
are combined to overcome this issue.

Remark 4.4. Theorem (iii) assumes that there are some ¢ € {1,...,n1} and j €
{1,...,n2} such that f;(-) and g;(-) are strictly convex for showing the convergence of
the proposed algorithm. One main contribution is relaxing the assumptions of uniform
convexity [0] and strong convexity [43]. If the assumption is further relaxed as either f;(-)
or g;(+) is strictly convex, we have some convergence property in a weaker sense. Without
loss of generality, if f;() is strictly convex for some i € {1,...,n1}, then x(¢) — x* and
for every unbounded positive increasing sequence {tx}2; such that § = lim¢, oo ¥ (%),
(x*,¥) is a Nash equilibrium of problem (3).

4.3. Comparison with Existing Results

In this subsection, we compare the rate of convergence of algorithm with that of an
algorithm proposed in [I5]. Specifically, the design in [I5] for this problem is

@(t) € — Ofi(xi(t ZH,]?JJ

ni ni

= aie(Ni() = M) = ank (i) — 2;(1)), (13a)
k=1 k=1
)= aik(wi(t) — 2;(t)), (13b)
k=1

y;(t) € — 0g;(y;(t +ZH”x1

ni

=3 @i (pa(t) — u(t)) — Z a;n (y; (1) — yu(t)), (13c)
k=1 k=1
= g (1) — (). (134)
k=1

The convergence and boundedness of algorithm are proved in [15] Define the
ergodic trajectory as X(t) = * fo s)ds, y(t) = L fo s)ds, A(t) = 1 fo s)ds, and

at) = 1 fo s)ds. We further show the rate of convergence of algorrthm ) for
problem . Wthh is not obtained in [15].

Lemma 4.5. Suppose that Assumption holds. Let (x(¢),y(t), \(t), u(t)) be a tra-
jectory of algorithm (13). The the ergodic trajectory (x(¢),¥(¢), A(t),[i(t)) satisfies

G(x(t),y(t)) = O(3).
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Proof. Define function V(x,y, A\, pt) = 2|x—x* |2+ 3y =y [> + 2 IA =X+ L||n—
w*||?, where (x*,y*, \*, u*) is an equilibrium of algorithm , equivalently, (x*,y*) is
a Nash equilibrium of problem . The derivative of V is

Vo= (x=x)Tx+ vy =)y + A=A A+ (=) T
Note that S is convex (concave) with respect x and p (y and \). It follows from algorithm
that

(x—x") "%+ (u—p) o < SEp%y,A) —S(xmy,A),

=y)Ty+A=2)TA < S(xpy,A) = S(xpy",A).

Hence, V(x,y, A, 1) < S(x*, 1%, y, A) = S(x,p1,y%, A*) = —=G(x,y) < 0. Hence
V(x(£), y(£), M), 1)) — V (X0, You Mo o) < / Glx ))ds < 0.

Since V(+) > 0, fo ,y(8))ds < V(xg,¥0, o, o). It follows from Jensen’s inequal-
ity and the convex-concave property of S that

S(x(t), a(t), ¥y, A7) <

By definition of G(-), we have

G(x(t),y(t) <

Hencea G()A((t)vy(t)) S %V(X07y0a)\07,’-]/0)' <> 0

Remark 4.6. By comparing Theorem [£.2] and Lemma we show that the proposed
method has a faster convergence rate compared with existing results in [I5].

4.4. Numerical Simulation

Consider the two-subnetwork zero-sum game . We take p = ¢ = 2, n; = ng = 25,
and H = 150.

Case 1 (Convex functions): f;(z;) = Zlog(1+ (i1 +14)%) + 3 log(1 + (z2 — i)?),
gi(yi) = log((yi1 —iyi2)* +1/2) fori € {1,...,25}.

Case 2 (Quadratic convex functions): fi(z;) = (2,1 — x;2 +1)? and g¢;(y;) =
(i1 +yio+ )2 for i e {1,...,25}.

We approximate the numerical trajectories of proposed algorithms using function
ODE45 of Matlab. For case 1, Figure [1] gives trajectories of S(-) (defined in (5))) along
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algorithm with a = 2,4, and shows that o = 4 gives a better performance. Figure
compares algorithm and a primal-dual algorithm in [T5] for case 1. Figureindicates
that the proposed algorithm has a better performance than the primal-dual method in
[15] for case 1. Figure [3| shows that, for case 2 whose cost functions are quadratic, the
primal-dual method in [I5] has a better convergence performance than the proposed
algorithm (8). The reason for this is that the primal-dual method in [I5] is an affine
algorithm whose convergence rate is linear.

-——=2

Time (sec)

Fig. 1. Trajectories of S(-) along algorithm with o = 2,4 for
case 1.
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Fig. 2. Trajectories of S(-) along algorithm and primal-dual
algorithm in [I5] for case 1.
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N = accelerated primal-dual algorithm
r “ = = = primal-dual algorithm

S(a(t), u(t), y(t), A1)

-700

Time (sec)

Fig. 3. Trajectories of S(-) along algorithm and primal-dual
algorithm in [I5] for case 2.

5. CONCLUSION

This paper has proposed a distributed accelerated first-order algorithm owning O(1/t?)
convergence to a Nash equilibrium in a class of two-subnetwork zero-sum games. This
paper has established a rate of convergence O(1/t?) by choosing suitable parameters,
using the stability theory of differential inclusions. The proposed distributed algorithm
is considerably different in algorithm design and convergence analysis. The algorithm
has been proven to converge faster than existing results under mild conditions. Fu-
ture research includes incorporating complex constraints and developing discrete-time
counterparts of the proposed continuous-time algorithm.

APPENDIX. PROOF OF LEMMA 4.1

It follows from algorithm that there exist fx € 8f(x) and gy € 0g(y) such that

1 t t.
% =— ZDlx —fx—H'(y+ 5y) ~Li(A + 5A) —Lix, (14a)
3} 1. . t. t.
y=- gDzy —gy + H(x+ ix) — Ly (M + 5#) — Loy. (14b)

The derivative of V' at time ¢ is

V(t,2,2) = Vi(t,x,y) + Va(t, %, %) + Vs (t, 1, f2) + Valt,y,3) + Vs (t, A, ), (15)



Distributed accelerated Nash equilibrium learning for zero-sum game 431

where

Vi

Vs
Vs
Vi

Vs

1
S oy N = Sy )]+ 5P+ H Ty + Lok + L] %
1

+5%lgy — Hx" + Lop" + Loy] 'y, (16)
2(x + %txfx*)T(?,swti&) +2(a—3)(x —x*) "%, (17)
2(p+ %t/jt—u*)T(S/l-Hﬂ) +2(a=3)(n— ) i, (18)
20y + %ty—y*)T(i%erty)+2(a—3)(y—y*)Ty7 (19)
2()\+%t}\—A*)T(B}\+t5\)+2(04—3)()\—)‘*)T)“- (20)

Plugging and in gives

1 .
= t[S(X7M7y*>>‘*) - S(X*7N*aYa )‘)} + itZ[fx - fx* + LIX]TX

1 .
+5t%l9y = 9y~ + Lay] 'y (21)

It follows from @, , and mathematical derivations that

(x —x*) (D% + t%) + 0.5t2% " (3% + %)
t2 , .
—t(x —x*)T (fx +H 'y +Li\+ le) - 5(){ —x)T(HTy + L))

1
~0.56%" (D1 = Bln, )% = 512%" (fx +H y + I\ + le)

—0.25t3% " (H "y + Ly )\)

—t(x = x*) T (fx = fr) = tx =x")TH (y = y") = tx"Li(A = \%)
—tx ' Lyx — 0.5t (x —x*) T (H "y + L1 \) — 0.5tx " (D — 31,,,)%
—0.258%% " (H "y + L1 A\) — 0.5t2% "Lyx — 0.562% " (fx — fx+)
—0.5t>% "H (y — y*) — 0.5t>% "Ly (A — \*), (22)

: 1 . .
Vs = t(u—p) Loy + ot (= ") " Loy +0.5¢% Loy
+0.5¢t1" (314n, — Do)t + 0.25t% 1" Loy, (23)
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Vi = (y—y")7(~tgy +tH(x —a) ~ tLop — Loy)
t? T/ pr . T :
+5 (v —y") (Hx = Laj) = 0.5ty " (D2 = 3140, )y
+0.25¢%7 T (Hx — Loji) + 0.5t2yT( — gy + H(x—a) — Lop — L2y>
= —tly—y") (gy —gy) +tly —y") H(x —x*) =ty "Lo(p — p*)
—ty "Loy + 0.5t2(y —y*) T (H% — Laj1) — 0.5ty " (D — 31)y
+0.25t3y T (Hx — Loj1) — 0.5t%y " (gy — gy~) + 0.5¢>y " H(x — x*)

—0.5t%y " Lo (p — p*) — 0.5t%y " Loy, (24)
. 1 .
Vs = tA—X\)"Liz+ 51&2@ = A TLix +0.256830 "L

—0.5tAT(Dy — 31, )\ + 0.52A T Ly x. (25)

By summing up - and simplifying items, we have
V = t[S(Xauay*v)‘*)_S(X*7/’L*7y7A)]_t(X_X*)T(fx_fx*)
—tx"Lix — t(y —y*) " (gy — gy) — ty ' Loy — 0.5tx" (D1 — 31,,,)%
0.5ty " (Dg — 3I,n,)y — 0.5tAT (D) — 310, )A — 0.5t (Dy — 314, )i

= tA —0.5¢B, (26)
where

~ 5 x ~ ~/ % 1 T * x T *T

A = fx)-fx)+gly)—gy")+y" Hx—y Hx"+ X" Lix+p* Lay
1 1 . .

—ngle - inLzy —(x=x) T (fx — fxr) = (y =) " (gy — gy-),
B = %' (D;—3Ln)x+¥ (Dy =3I,y + AT (D) —30Ln,)\u

+u" (Dy — 314,)>0. (27)

By and , A can be rewritten as

A= J00 - J0) — (= x) T - X Lax o+ () — (")
—(y=y") gy - %yTLgy,

where fx € 9f(x) and gy € 9§(y). Because f and § are convex, it is clear that f(x) —
fx*) = (x =x*) T fx < 0 and §(y) — 9(y*) — (y —¥") gy < 0. Note that L, > 0 and
Ly > 0. It follows that

A< —5X Lix— 5 Loy <0. (28)

Then, combining - proves the conclusion of the lemma.
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