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KYBERNETIKA — VOLUME 59 (2023), NUMBER 3, PAGES 392-417

A PENALTY ADMM WITH QUANTIZED
COMMUNICATION FOR DISTRIBUTED OPTIMIZATION
OVER MULTI-AGENT SYSTEMS

CHENYANG LiUu, X1AOHUA DoOU, YUAN FAN, AND SONGSONG CHENG

In this paper, we design a distributed penalty ADMM algorithm with quantized communi-
cation to solve distributed convex optimization problems over multi-agent systems. Firstly, we
introduce a quantization scheme that reduces the bandwidth limitation of multi-agent systems
without requiring an encoder or decoder, unlike existing quantized algorithms. This scheme
also minimizes the computation burden. Moreover, with the aid of the quantization design,
we propose a quantized penalty ADMM to obtain the suboptimal solution. Furthermore, the
proposed algorithm converges to the suboptimal solution with an O(%) convergence rate for
general convex objective functions, and with an R-linear rate for strongly convex objective
functions.

Keywords: quantized communication, distributed optimization, alternating direction
method of multipliers (ADMM), constrained optimization

Classification: 90C33

1. INTRODUCTION

In recent years, the distributed optimization algorithm has been widely used in various
fields and has performed well, e.g., [24] 3I]. Thus it has attracted the attention of
many researchers. There are many excellent algorithms in the distributed optimization
literature, including distributed ADMM [7] 20} 30], gradient tracking[I7, 22], primal-
dual [10, 14} 23, 29], and mirror descent [21I}, 28]. [7] proposed distributed dual consensus
ADMM (DC-ADMM) and the distributed inexact DC-ADMM (IDC-ADMM) to solve
the problem of network resource allocation. In [20], the authors showed the distributed
ADMM algorithm with a linear rate when objective functions are strongly convex. They
also studied the effect of the network topology, the condition number of the objective
function, and the algorithm’s parameters on the algorithm’s convergence rate.

In practical applications, bandwidth limitation is one of the primary and essential
topics of multi-agent systems. For distributed algorithms over multi-agent systems,
many scholars studied quantized communication to overcome the impact of bandwidth
limitation. In [4], the authors proposed a distributed quantized algorithm for seeking
a Nash equilibrium of games. [26] developed a distributed subgradient algorithm with
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dynamic quantization for distributed optimization problems. [J] proposed a quantized
“projected+consensus” for distributedly solving linear algebraic equations with a linear
(sublinear) convergence rate for exact (least squares) solutions. Other related references
about quantized distributed optimization include still [3] [6], [T5], T9]. However, all of the
quantized algorithms in [3] 4} [0} [T9] [26] need local encoders and decoders, which increase
computation burdens for local agents.

Due to the resources limitation and uncertain environment of practical circumstances,
the decision variables of optimization problems are usually constrained by feasible sets.
In [II], the authors designed a distributed proximal point algorithm (DPPA) for a
smooth constrained optimization problem over an unbalanced time-varying network and
achieved an O(1/vk) convergence rate for general objective functions. By utilizing an
exact penalty method and under strongly convex conditions, [I3] developed a distributed
projected subgradient algorithm for a nonsmooth optimization problem constrained by a
feasible set and achieved an exponential convergence rate. However, the two results are
developed based on the identical constraint. As discussed in [I}, [5], the nonidentical fea-
sible set constraints are more practical, increase challenges and degenerate convergence
performance. In [§], the authors proposed a primal-dual distributed optimization algo-
rithm for nonidentical feasible set constraints and showed an asymptotical convergence
rate for general objective functions. Inspired by the exact penalty idea, [32] proposed a
primal-dual algorithm for nonsmooth constrained optimization problems with an asymp-
totical convergence rate. Combining gradient tracking and projected dynamics, [5] pro-
posed projected gradient tracking and achieved an O(1/k) convergence rate for strongly
convex objective functions. In [27], the authors designed a push-sum-based constrained
optimization algorithm for optimization problems over time-varying directed graphs and
showed O(Ink)/vk and O(1/k) convergence rates for general convex and strongly con-
vex objective functions respectively. According to existing results, we wonder that is it
possible to improve the convergence rate by sacrificing little convergence accuracy.

Inspired by the above discussions, we propose a distributed penalty ADMM algorithm
with quantized communication to solve distributed constrained optimization problems
in this paper. The main contributions of this paper are summarized as follows.

1) In comparison with the ADMM algorithms for the unconstraint optimization prob-
lems in [20, B0], we developed a penalty ADMM for distributedly solving dis-
tributed constrained optimization problems.

2) We utilize a novel quantized communication scheme for the distributed algorithms
and remove the local encoders and decoders, which are necessary in [3, 4] [, 19} 26].

3) Compared with the quantizers with fixed quantization intervals in [I5] 26], we
apply the quantizer with dynamic quantization intervals to the penalty ADMM
(P-ADMM), which reduces the quantized error and improves the convergence ac-
curacy.

4) We analyze the convergence performance of the proposed algorithm and show it
sublinearly (linearly) converges to the approximated solution of generally (strongly)
convex optimization problems. Moreover, the convergence rates are faster than
that of [5] 8, 27, [32]
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The rest of our paper is organized as follows. In Section 2, we first explain the
knowledge of graph theory and the meaning of some necessary symbols. Then we briefly
introduce the original algorithm and a quantizer used in our proposed QP-ADMM. We
show the derivation of the proposed QP-ADMM in Subsection 3.1. We analyze the
convergence performance of our algorithm in general convex and strongly convex cases
in Subsection 3.2 and Subsection 3.3, respectively. In Section 4, we demonstrate the
performance of our proposed algorithm through some simulation examples. Section 5
concludes this paper.

2. PRELIMINARIES
2.1. Graph theory

In this paper, we consider distributed optimization problems over multi-agent systems
connected by a graph G = (N,€). For the graph G, N’ £ {1,2,--- n} is the set of
agents and € is composed of a pair of two different agents in N. N; = {j € N': (4,7) €
E or (i,j) € £} U{i} is the set of neighboring agents of ¢ and includes itself.

2.2. Notation

x; € R™ and © € R™ ™ are the local variable held by each agent i and the global
variable, respectively, i.e., z £ [x7;23;--- ;2L € R®*™. If all local variables satisfy
the following condition, ; = x5 = -+ = z,,, then the global variable z is consensual.
Denote z* and z¥ as the values of z and z; at the kth iteration, respectively.

For a vector v, ||v||; and ||v|| denote its {1 and ls norms, respectively. For a matrix
B = [b;;] € R"™™, b;; is the element of B at the ith row and jth column and || B|| is the
Frobenius norm of the matrix B. For a symmetric positive semidefinite matrix G > 0,
we denote ||Bl|g £ \/trace(BTGB) and (A, B)g £ (A, GB) are the induced norm of B
and the inner product of A and B, respectively.

We define p(-) (0(+)), tmax(") (Omax(+)), and pimin(-) (omin(+)) are the eigenvalue
(singular value), the largest eigenvalue (singular value), and the smallest eigenvalue
(singular value) of a given matrix, respectively. I, and 1, ., denote an n-dimensional
identity matrix and n x m all-ones matrix, respectively.

2.3. Problem formulation

In this paper, we introduce a distributed penalty ADMM algorithm (P-ADMM) in [30]
to solve the following distributed convex optimization problem with feasible constraint
sets,

min lZ::'1=1 fi(z;),

z eRm T (1)
s.t. z; € K,

where f;(z;) : R™ — R is a convex and continuously differentiable function which is only
owned by the agent ¢ and K, C R™ is a compact and convex constraint that is only held
by the corresponding local variable x,. For , we have the following mild assumptions
in the distributed optimization literature.
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Assumption 1. For f;, its gradient V f;(z) is Lipschitz continuous; i.e.,
IVfi(z) = Vil < Lylle —yll, Vr,y eR™,
where Ly > 0 is the Lipschitz constant.

Assumption 2. Each f; is strongly convex; i.e.;

<m - y,Vfi(x) - sz(y)> > Mf”x - y||27 Vm,y € Rmv

where pyp > 0 is the strong convexity constant.

To reformulate into the form with consensual constraint, we introduce a mixing
matrix W € R™*", where each element w;; in W is a weight between agents ¢ and j.
For the mixing matrix W, the following assumption is adopted.

Assumption 3. The graph G is connected and undirected. The mixing matrix W is
doubly stochastic and symmetric; i.e., Wl,x1 = 1oy and W = W7, If § ¢ N;, wi; = 0;
otherwise, w;; > 0.

Remark 1. Based on the Perron-Frobenius theorem in [I8], the eigenvalues of W lie in
(=1, 1] and the multiplicity of the largest eigenvalue is one which implies that span(1,x1)
is the null space of I — W. Therefore the null space of the square root of I — W is the

same as it, i.e., (I — W)zz = 0 if and only if 2T = 2T = ... = 2T,
We rewrite as the following form
Z* € argmin f(z), s.t. (I — W)%x =0, z €K (2)

where #* € R™™ is the optimal solution, f(z) £ 31", fi(z;), and K = [[I_, K; C
R™ ™ is the global constraint set which is held by the global variable x.

For the convenience of solving the consensus constrained problem in , we transfer
it as the following approximated form

o € argmin f(x) + L||(I - W)zz|2, stz €K, (3)
x
where € > 0 is the penalty parameter and z* is the optimal solution of .

Remark 2. It is worth emphasizing that the optimal solutions of Z* and x* are
not equal. Moreover, the error between Z* and x* is scaled with the parameter e.
Namely, a smaller € yields a more accurate solution.

Assumption 4. The set of minimizers of and are nonempty.
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2.4. Quantizer design

Define a quantizer with a fixed number of b bits as follows.
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where ¢ is a real number and sgn(-) is a sign function. ¢, [, and A = 257 are the middle

value, the quantization interval, and the quantization step size of , respectively. For
, we draw on Figure [1] to better illustrate the principle of the quantizer. Based on

;+sgn(cfz)A{@J+%
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Fig. 1. The principle of the quantizer.

(4], if the quantized value c lies in the quantization interval ¢ € [¢ — é7 c+ %]7 we bound
the quantized error as follows

= opr1 (5)

In this paper, we denote the quantized value of x and x; as 9 and a:Q, Vi € N,

i

respectively. Since the middle value ¢ and the quantization interval [ change at each
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iteration. Thus at the k-th iteration, we define that the middle value z¥ is previous

Q,k—1

quantized value x; , l.e.,

and the quantization interval is
= CoF,

where 6 € (0,1) and C is the initial quantization interval [{. The error generated by the
quantizer is defined as

3. ALGORITHM DESIGN AND CONVERGENCE ANALYSIS

In this section, we propose a quantized penalty ADMM algorithm (QP-ADMM) based
on P-ADMM to solve distributed constrained convex optimization problems. Firstly, we
explain how our proposed QP-ADMM is derived from the original algorithm. Next we
analyze the convergence performance of QP-ADMM under general convex and strongly
convex cases, respectively.

3.1. Algorithm design

For , we define an auxiliary variable z = (I — W)%a: € R™™™ and substitute it into
()

(6)

min f (@) + 5 [12lI7
Lig

s.t. =z,x €K,

where L2 T — W.
Based on @, we have the following augmented Lagrangian function

Lo(z,2,0) 2 f(x) + L|2l2 + (A L3z — 2) + &| L2 — z||2, (7)

where A € R™*™ is the Lagrange multiplier and « > 0.

When the proposed algorithm runs, values of x may fall outside feasible constraint
sets. Using these can result in severe calculation errors. Therefore, we project = onto
the constraint set K to avoid it. Based on , the updating law is given as follows.

z: 2" = Projg(zF — e[V f(2®) + aLa® — azF + \F)), (8a)
z: A = LW 4 aLa™ Y, (8b)
A AL = 3B o [Laktt - 2R, (8¢c)
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where 7 £ L32% and A¥ 2 L2 \F. Then we add the quantizer after the xz-update of

@,

z: 2P = Projy (z9F — c[Vf(29F) + aLz@F — azF + X)), (9a)
2@ @R = Q(aF), (9b)
F: 3Rt = ﬁ[% + aLz@HF ), (9¢)
A ML= 3B o[La@F T R (9d)

E

Assumption 5. The set K is compact and convex. If z € K, the quantized value =%
is bounded as

lz?F —z*|lr < A,
where A > 0 is a positive constant and x* is the optimal solution of @

In summary, @D is the updating law of QP-ADMM. The detailed implementation of
the proposed algorithm is shown in Algorithm 1.

Algorithm 1. Quantized Penalty ADMM

0 _ 50

Initialization: Choose the parameters e, «, and c. Initialize z; = 1,,x1, Z; =

1m><1; and 5\? = 1m><1~

Update flows: For each i € N,
for k=1,2,...do
1 : Compute the projection of local variable a:f“ by
zt T = Projy, (z2F — e[V fi(29F) + a (a9 — S ien, wijz?’k — ZF) + AF)).

i

2 : Update the parameters of the quantizer: Qf“: lf“ and jf“.
3 : Quantize the local variable: x?’kH = QN (aF ).
4 : Transmit 22" to / receive x?’kﬂ from neighbors j € V.
5 : Update local auxiliary variable 25“ by
gl = ﬁ[if +a(a@t T =Y wia ).

6 : Update local dual variable S\fﬂ by

S\i_chl _ j\f + a[(x?’kﬂ _ Zje/\/i wijl‘?’kﬂ) _ 5?“]-

end for

Remark 3. To reduce the communication burdens of distributed solving (2), we design
Algorithm 1 with the following two intuitions. Firstly, Algorithm 1 is designed with
a quantized communication scheme, where each agent exchanges information with its
neighbors in limited bandwidth; Secondly, inspired by [20, [30], each agent only exchanges
the primal variables with its neighbors in Algorithm 1, which is more efficient in com-
munication resources saving than the exchanging of both primal and dual counterparts
in [8, [14].
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3.2. Convergence analysis

In this subsection, we analyze the convergence of QP-ADMM under general convexity
and strong convexity.

{z¥} and {\*} in ([9) denote auxiliary variables and dual variables, respectively. To
simplify the notation, we use {z*} and {\*} to replace them. Then (9 becomes

z: 2FT = Projy (29F — [V f(29%) + aLa@F — al?zb 4 L%)\k])7 (10a)
x9 @R = Q(ah ), (10b)
z: 2Pl = aj_% AP+ aL%xQ’kH], (10c)
A: AR \F L [Lag @t gk (10d)

Rearranging , we have
A= AL gL e @kt 4 gkt (11)
Substituting into , we get
(o + %)Zk“ — ARFL gk
which implies that

LR = )L (12)

As long as initializing with %ZO = A% then we have %zk = Ak,

3.2.1. General convex objective functions

We provide detailed proofs and some critical conclusions in this part to establish that
the proposed algorithm converges to the optimal solution under the general convex case.
To simplify notations, we define

UFQ] 2 (x@F 2F AR w2 (2,250, GET—ac(I-W), H=2 (iG %I,i ),

where uf“Q] is generated by and u* is the optimal solution of (@ The square of the
distance from qu] to u* is defined as HUFQ] —u*||% £ [|2@F - J:*||22%G +||2* - z*||2%1 +
[P s

2a

Theorem 3.1. Under Assumptions (] B} ] and[f] if the parameters a and ¢ are chosen
such that iG - %I > 0, then

lufigy — w13 — byt — w*lf% + A > rl|la@F — 2k 4 L2k — 252
g A - AR, (13)

where 7 > 0 is a positive constant and A is the error term and

A2 1+ 2ae npC? p2(k+1) | ,/npAC’akJrl
B 2¢  922(b+1) 2b+1c )
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Proof. See Appendix[6.1] O

Based on Theoremﬁ7 ||uf“Q] —u*||% falls fast and tends to 0 when the selected a and

¢ satisfy the condition iG — %I > 0. However, Theorem ﬂ alone cannot show that
QP-ADMM converges to the optimal solution of @ under the case of general convexity.
Thus we provide the following theorem, whose proof is similar to that of Theorem 3.2
n [16].

Theorem 3.2. Under Assumptions and the sequence {x@*, 2* AF} produced
by converges to the optimal solutions (z*,z*, \*) of @ from any starting point,
when o and ¢ are the same as chosen in Theorem [3.11

Proof. See Appendix[6.2] O

Theore establishes that QP-ADMM converges to the optimal solution u* of @
3

Theorem |3.1f and Theorem tell us how to choose o and ¢, i.e., ¢ < L Foumm(@)

based on iG — LQ—fI = 0, where fimax(L) is the largest eigenvalue of L.

We have shown that QP-ADMM can converge to the optimal solution u* of @
under the generally convex case. We propose the following theorem to establish that the
proposed algorithm converges at the rate of O(3) under general convexity.

We define the formula in (6) as ¥(v) £ f(z) + = ||z||F, where v = (z,2) is a triple.

Let ¥ £ (&%, 2%) with &% = th L@t andzkAlzt 12

Theorem 3.3. Under Assumptions [1] B] ] and [5] if the parameters a and ¢ are chosen
as in Theorem [3.1] it holds for all k£ > 1 that

max{wm—¢<u*>|,\\A*\|F||Lia:~’tz’“np} &,

where Q1 2 5[ — 2@0g + §|2* — 2°% + ZIAIE — SINOMF + Ar + Ap with Ay £

142ae npC? 62 A npAC ¢
2¢  220FD) 1— 92 and Ay = G 7

Proof. See Appendix a

3.2.2. Strongly convex objective functions

If the function f(z) is strongly convex, QP-ADMM can achieve a linear convergence
rate. The proof of this conclusion is as follows.

Theorem 3.4. Under Assumption if the variables are initialized as %zo = )Y and
2
§&1— m L(fé) > 0, the convergence performance of the sequence {x@*, z*} which is
generated by (10) satisfies
. K12 k12
ealle® — PG 4 2% — YR

< my H (ealla™ — QO + (127 — 201 + Ay + Ay), (14)
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A 1 202242 : A pgs
where 0 < § < 75 < 1 and », = max{clc+l, a€+2a2€2+2} < 1 with ¢ = EE e
a _ ca+tt a ay 1 : A 1420e npC26* a
and Cy = % Define A3 = m@ with a; = T e 220FD and A4 =
as 1 . s /npACH .
P —— m— - z with ag = ot respectively.
Proof. See Appendix[6.4] O

Remark 4. Based on Theorem the sequence {z@* 2*} generated by conver-
gences to the optimal solutions z* and z* of @ with R-linear rate under the strongly
convex case.

4. NUMERICAL SIMULATIONS

This section demonstrates the effectiveness of the proposed algorithm with a numerical
example. We utilize QP-ADMM to solve a distributed quadratic programming problem
that satisfies Assumptions We set the mixing matrix W based on the Metropolis-
Hasting rule in [2]. The form of the problem is as follows.

n
: T T
?;H}l z;xl a;x; — b x;,
s.t. x; € Ki, Ti = Ty, Z,j € N (15)
In the multi-agent system, the number of agents is n = 4. The network topology

of this multi-agent system is shown in Figure [2 To use QP-ADMM to solve (15]), the
parameters a; and b;, i € A are chosen as follows,

[ -120 050 ] b — [ 0.0447
T 065 040 |0 VT | 01342 |0
[ 040 115 ] b — [ 0.7155
2= —100 166 |27 | —0.9704 |
_[-060 0807 , [ 15205
= —200 1.00 )77 | ~0.5366 |
[ 125 —247 ] by — [ 0.3354
“= ] —100 —0.76 |0 T | —0.4248 |

The optimal solution #* of is

0.4472 —0.8944
- 0.4472 —0.8944
0.4472 —0.8944
0.4472 —0.8944

All local constraint sets K;, i € A/ and the global constraint set K are the unit circle.
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e
3/—\4

Fig. 2. The network topology of the multi-agent system.
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Fig. 3. The convergence performance of the QP-ADMM under
schemes 1 and 2.

We design two schemes to demonstrate the dynamic quantizer scheme we use. One is
QP-ADMM with the dynamic quantizer and the other is QP-ADMM with the traditional
quantizer that uses fixed quantization intervals. We set step sizes a and ¢ are 40 and

0.0093 for the penalty parameter e = 1072, respectively. We initialize quantizers with
the following schemes,

Scheme 1: 10 =6, b=6, A® = Ly = 0.094, I* = 19", 6 = 0.89;
Scheme 2:1°=6, b=6, A" = éi; —0.004, IF =1,

As shown in Figure [3 there are errors in both schemes. The errors are yielded from
the penalty approximation and the quantized communication. But the final value of
Scheme 1 is more accurate than that of Scheme 2. This accuracy does not sacrifice the
convergence speed.

In Figure all parameters are the same as in Scheme 1 except for the penalty
parameter €. Figure |4 shows that QP-ADMM can quickly converge to the neighborhood
of the optimal value Z* even when the penalty parameter € is small, its convergence rate
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Fig. 4. The convergence performance of the QP_ADMM with
different e.

is linear, which is consistent with our previous Theorem [3.4] The excellent convergence

performance of the proposed algorithm does not lead to a decrease in the accuracy of
the multi-agent system.

5. CONCLUSION

In this paper, we proposed a distributed ADMM algorithm over quantized communica-
tion with feasible set constraints called QP-ADMM. We presented a detailed derivation
of the proposed algorithm from the original algorithm. Firstly, we introduced a dynamic
quantizer and applied it to the original algorithm. Then we analyzed our algorithm’s
convergence performance in general convexity and strong convexity and proposed some
critical theorems. Finally, to illustrate the effectiveness of our proposed algorithm, we
provided a numerical example.

6. APPENDIX
6.1. Proof of Theorem [3.1]
Based on the property of variational inequalities, we rewrite (10a)),
(x* — Pt P (2QF — [V F(29F) + aLa®@F — aLl3zF + L%)\k]» >0, (16)
since x* € K. Substituting into , we have

0 < (x* — 2P LMt — 2@F _ (acLa@F ! — acLa@F)] + aLzzFtt —qL3 2k

’c

+ Vf(a@F) + L3R,
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Rearranging the above formulation,

0 < 1 <JI* _ .’L‘k+1,G(.TQ’k+1 _ xQ,k)> + <.%‘* _ CL‘k-H,Vf(Z‘Q’k» 1<.%‘* _ $k+1,ek+1>

C (&)

(T1) (T2)
+ (" — 2P LEARYY (L3 (27 — 2T, 2R Ry, (17)

For the term (T;) in , we rewrite it by the identity (vi — v2)TG(vs — v4) = 2 ([lv1 —
vallg = lor = wslZ) + 5(lve — vl — llv2 — vally),

%<$* _ .I‘k+1,G(QSQ’k+1 _ l‘Q"k»

= go(lle® —a@PG — o = 2QFE) + g (e g — [l = 2QFE).  (18)

Under Assumption [I} we rewrite the term (T2) in as follows

= (@* — 2",V f(@9h)) + @F — 2 V()
< f@) = f@OF) + F@@F) = fatT) + B la?F - 2P R
— f(l'*) _ f(.’)fk+1) + %HxQ,k _ .’I}k+1||%. (19)

Substituting and into , we have

* k * k k k
0< go(lla® = 2@FE — lla* = @MY 2) + Ll G + f(a*) = f™)

+ 04<L%($* - xk+1),zk+1 o Zk> _iul‘k-&-l _ J)Q’k”é + %”.Z‘Q’k _ xk—l—lll%

(T3)
+ (a* — 2T, L%)\k"‘l) - La* - ok HL ehtly, (20)

With the help of another identity (vi — v2)T(vs — v4) = 2([lor — val® — [Jv1 — v3]|?) +
2(|Jva — vs]|* = |lvz — v4]|?), the term (T3) in becomes

Oé(L%(.’L'* _ xk"'l),zk"'l _ Zk)

<L%(IE* _ .’EQ’k+1),Zk+1 o Zk:> + a<L%ek)+17Zk}+1 _ Zk>

=
= Q(||L3a* — 2*|2 — |LEa* — 25 H2) 4+ aLEekt, 2R oy
Q(||LE @R Y2 | L3 @k k2, (21)
Rearranging (10d)),

k+1 k
AT A [Ep@k+1 _ Jk+1 (22)
(0%
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Substituting the above formula into
<L%(.’IJ* _ $k+1)72k+1 _ Zk>

= §(IL2a" — M — |L2a” — M R) +a(LaehH 2 -2
(

o

k+1_yk K+l k b k
+ 5 (1217 — 122 + 22 = 2R
= %(\\L%x* - zk||F R O R 1 s
<L2e 2P 2k, (23)
Then, we substitute three equations 12% = AF, 11 = \k+1 ang Lzz* = 2* into 23),

L3 (07 — M), 2 = 28) = g (|l = 2R — 27 = 2R = (5 + DI -2
(L7t ZH kY, (24)
Substituting into and rearranging related terms,
Fa) = f@* ) + gl G + 5o (lla” = a@FE = o™ — a@F )
+ 5 (2% = KU = (127 = 2R 4 (@7 — 2L LI — Lot — M e

> g [lgP = 2R |G = F 2% - F P+ (5 + DI - 2R

2
— L7kt Rt Ry, (25)
Note that
gellz® = 2R A (2 = 2P M) = 2R g2 (26)
Combining with ,
3l = 2R (2 = 2N = R = 2R (27)

Substituting into ,

F@) + 1207 = @) = SR+ (o7 — T LEANTY) — (27— 2E A

(T4) (Ts)
+ 5= (lz* — 2QME — lla* — 2PFZ) + 51127 = 2 F - 27— 2R

selle @t — MG — 2@k — R+ (5 + DI - 2R

2 +i”Z*_Z

1
+ %(1‘* — Pt Py (L2 ekt 2R — Ry 2%HekHHé. (28)

L

We introduce an equation to further simplify
/= E+1 AR_FF1 * E+1 AR_2FF1
0= (A ARFL AN (e g Aty
A k+1 1 Q,k+1 k+1 * E4+1 Ae_pFf?
—<)\ AT =Ly +z >—<)\ - A 7T>

7</\*,L%:17k+1 o Zk+1>+ </\k+1,L%xk‘+1 _ Zk+1> 7<>\* N )\de7 Ak72k+1>

(Te) (T7) (Ts)
— (L3 (N = AFHL) bty (29)
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Combining the term (T4) in and the term (Tg) in (29), we have
* * * 1
F@™) + gl [lf = f@h) = gl MR — (A, Laa - 22
= L(x*, 25, \*) — L(zFT1 A A% <o. (30)

For the term (T5) in (28), we combine it with the term (T7) in and use L2z* = z*
to further simplify it.

(z* — xk+1’L%/\k+1> — (- Zk+1’/\k+1> + <)\k+1’L%mk+l _ zk+1>
_ (x* _ mk+1’L%/\k+1> + <)\k+1,L%xk+1 Y R Zk+1>
= (x* — Pt Lo ARy (AR Laghtl 3ty = 0. (31)
Adding o |[A*T1 — A*||Z into the term (Ts) in (29), we have
LA - A’“HQ . A’f“, —> = &IV MR- RN - X ()
Substituting (30, (31]), and (32) into and rearranging it then yields
L(z*, 2", A7) — L(fﬂk“,zk“,)\*) + i”fﬂ* — 2% = gl — 2@

k k k k
+ 512" = 2FE = Sl = MU A g AT = AR — s A= AR

selle @ — G = et — R 4 (5 + DI -+ gz - R

2

I~ N 4 L0 — b, ) 4 (LR 2k - 25— Lk
+ (LT(A* — AFHD) ekt (33)
Based on [ufy — u*||3 = [+9F — x*||22%G +||2% - g+ | \E — /\*||21 ;» we further

simplify ,

L(z*, 2%, A") = L(a" T 2P0 + (Jujgy — w7 — Iluig! — w1 + 5[l 1%

Q]
> Lz = 2F G = S Na9F — PR 4 (5 + DIF - TR+ SN - N
+ QLSHZ* o Zk+1||% + %<IE* o l,k+1 k+1> + a<L2( Zk+1),€k+1>
£ (A = AL L3Ry (34)
(To)

Because 12* = \* and 12! = A\FF1) we substitute them into the term (Ty) in (34)),
(AF = AL L3ehtly = Ligx _ Jhtl [aektly, (35)
’ € )
According to and (35)), we get
k k k k k
La*, 2%, %) = L@ 25N o+ luj) — (I3 — luggy' — (3 + g lle™ I
+ %<xk+l _ $*76k+1>
ko k L K kK
> o [la@F — MG = e — MR 4 (5 + DI - 2R s I = AR

okl = AR ek — P LB L er R k), (36)
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Note that
A 2 B e A 1 A |
1
> = fllz = A - e e (37)

and

<Zk - Zk+1’L%ek+1>

Y%

R Ear i ) Ay

2 1
2 = gl — MR — Zm et (38)
where amaX(L%) is the largest singular value of Lo, Next, substituting and
into , we obtain
* * * * * k *
Lx*, 2% A") = L(a* 250N 4 luf) — (I — Ny — w3 + 2ol
+ %<£Ek+l o $*76k+1>

> Aok — 2FHE - L fe@F - R Lk - SR L - xR

> 1
okt - PRHY|E - U200 (BR) ) et 2 (39)

For the term [[e*T1||Z in (39), we have the following inequality,
G
1" FHIE: < prmax (G|, (40)

where pimax(G) is the largest eigenvalue of G.

Combining with (40)), we get

Lia*, 2, M) = L+, 25400 4 by — w3 — [l — w3

5 1
+ (Hmzxc(G) + (1+2a6)Z:1ax(L2) o %)Hek+1||% + %<xQ,k+1 _ .’E*, ek+1>

i R [ e A R { PUEP e -
+ 4l =R (41)

Based on Cauchy-Schwarz inequality, we rewrite the term 1 (z9*+1 —z* 1) under
Assumption [5]

(@@ — gt M) < e @ — 2|l |p < 2] p. (42)

Then substituting into ,

lufgy = w*lf — lluigy" = u*llE + L, 2%, X%) = L(a™, 2570 0% + 2l e

max (G 142ac)02, (L3 k
+ (man(@) o (209000 (E2) _ Ly)jeh )2

> a9k — U — B a9k - R LR — R Lk — AR

+ 2l = M (43)
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For the error term in (43), based on ! < £

[Hmax(G) +

(1+2ae)o2, (L

H

2c

>maxG
0 ()+

4de
(1 +20€)02,, (L

Nl

)

IN

2c

4e
(1+2ae)o?, (L

[N

)

2c

[Hmax(G) +

-maxG
1 ()+

4e
(1+2ae)o2, (L

[N

)

2c

4de

Ol ol olrk ol

. np(09k+1

l
o651, WE

_’_7

2 A
]
F c

CHENYANG LIU, XIAOHUA DOU, YUAN FAN, AND SONGSONG CHENG

have

||
F

() + V()

2
2b+1 )

C292(k+1)

P 520+ 1)

A 09k+1
TV np( 2b+1 )
A C@k-&-l

Because the eigenvalues of the matrix G lie in (1 — 2ae, 1] and the singular values of L2
lie in (0,+/2), we further simplify

0292(k+1)
P—520+1)

A Cek+1
VI

A ol Lax
oV

Wt 2odabulh) 1,
4e
0292(k+1)
)np 92(b+1)

a1y, VIPAC 1 s
92 MWG N

fimax (G)
[ 2c +
14+ 2ae 1
( 2 2
14 2ae npC?
¢ 22(b+1)

Substituting into ,
Lix*, 2%, ) = L™ 2500 + ufy — w3 = lufg — 'l + A
— L e @k — g2 Lok R g Lk k2

(46)

(45)

> ||xQ,Ic . xk+1||2G

1
2c
+ el = 2

Choosing iG — %I > 0, we can find 7 > 0 such that %CG — %I > 71, and it holds
for all £ > 1 that

ey — % — It — [ + A

> et — PTG+ Lt = 2R g AT AR, (47)

which completes the proof.

6.2. Proof of Theorem [3.2]

Based on Theorem the terms of the right side of all tend to 0, which implies

that
p@k — gkl 0,

2k — 2k 0,
e — \FHL 0.

(48)

Further, we obtain

L2g@F — 2k 0. (49)
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Because the sequences {ufo}} lies in a compact region, we set a subsequence {u?é]}
of {UFQ]} which convergences to it = (i,%,A), where @ is a limit point of {uf“Q}} and
L2i—%=0. And ||uf“Q] — u*||% is monotonically non-increasing and thus converges.

Note that (10a)) implies that

Vf(#) +L2X=0. (50)
Note also that implies that

v

1r=X\ (51)
Next, taking k — 400 in yields the KKT conditions of (@,

Vf(z*) + L2 =0,

z* e K. (52)

Because # € K and L## = %, thus (5:,2,5\) satisfies the KKT conditions and is
an optimal solution of (6). Therefore, any limit point of {z?*, 2% A*} is an optimal
solution.

After completing the above proof, we still need to show that {z@*, z* \F} has a
unique limit point. We set (fl,él,j\l) and (552,52,5\2) are any two limit points of
{z@Fk, 2% A*}. In other words, they are optimal solutions of (6.

Replacing uv* in with @ £ (21, 71, 5\1) and 1y = (Fg, Z, 5\2), we obtain

it — a3 < by — wll? + A, i=1.2. (53)
For the right-hand side of ,

lim (HUFQ] —U||lm +A) =

k—+oo

. ke . S
kgl}rloo”u[Q] ul||H+k£r£mA, i=1,2.

Because of 0 € (0,1),

lim A=0.

k—+o00
Therefore,
; k - — 1 k v A -
kEI—iI-loo(Hu[Q] —Uillg +A) = kEToo lugg) — @illm = pi < +o0, i=1,2.  (54)
With the identity
lufgy — i llf — lujg) — @2llf = lliallF — lldallf — 2(uy), @1 — i) - (55)

Calculating the limits of then yields

pT — p3 = =2l Uy — o) g + | ||7r — |[2l|Fr = — |ty — || (56)
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and
pT — p3 = —2(lg, Uiy — o) pr + |7 — |[G2l|F = [t — el (57)

Obviously, to want = if and only if |[it; — w2]|% = 0. Thus the limit point of
{x@F 2% A*} is unique. This completes the proof. a

6.3. Proof of Theorem [3.3|

Based on the definition of the convex function, we have

V1 I/k 7/1 yk
w( +k+ )éw( >+k+w( ). (58)

Then,

Sw(vl) ]'C'W( ) () + (N, L3k — 2y

k—1

B R
t=0

Rewriting then yields
=z —aQME = il — 2@ NE + $l2 = R - Sl - 2R
+ g lA = ATIE = g A = AR 4+ A
> L(ab Tt 2N — L(a*, 2%, A) = o(F ) — (o) + <A,L%x’€+1 - zk+1>, YA, (60)

Combining and , we obtain

W) $() + (A LR - )
-1
1 * * * *
< 23 [EllaT =29 = et — 2@ 4+ gl = R - gl — R
t=0
A= NI = A = AR A
1 . X
= [ Flle" =222 - Ele - e @K + § 12— IR - gl - R
1 k—1
A= AR = A= AR+ 2 DA
t=0
1 . . 1
= 2 [Fle" =222 + gl = U + A - XUE] + 2 DDA, WA (61)

t=0
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For the term Z A in (61)), we have

k

|
—

I+ 2ae npC? 00 ,/ pAC .
A‘EZ[ b+1)9 b+1c “oprig ! }

T =
~
Il
o

= =

+ 2ae npC? ) Z g2(k+1) (\ﬁAC) Zek+1

( 2¢ 22(b+1) 2b+1

1+ 2ae npC? 02 vnpACN 0
2¢  220+1) )1—92 %( 2b+1c )

Based on , is modified to
W(F) = () + (A L2 - 2F)

1 1 1
< o[ Fla” =0 + §127 = R+ RN = XR| + AL+ TA VA (63)

1
Al + —As. (62)

< — &2
- 1-60 k k

Setting

e (rEt - ) o

L2 — 2F||r
and substituting it into the left-hand side of , we get
W(IR) — () + (A L2k — 2F)
= (*) — (") + 2N [l L2 3* — 2F|p. (65)

For the right hand side of (63), let ||[A|r = 2[|A\*||r and we use the triangle inequality
to rewrite the term [|A — \°||&

1A =X < 8IIIE + 22 3. (66)
Based on ., and ., we get
- * 1 * a * *
V) = 0(") < [ FllaT =220 + gl = UE + IR — VIR + Ar + Ao
—2/|A"|Igl| L3 3" — 2*lr
0o eLiat - e, (67)
For all v, L(v, \*) > L(v*, \*), thus
R OO PY T AL AR (68)
Combining and , we obtain
max {0(7%) — (), Il L3 — 2 } < D

Thus we completed the proof. O
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6.4. Proof of Theorem [3.4]
Under Assumption 4} we rewrite in the proof of Theorem as follows,
(@ =2t v f(29h))
— (@ = 2L VL) + (o - oLV F(@@F) - V()
< fla*) = fla™) - %llx* — 2R (@t =ML V(@) = V). (70)

Then the following operations are the same as that of Theorem Furthermore

becomes
k k k k
wllz* — 2 |E — lle — aPF G + Sl = 2 - gllzt - 2R
k k
+ o IV = AR — s I = AR 4+ A
> A ek — M 4 LR - R Lt — SR 4 A - A

+ B lla" = 2" E - (a7 = 2T Vf(aQF) - V(). (71)

(T10)

For the term (T1¢) in (71)), we have

(@ — ML VI (E9) — V) 2 e - 2R - L 29F — 2R R, (72)

27’1
where 771 > 0 is any constant. Substituting into , we get
gelle” = a@FE — golla” —a@FHG 4 g2t = 2FIE - g1l - 2R
+aa IV = AR = g A = AR+ A
> gol|lz9F — 2t + %IIZ’“ A R [E e [ P S

T AT Sy PP (73)

27’1
We utilize %zk = \* to further simplify ,

cllla® = a@FE — lla* = 29 E) + (o + g@) (12" = 2FlF — ll2* = 2" F) + 24

L2
] R i R o= | A e Ea e
+ (np =)™ — 2R (74)

For the term (11 — puy)||z* — 2" ||% in (74)), we deal with it as follows.

Y

(m —pp)llz” - ’““II%

= (r = pp)lla” — 2™ — Mg TR

= (11— pp)(la* = a@FFYf + 202" — 2@ M) 4 [P IR)

< (r = pp)(la” = a@FE 4 2|2 — 2@ pllet e + R

< (m = pp) ([l = a@EF R+ 24 e g + [le" ), (75)
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where 2A||ef*1||p in the second inequality follows from Assumption

Combining with yields

k k k k
cllla® = a@FE = fla* = 29 E) + (o + g@) (12" = 2FlF — lle* = 2" F1F) + 24

L2 "
> e —atHE = a9 — BT 4 (2 o) llEt = R ]l - 2R
+ (g = m)ll2* = QPR+ (= 1) A e + [ I7)
min (G L3 *
> (L@ _ 2Ly g @k — gh 1|2 4 (24 Lo)||ak — LR 4 Lt — 252
+ (g = m)ll2* = 2P+ (= m) AL e + [ FIF). (76)

2
To complete the proof, we need %(G) i—f and puy — 7 to satisfy the following
conditions,

pmin(G) LG
c o 0, (77)
py—71 > 0.
Therefore, let § > 0 to make (77)) true, where we define § as
L%c
se1-—L s (78)
:U/rnin(G):U/f

Choosing 71 = 1%; and substituting it and into then yields

o™ = 2@HE = fla™ = 2@ E) + (o + g2 (l2” = 28l — lle™ = 2" FHIR) + 24

> L5 @F — MR+ (2 + Sl — AR + gl — 2R
k k k
+ f5lle” — aPFE + £5 Al e + 1l E)
k k
> ffslla” — e A )z — R (79)

We can find a parameter ¢; > 0 such that

tisllz™ = a@F R > el — 2@ E, (80)

as long as ¢ is sufficiently small. In this paper, let ¢; = W(S(G) Substituting c;

into and rearranging it, we obtain

el = a@FE + (o + g2 = 2P E + 24
> (c1+ )ll" = 2PMUE + (o + 5 + gl = MR (81)

Rearranging , then it becomes
callz® — 2@FHE + l2F — 2R

* k112 * k2
< mofealle” — 2G4 ||2* — 2 ||F)+T2a+%j2/\’ (82)

ae?
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A 202242 o c1+%
where 75 = max{ (104_1, aetsaraat < land ¢ = E Based on (45]), we rear-

range 2A.

14 2ae\ C292k+D 4 Cok+1
2 = (=) VP
(1 + 2ae> npC262 o2 npACH ok

€ 22(b+1) c2b
N—_——

Ay
ay = a2

(83)

1>

Substituting into , we get
call® — xDFHYIG 4 |[2* — MR

zk||12;)+7'2 92k+7'279k

at+s- +‘§

73 (calle® — 2P G+ |12* = 2 THR) + 73 ﬁQ 2061 4 7'26%2;&71%92]6

< TQ(CQHLU* W

A

—&—7'2 1 4+ 1y o

a++1 a++1

k . k .
62\
k
A (alle” - 220 + 12 - ) + e S (2) e Y ()]
e i 2 € =0
T ealle” - 2@ + 112" = 20 + Ay + Ay), (84)

IN

IN

LA a1 LA a1
where 0 < 0 <15 <1, Ag a+%€+#1_%’andA4 e e e v

()452
The proof is completed. U

e
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