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Abstract. This paper is devoted to the global attractors of the tropical climate model.
We first establish the global well-posedness of the system. Then by studying the existence of
bounded absorbing sets, the global attractor is constructed. The estimates of the Hausdorff
dimension and of the fractal dimension of the global attractor are obtained in the end.
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1. INTRODUCTION

In the present paper, we consider the following two-dimensional (2D) tropical
climate model in a bounded domain Q C R?:

Ou+ (u-Vu—pAu+Vp+V-(v@v) = f,
O+ (u- Vv —vAv+ VO + (v-Vu= f2,
00+ (u-V)0 —nAd+V -v=f3,

V-u=0,

(1.1)

where u = (u'(z,t),u?(z,t)), v = (v'(z,t),v*(x,t)) are the barotropic mode and the
first baroclinic mode of the velocity, respectively, § = 0(x,t) and p = p(x,t) repre-
sent, respectively, the scalar temperature and the scalar pressure, f = (f1, 2, f?)
is the external volume force. Here v ® v is the standard tensor notation, i.e.,
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VRU = (vivj)lgi,jgg, 1, v, n are nonnegative constants, where pu, v are the viscosities
and 7 is the thermal diffusivity. In the present paper, we consider p =v =n = 1.

When the region 2 is a smooth bounded domain, we supplement (1.1) with the
initial conditions

u(z,0) =ug(z), v(x,0)=wvg(x), O(x,0)=0(x) inQ,
and the (non-slip) boundary conditions
u=0, v=0, =0 onJQ.

We shall also treat the space-periodic case, where Q = (0, L) x (0, Lz) and the
boundary conditions are replaced by

U’((xlv O)a t) = U’((xlv LQ)vt)’ U((O,JTQ), t) - U’((Lla x2)7t)a
U((J?l,O),t) = ’U((mlaLQ)vt)a U((O,Jjg),t) U((L1,$2),t),
9((1‘1,0),t) = 9((%1,L2),t), 9((0,%2),15) = 9((L1,$2),t)

forall 0 < xy < L1, 0 < 29 < Lo.

By performing a Galerkin truncation to the hydrostatic Boussinesq equations,
Frierson, Majda, and Pauluis [10] derived the tropical climate model without any
dissipation terms (u = v = n = 0). The first baroclinic mode of (1.1) was used
in some studies of large-scale dynamics of precipitation fronts in the tropical atmo-
sphere. The tropical climate model is related to other equations in fluid mechanics.
If the temperature 6 is a constant, it is similar to the magnetohydrodynamics (MHD)
equations. If v = 0, it is analogous to the Boussinesq equations. The tropical cli-
mate model has attracted a lot of attentions recently. For tropical climate model
with fractional dissipation, «, u, v, > 0, Ye [20] studied the global regularity:

t
(2t v, 0) 130 ) +/0 [lullZrs e gz + 10l Fer @2y + 101 Fres1 ge] dT < C.

If (ug,vo) € H*(R?), s > 2 and 0y € H~'(R?) N H**'~F(R?), Dong, Wang, Wu, and
Zhang [7] established the global existence and regularity of solutions to the system
with fractional dissipative terms (—A)®u, (=A)%v, a + 8 = 2. For (up,vo,00) €
H*(R?), s > 2, Dong, Wu, and Ye [9] examined the global existence and regularity
of weak solutions with fractional dissipation. For (ug,vo,0p) € H*(R?), s > 1, u, v,
1 = f, for some 8 > 0, Dong, Li, Xu, and Ye [8] showed that there is a unique global
smooth solution of (1.1) in the Sobolev class H* for any s’ > 0.
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It is important to study the long-time behavior of solutions to evolution partial dif-
ferential equations as t — oo. If the external force term decays to zero at some rate,
then the solutions will decay to zero either. Schonbek [18] first obtained the optimal
decay rates of weak solutions to the incompressible Navier-Stokes equations. He
and Zhou [15] showed the temporal decay for strong solutions of an incompressible
Newtonian flow with intrinsic degree of freedom. The spatial decay for the Navier-
Stokes equations in R™ was obtained by He and Xin [14]. Brandolese [4] studied
the space-time decay of left invariant Navier-Stokes flows. For the Navier-Stokes
equations in R™, Bae and Jin [2], [3] obtained the upper and lower bounds for
temporal-spatial decays.

If the external force does not decay to zero, then solutions may not decay to
zero. But for evolution partial differential equations, the long-time behavior of
solutions can also be described in terms of attractors. The maximal attractor
is able to describe all the flows corresponding to all initial data [12]. There-
fore, it is also called the wuniversal attractor or the global attractor. Theory of
attractors for dynamical systems has been widely studied. The existence of at-
tractors for the 2D Navier-Stokes equations was first proved in the works of
Ladyzhenskaya [16] for bounded domains. Caraballo, Lukaszewicz and Real [5]
proved the existence of pullback attractors for the non-autonomous 2D Navier-
Stokes model in an unbounded domain. Lu, Wu, Zhong [17] and Gong, Song,
Zhong [13] proved the existence of the uniform attractor for the non-autonomous 2D
Navier-Stokes equations in a bounded domain and in a periodic domain. Ser-
mange and Temam [19] proved the existence of invariant sets for the MHD
equations in bounded domains with non-slip boundary conditions and with pe-
riodic conditions.

The geometrical properties of an attractor can be very complicated. An attractor
can be a fractal, like a Cantor set or the product of a Cantor set and an inter-
val. Global attractors can be complicated objects consisting of stationary points,
time periodic orbits, quasiperiodic orbits or even trajectories with chaotic behav-
iors (see [6]). Essentially, the concept of dimension is one of the few pieces of
information which is related to attractors. The global attractor is very thin in
some directions, and may possess finite dimension, because the semigroup on the
attractor is contracting in some directions and expanding in other directions. It
is well-known that the dimension of the global attractor for the 2D Navier-Stokes
equations (and for the 2D MHD equations) is finite. In the present paper, we shall
prove similar properties for the 2D tropical climate model. We understand that
the number of degrees of freedom of turbulent phenomenon is the dimension of the
attractor, which represents it in here. For the frameworks of general dimension
estimations, see [6].
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The nonlinear terms of the tropical climate model are subtler than those of the
Navier-stokes equations and those of the MHD equations. This gives some difficulties
on the uniqueness of weak solutions with L2-initial data.

This paper is organized as follows. In Section 2, we shall introduce some function
spaces, some operators, and the weak formulation of (1.1). In Section 3, we will
prove the existence and uniqueness of weak solutions. Moreover, we shall obtain
higher regularity. In the fourth section, we shall study bounded absorbing sets and
obtain the global attractor. The estimates of the dimension of the global attractor
will be given in the last section.

2. FUNCTIONAL SETTINGS

The spaces we shall use are combinations of those used for the Navier-Stokes
equations and the usual Sobolev spaces. For a Hilbert space X (e.g., L*(Q) or
H(Q)), we do not distinguish the inner products on X and on [X]? := X x X,
which will be denoted by (-,-)x.

In the non-slip case, we set L2(2) = L2(Q), H(Q) = H} () and

¥ ={p e [CZQ)P; V-p=0}.

In the periodic case, we define

1
Per(Q2) = {9 = 0|q; © € C*(R?) is periodic and @/ O(z)dx = 0},
Q
¥ = {p € [Per(Q)]*; V-¢ =0},
and set L2(Q), H*(Q) the closure of Per(Q) in L2(Q) and in H'(Q), respectively. In
both cases, we equip H'(f2) with the inner product
2

ovy Ov ~
(’U1;U2)ﬁ1 = g (axi, a$j>L2 YV vy, v EHl(Q),
i=1

and set H, V the closure of ¥ in [L2()]? and in [H!(Q)]2, respectively. Now we
introduce

H=H x [L2(Q)? x L2(Q), V=V x[H'(Q)?x H'(Q).
We equip H and V with inner products

(p1,02)n = (u1,u2)m + (vi,v2)r2 + (01,02)2 Vi = (uwi, v, 0;) € H,
(1, 02)v = (u1,u2)v + (vi,v2) g + (01,02) 5 Vi = (ui,v;,0;) € V.
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Then H,V are Hilbert spaces. If we identify H with its dual H’, then
VCH=H cV,

where each space is dense and can be continuously embedded into the following one.
We define two linear bounded operators A € L(V, V') and A € L(V,V’) by setting

<AU1,UQ>V/’V = (ul,u2)v Vul,u2 S ‘/,

(A1, ey v = (p1,02)v V1,02 € V.

Obviously,
[Aullv: < lullv,  [1A¢llv < llellv-

From now on, we denote (-, )y y by (,-) for simplicity. We can also consider A, A
as unbounded operators on H, H, respectively, whose domains (see [11]) are

D(A)={uecV; Auc H} =V n[H*(Q))?,
DA)={®cV; A® € H} = VN ([H*(Q))? x [H*(Q))* x H*(Q)).

The operator A is a self-adjoint positive linear operator in H, and A~ is a self-
adjoint positive compact linear operator on H. Therefore, we can consider the eigen-
value problem Ay = Ay € H, A € R, and all eigenvalues of A can be sorted into an
increasing positive sequence

O< A< <., > o0

Moreover, {A;}52; = {\i(A)}2; U {Ni(=A)}2, and each \;(—A) is a triple
eigenvalue of A, where \;(A) is the ith eigenvalue of A and A;(—A) is the ith
eigenvalue of —A. Specially in the periodic case, the eigenvectors of —A are
e2rikies/Litkaz2/L2) corresponding to the eigenvalues 4n2(k?/L3 + k3/L3) for all
(k1, ko) € 72\ {0}. If u € D(A), then Au = —Au. Therefore, the eigenvectors of A
are e?mi(kiz1/Luthewz/L2)(_ky /Lo ki /L1) w.r.t. the eigenvalues 4r%(k?/L? + k3 /L3).
In other words, A\;(A) = A;(—A) foralli =1,2,...
The principle eigenvalue of A is Ay = min{A;(A), A\1(—A)}, which gives the
Poincaré inequality
Mol < lloll3-

In addition, || f|lv < A;1/2||f||H. For each ¢ € D(A), Ap € H,

ol = (@, 0)v = (Ap, ) = (Ap, @)u < [|Ap|lulleln.
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This together with the Poincaré inequality gives
lelly < AT 2 Al u.
Standard regularity theories show that
V2022 < CllAglle < ClI V2] 2.
Therefore, for ¢ € D(A),
c(llelzz +1IVelZ: + IV20lZ:) < lA¢lf < ClIV0llZe,
where ¢ and C depend on 2 only. Moreover, D(A) is a closed linear subspace of

[H2(Q)]? x [H*()]? x H?*(2) with the equivalent norm [|¢[|p(a) = [[A¢||u.
Now we define a trilinear form by on [H*(Q)]? x [H*(Q)]? x [H'(2)]? by

oy
b1 (v1, vz, v3) Z/ K2 vide, v = (v},0?), i=1,2,3,

7,k=1

and a trilinear form by on [H(Q)]? x H'(Q) x H(Q) by

2
00,
ba(v,0s,03) = /v’ dz, v = (v 0?).
( ) ; U o,
A continuous trilinear form b can be defined on V x V x V as

b(p1, P2, p3) = bi(ur, ug, uz) — bi(vi, us, v2) + b1 (u1,v2,v3)
+ b1 (v1, ug,v3) + ba(u1, 02, 03)

for all p; = (u;,v;,0;) €V, i =1,2,3. We can check that

b1, @2, 03) = —b(p1, 03, 92) V1, 02,03 €V,
b(p,¥,9) =0 Vo, eV.

So for all p; € V,i=1,2,3,

(2.1) 1b(1, 2, 03)] < C(llorllnallezllvileslize + loillvliezllLalleslza),
1/2 1/2 1/2 1/2
(22) |1, 02, 03)| < Clerll 2Nl 2 pallvllesll sl
1/2 1/2 1/2 1/2
+ o2l 2ozl e v los Il 2 les 1/2).

334



Moreover, for all @1, ps € D(A), w3 € H,

(2.3) (g1, p2,23) < Clllerlly el 2 ezl 1Azl s
+ o2l 2Nl ol ae 1 lesl),

(2:4) [b(1, 02, 03)] + |62, 01, 03) < Clllenllif *lenlly/ N2y | Aoalli *lleos e
+ 2l *llAg2lli 2 lerllvlieslln),

where C' depends on €2 only.
The Poincaré inequality together with (2.2) shows that we can define a continuous
bilinear operator B: V x V — V' by setting
(B(p1,2),03) = b1, 2,3) V1,002,003 € V.

Inequality (2.3) gives

1/2 1/2 1/2 1/2
(2.5) IB(o1, 02)llis < Clllpnllyf llnll/ >zl Aol
1/2 1/2 1/2 1/2

+ ezl *llez el 21 Aer 13 ).

We can also define a continuous linear operator C: V — H C V'’ by setting
Cp=(0,VO,V-v) Yo=(u,v,0)€cV.
Especially, (Cp, ) = (Cp,v)n and (Cp, p) = (Cp, )y = 0 for all v, € V. Direct
calculation gives

(2.6) (Co, ) < llellvllell,
(2.7) (o) <A lellullg v

Definition 2.1. Let f € V', ®; € H. Then ® € L>(0,7;H) N L?(0,T;V) is
called a weak solution to (1.1) if for all ¢ € V,
(28) (@‘I’N/J)H + ((I)a Q;Z})\/ + b(q)v (I)a 1/}) + (C‘I’ﬂ/))H = <fa ¢>a 0<t< Ta
(2.9) O(t) > Py inHast— 0.

When f € H, &9 € V, if a weak solution ® satisfies & € L*>°(0,7;V) N
L?(0,T; D(A)), we call ® a strong solution.

Remark 2.2. (i) Equation (2.8) is equivalent to the following operator equa-
tion:

0P+ AP+ B(P,0)+CP=f inV.

(ii) If @ is a strong solution, then we deduce from (2.8) that 9,® € L2(0,T;H)
and ® € C([0,T]; V). More regularity will be obtained in the next section.
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3. WELL-POSEDNESS AND REGULARITY

In this section, we shall prove the existence and uniqueness results for prob-
lem (2.8). Higher regularity will be obtained. At last, we will define a family of
operators { Lg,, )(t)}>o0-

Theorem 3.1 (Uniqueness). Let f € V', &, € H, and ®, ¥V be two weak solutions
to problem (2.8) with the same initial data ®o. Then ® = ¥ € C([0,T];H) N
L?(0,T;V), and

d
(3.1) 5 IBlE + 2] = (f. @),
t t
(32) 201 +2 [ 12(s) I ds = 2ol +2 [ (f,0(s))ds,
0 0

Proof. Estimates (2.1) and (2.2) give
1B(2, @)l + B2, @) o0 < ClI2[ 2]
Because ® € L>°(0,T; H) N L2(0,T;V), we deduce from (2.8) that
(3.3) 10¢®]| La/3(0,7v1) < C,

which is not sufficient to obtain the uniqueness for weak solutions directly.
Notice that

1/2 1/2
(3.4) @l za0,7;24) < ”(I)HL/OO(O,T;H-[I)||(I>||L/2(0,T;\/) < 0.

Thanks to (2.7) and (2.8), if we set
Pl =—-AP-CP®+ f, P),=-B(D,P),

then
' e L2(0,T;V"), @, e LY3(0,T;LY?),

and
9,® = ) + Yy € L2(0,T; V') + LY3(0,T; L*3).

By standard extension and mollification, one can derive

d
(3.5) &(‘I% W)y = (O, W)y y + (5, ¥) pass pa + (U, @)yry + (5, @) ass pa.

Then (3.1) follows from (3.5).
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Noticing that (C¥,®)y = —(CP, ¥)y, we integrate (3.5) on [¢,t] C (0,7) and
deduce

(W(t), () — (¥(e), B(e))n + 2/t(\1', D)y ds
_ —/t[b(\Il,\Il,CD)+b(<I>,<I>,\I/)]ds+/t<f,<I>+\I!)ds.

Letting € — 0" and using (2.9), we obtain
t
(36) (W), () — [|Po]? + 2/ (W, @)y ds
0

- —/t[b(\y,\y,@)+b(q>,q>,q/)]ds+/t<f,q>+q/>ds.
0 0

Then (3.2) follows from (3.6).
Letting Z = ¥ — @, we deduce from (3.2) and (3.6) that

1212 = [ + B3 — 209(0), (1))
_ _2/0 ||z(s)||§,ds+2/0 BT, T, ®) + b(®, B, ¥)] ds
_ _2/0 ||z(s)||§/ds+2/0 b(Z, Z,®)ds.
Here we use

bW, W, @) = b(Z, T, @) + b(®, U, D) = b(Z, Z, ) + b(®, ¥, D),

and
b(D, U, D)+ b(P, D, V) =b(P,¥,P) —b(P,T,P) =0.
Recalling (2.1) and (3.4),

/bzm c/ 1212120229 s ds

t
</0 ||Z||§/ds+0/0 121244 ds.

Thus,

t
(3.7) Iz < C/O 1Z () [1@(s)]| 74 ds.
Application of the Gronwall inequality gives
! 2 4
| 1z 191 as =0,
and therefore, || Z(t)||3 =0, i.e., ¥ = ®. O
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Theorem 3.2 (Existence). For f € V', &y € H there exists a unique weak solu-
tion ® to problem (2.8) with the initial data ®y. Moreover, if f € H, &g € V, then
is a strong solution.

Proof. We obtain from (3.2) that

t
(3.8) 12 ()17 +/O 12 ()15 ds < |@ollE + ¢l f15-

This gives that

T
(3.9) sup [ @(1)][5; +/ [@@OIF dt < 2[[PollZ + 2T £117-
t€[0,T 0
Estimate (3.9) is sufficient for us to construct a weak solution ® to (2.8) by approx-
imation. Theorem 3.1 says that ® is unique.
Next, taking ¢y = A® in (2.8), we obtain from (2.5) and (2.6) that

1d
5@@% +[[A®[f = —b(®, ®,AD) — (CP,AD) + (f,A®)
1
< sIAQIE + 1+ [@lFl@IDIelF + ClfIIE-
Hence,
d
(3.10) F Il + A2l < e+ [elElel)leld + Cl Ik

From (3.9) we have
T
/0 le@)2 1802 dt < C

By the Gronwall inequality,

T
(3.11) sup | @(1)]1% +/ IA®(8)|lf dt < C,
te[0,T] 0
where C = C(T, || f|lu, |o]|v). Substituting (3.11) into (2.5), we derive from (2.8)
that
T
(3.12) / 10, ®(t)|| dt < C.
0

O

By Theorem 3.2, for f € V' we can define an operator from H into V, denoted by
S(t): ®g — D(t), where P is the unique weak solution to (2.8) with the initial data
®y € H and the external force f.
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Remark 3.3. Let f € V', S(t): &9+ ®(¢). Then

S(t)=S({t—1s)S(s) Vt=s=0,
S(0) = Idy.

Before studying higher regularity, we first recall the uniform Gronwall inequality.

Lemma 3.4. Let g, h,y be three positive locally integrable functions on (0, c0)
such that y' is locally integrable on (0, 00), and which satisfy

Y <gy+h Vt=0,

and

t+7 t+7 t+7
/ g(s)ds < aq, / h(s)ds < ag, / y(s)ds <az Vt>=0,
t t t
where T, a1, as, az are positive constants. Then
as a
y(t+7)<(—+a2)el Vit > 0.
T

Theorem 3.5. For f € H, &9 € H, let ® be the weak solution obtained in
Theorem 3.2. Then ® € C((0,T]; D(A)).

Proof. For any ®, € H, we can deduce from (3.9) and (3.10) by Lemma 3.4 that

T T
(3.13) s 90} + / A7 dt + / 10 (0|7 dt < C;
te|r, T T

for any 0 < 7 < T, where C; = C(7, T, | fllu, |Pol|s1)-
Differentiate (2.8) w.r.t. time ¢ and then obtain

(314) 5‘tCI)t + /&(I)t + B((I)t, q)) + B(q), q)t) + Cq)t = 0,

where ®; = 9;®. Multiplying (3.14) by ®;, we deduce that

1d 1/2) - 11/2 1/2 3/2
L 1 = b1, 8.91) = b D1, @) < 202020
Then

d
(3.15) EH‘thﬁ + 1212 < ClPIFN PN De1F-
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Using Lemma 3.4 again,
T
(3.16) sup [|@¢(t)][7 +/ 12:(2)|5 dt < C-.
te[r,T] T
Now, taking the H-inner product of (3.14) with A®,, we obtain

1d
5&”‘1’15”5/ + [|AD, |7 = —b(Dy, B, AD) — b(D, Dy, Ad,) — (CDy, ADy).

Using Holder’s inequality, Young’s inequality, (2.3), and (2.6), we deduce that
d
1l + AR < LU+ (1] + 2RI 2R + CllA®]E.

Lemma 3.4 together with (3.9), (3.13), (3.16) yields that

T
(3.17) sup [0 + [ Iasola<c..
te[r, T T

Combining (3.13) and (3.17), that is, ®,0,® € L*(r,T; D(A)), we find that ® €
C([r, T]; D(A)). O

Remark 3.6. By induction, we can prove ® € C*°((0,T]; D(A)). Furthermore,
if f € 0°°(Q) additionally, then ® € C*(Q x (0, T]).
Theorem 3.7. If f € H, then S(t): H — V is locally Lipschitz for t > 0.

Proof. For any t > 0 we take T > t. Let ¥, ® be two weak solutions to (2.8)
with Wo,®g € H and Z = ¥ — ®. Then Z € C([0,T]; H) N L?(0,T; V) satisfies

4 AZLBW,Z) 1 B(Z,)+CZ =0, 0<t<T,
(3.18) de
Z(0) = Wy — B,

By similar procedures to (3.7), we derive

123 < [ ZO)|% + C / 1Z(s)|1218(5) L. ds.

Using the Gronwall inequality, we deduce that

T
(3.19) S 1Z )15 +/O 1ZOIF dt < CIZO)F = Cl[To — Dol
€10,

where C = C(T, || f|lv', [|®olln)-
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Multiplying (3.10) by ¢, we get

d
T CIelR) +HlAelE < O+ @lF 12D EIIE) + 1217 + ClL A
Using the Gronwall inequality again, we deduce that

(3.20) sup (£ @(1)[IF) < C,
t€[0,T]

where C' = C(T, || flu, [|®ol[1)-
Multiplying (3.18); by AZ and using (2.4), we obtain that

SN2+ IAZIE = bW, Z,AZ) ~ W(Z, @, AZ) ~ (CZ,AZ)
1
< SIAZI% + COPIZ IR + )3 12131213
+O(I + 11D ZIE + 123,
Thus,
d
(321)  SEIZI3) + AAZIE < CORIRIVIE + |2I3 1213) 1 217)

+ Oy +l@INDNZIE + ClZIR-
Estimates (3.9), (3.19), (3.20) imply that
T
/0 (L@ + 2@ IDIZ@N1F dt < Cl[To — o[-
Application of the Gronwall inequality to (3.21) gives

sup (t|Z(1)]I5) < C|[wo — ol
te[0,T)

Therefore, for any fixed ¢t € (0,71,
2 , _C 2
(3.22) @) — 2@y = 12y < 1% — Polli,

where C' = C(T, || flln, [ Wollu, [|Polls)-

341



Now we study the linearized problem to (2.8). Let f € V', ®, € H, ®(t) = S(t)Po,

define Fig ) (t): D(A) = H,

F(/<I>o,f) (t): w— —Aw — B(w, ®(t)) — B(®(t), w) — Cw.

Theorem 3.8. If f € V', &y € H, then there exists a family of linear operators
{L(®,,f)(t); t = 0} such that:

(i) For any Wy € H, let ®(t) = S(t)®¢ and W(t) = L, ) (t)Wo. Then for all
T >0, W eC([0,T);H)N L?(0,T;V) is the unique weak solution to

(3.23)

oW + AW + B(W,®) + B(®, W) +CW =0, ¢ >0,
W (0) = Wo.

(ii)
{ Lo, 1)(t) = La(s),1)(t = 8)Liay,f)(5) V=520,
L(a,,7)(0) = Idy.
(iii) If f € H, then L, 5 (t) € L(H,V) for t > 0.
Proof. The proof is similar to those of Theorems 3.2, 3.5, and 3.7. Multiplying
(3.23); by W yields
1d 9 9
Wl + Wl = —b(W, &, W) = b(W, W, ®)
1
<GIWIE + Cllelgleld Wi

Thus,

d

&HWHE +WIF < CllelEI el 1w .
Using the Gronwall inequality, we deduce that

T
(3.24) sup [[W(D)[3 + / WO dt < C|Woll2.,
te[0,T] 0

where C' = C(T, [/ f|lv, [|®ollu). Let L, 5 (t): Wo = W(t). Then (i) follows
from (3.24) and (ii) is derived from (i).
Taking the H-inner product of (3.23); w.r.t. AW, we obtain

1d
SIS + IAW[E = —b(W, @, AW) — b(®, W, AW) — (CW, AW)
1
< SIAWIE + CO+ [@IEIRIDIWIE + Cle 3w
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Then
d
EIIWH@ + AW} < CA+ 1R[IFI@IN W + ClPIGIW I

Multiplying it by ¢, we have
d
(3.25) —(IWIE)+EIAWIE < CO+ @RI EWIE)+Ce| @[5 WG+ W

Estimates (3.9), (3.20), (3.24) give
T
/0 teOIYIW ()1 dt < CIWoll-

Putting it into (3.25), we obtain from the Gronwall inequality that

sup (t|W (1)) < C[Wollf.
t€[0,T]

Therefore, for any fixed ¢t € (0,71,
C
IW@3 < ?HWOH%a

where C = C(T, || fllu, ||®ol|n)- H

4. SEMIGROUPS AND ATTRACTORS

For dynamic systems whose states can be described by elements of a complete
metric space (X,dx), we often want to find a family of continuous operators S(t):
X — X, t > 0, satisfying the semigroup properties

S(t)=S({t—s)S(s) Vt=s=0,
S(0) = Idy.

If p is the state of the system at time s, then S(¢)y is the state of the system at
time ¢+ s. For problem (2.8), {S(t) }+>0 defined in Section 3 is a continuous operator
semigroup from X to X, X = H or V.

Definition 4.1. Let (X, dx) be a complete metric space and {S(¢)}:>0 be a con-
tinuous operator semigroup defined on X.

(i) Operators {S(t)}+>0 are said to be uniformly compact for ¢ large if for every

bounded set K C X there exists tx > 0 such that |J S(¢)K is relatively

. t>t
compact in X. ZHE
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(ii) For any nonempty set i C X we define the w-limit set of K by

w(K; X) = ﬂ US(t)K,

where the closures are taken in X.
(i) A nonempty set K C X is said to be invariant for {S(¢)}i>0 if

K =S({t)K Yt>0.

Speaking informally, the w-limit set w(K; X) describes the limit behaviors of all

trajectories starting at ®; € K. We can check that if for some to >0, |J S(t)K is
t>to

nonempty and relatively compact in X, then w(K;X) is nonempty, compact, and

invariant.

Definition 4.2. Let (X,dx) and {S(¢)}+>0 be as in Definition 4.1.

(i) An invariant set A C X is called an attractor if it possesses an open neighbor-
hood O such that for all ¢ € O,

(4.1) lzrelidX(S(t)ga,w) —0 ast— oo

(ii) Let A be an attractor. The largest open set O such that (4.1) is satisfied for all
@ € O is called the basin of attraction of A.
(iii) Let A be an attractor and O be its basin of attraction, B C O. If

(4.2) sup inf dx(S(t)p,v¥) =0 ast— oo,
peB PpeA
we say that A4 uniformly attracts B.
(iv) Let A be an attractor. If A is compact and uniformly attracts all bounded sets
in X, then A is said to be a global attractor for {S(¢)}>o.

Obviously, the basin of attraction of a global attractor is X. For a global attrac-
tor A and a bounded invariant set K C X, for any ¢ > 0 we derive from (4.2) that
there exists t. x > 0 such that for any ¢ > ¢, g,

(4.3) K =StK c | Bx(¥,e),
PpeA

where Bx (1, ¢€) is the ball centered at ¢ with radius ¢ in space X. By the compact-
ness of A and the arbitrariness of €, we have K C A. Thus, we say that a global
attractor A is mazimal for the inclusion relation among the bounded invariant sets.
The maximal property also gives that the global attractor (if exists) is unique.
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Definition 4.3. Let (X, dx) and {S(t)}+>0 be as in Definition 4.1. For an open
subset O of X and B C O, if for any bounded set K C O there exists tx 5 > 0 such
that for any ¢ > tx 5, S(t)K C B, then we say that B is absorbing in O.

The bounded absorbing sets are highly related to the global attractor. We de-
duce from (4.3) that any e-neighborhood of the global attractor is absorbing in X.
Conversely, we can construct a global attractor by bounded absorbing sets. To be
specific, the following theorem is valid (see [6]).

Theorem 4.4. Let (X,dx) and {S(t)}+>0 be as in Definition 4.1. If {S(t)}i>0
are uniformly compact and there exists a bounded set B absorbing in X, then the
w-limit set A = w(B; X) is a global attractor. Furthermore, if X is a Banach space
and for each ¢ € X, the mapping t — S(t)p is continuous from [0,00) into X,
then A is connected.

5. EXISTENCE OF THE GLOBAL ATTRACTOR

Now we go back to problem (2.8).

Lemma 5.1. Let f € H, ®y € H. There exists t. = t.(A1, || fllu, | Polln), s.t.

t+1
|\<I>(t)|\ﬁ+/ 1@(s)IIF ds < CIfIR Yt >t
t

Proof. Theorem 3.1 together with the Poincaré inequality gives

| o

2] + Ml @I < (f, @)

N~
Q.

t

Using Holder’s inequality together with Young’s inequality, we deduce that

1d 9 9 1 9 A1 9
i < < — - .
2dﬁH‘I)HH + ARl < [ fllnll@lln < N Il £lli + 5 (@l

Then d 1
|| 2 P 2<_ 2.
SR+ M8l < 11

Multiplying this by e**, we derive

d 1
rriG LIRS A—lemllfllﬁm
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Integrating from 0 to ¢, we deduce that
1
- -2
1213 < e™ || Pollfy + pllfllﬁn(l —e ).
1
Let

AR
t. = max ——1 ,0
a0

Then for any t > t, we have
2
[IONERS FHfH%-
1

Estimate (3.8) gives

t+1
/t 19 (s)|2 ds < @2 + | £12 < OIS

Lemma 5.2. Let f € H, ®y € H. Then

t+1
@I+ [ 1A < IR ez e L
t

Proof. We rewrite (3.10) as
d
(5.1) /1215 + A2l < CllelElely + CUely + 117
By Lemma 3.4 and Lemma 5.1, we deduce
|21} < ClIFIEMTE Vet +1.
Integrating (5.1) on [¢,? + 1], we obtain that
41 41
/ 1A (s)I[ ds < | ()] + C/ (@)L NG + ()1 + [1£1%) ds
t
< CI£ 13V 4 C| £ 1§11 + Ol £

Using || fI|I4 < [I£]I4 + 1 < el /1%, we derive

t+1
[ 1801 ds < Ol I,
t

Lemma 5.3. Let f € H, ®y € H. Then

1A} < Cl IRV Wt >t +2.
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Proof. Fort¢ > t, + 1, using (2.5), Lemmas 5.1 and 5.2, we obtain
1/2 1/2 3/2 4 1/2
IB(®, @)[lx < Cll@ [ @]vllae]f? < Ol £l > I 5| Ad|?.

Thus, Lemma 5.2 together with Holder’s inequality gives

1/2

t+1 R t+1 )
/ IB(2(s), ()l ds < O fllihe1 1 (/ IAD(s)|% ds) < C||f|I4eC11E,
t t
Noticing that || f[l5 < C|l I3+ |7]4) < Cll 11,

t+1 )
| IB@ ). eI ds < eI,
So Lemmas 5.1 and 5.2 together with (2.8) imply that
t+1 ,
652 [ 106 ds < clsfecIn.
t
Recalling (3.15), we have
d 2 2 211 112 2
3 19:@llis +l12:2ly < Cll [l 2110 llia-
By Lemma 3.4, Lemma 5.1, Lemma 5.2, and (5.2), we derive for all ¢ > ¢, + 2 that
(5.3) la: @)% < CIIf 171
Then

IA®(f < Cllo:@l% + ClIB(®, @)% + ClIC2|13 + CIIfIIi

< OlfIlfe M + ClLf eV T | AR ()
1
2
1
2

4 4
< ARG + ClLf IR + O f (G T

< SIIAR)Z + O fIReC M,
Therefore,
IA®@)|[E < CllF eV Vet +2.
O

Lemma 5.1-Lemma 5.3 tell us that for any &y € H there exists a time ¢, depending
on Q, || flln, and ||®o|ln, such that S(¢t)®¢ goes into a bounded ball in D(A) after
time t,. Therefore, there exists a bounded absorbing set in D(A). By Theorem 4.4,
we can construct the global attractor.
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Theorem 5.4. Assume that f € H. Then there exists a connected global attrac-
tor A for {S(t)}+>0 in H. Moreover, A is also the connected global attractor in V
and is bounded in [H?(Q2)]? x [H?(2)]> x H%(Q).

Proof. Let B = BD(&)(O,C||f||”2ﬂec”f”ﬁ). By Lemma 5.3, for any bounded set
K C V, there exists t, > 0 such that S(t)K C B for all ¢ > t, + 2. Thus, B

is absorbing in V. Because the imbedding D(A) — V is compact, |J S(t)K is
>t 42
relatively compact in V and then {S(t) };>0 are uniformly compact in V. Theorem 4.4

shows that A = w(B;V) is a connected global attractor in V.

By similar procedures, we can prove that w(B; H) is a connected global attractor
in H. To obtain w(B;H) = w(B;V), we only need to prove that if a sequence in B
converges to some @, in H, then it converges to @, in V too. This can be derived
from the interpolation inequality

1/2 1/2
el @) < Cllel oo @l ag Yo HX(S),

where C' depends on €2 only. O

6. DIMENSION ESTIMATES
We shall prove that S(t) is so-called uniformly differentiable in A.

Lemma 6.1. Let A be the global attractor obtained in Theorem 5.4. Then, for
any fixed t > 0, S(t) is uniformly differentiable in A C H. That is,

ap IS0 = SWe — L p W = )l

P pEA ¥ = @llu
0<llp—plla<e

—0 ase—0.

Proof. For p,¢ € H, set &(t) = S(t)p, U(t) = S(t)¢, then &, ¥ € C([0,T]; H)N
L?(0,T;V)NC((0,T]); D(A)) for all T > 0. Let Z = ¥ — ®, then Z satisfies

61) {8tZ+AZ+[B(\II,Z)+CZ:—B(Z,(b), 0<t<T,

Z(0) =19 —¢.

Estimate (3.19) gives

T
(6.2) sup I\Z(t)llﬁﬁ/ 1Z@®)IF dt < Cll — el
t€[0,T 0

where C' = C(T, || fllv, [|]lus)-
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We rewrite (3.23) as

63 oW + AW + B(¥, W) +CW = —B(W,®) + B(Z,W), 0<t<T,
W(0) = W,

and set

R=V-®—-L,nt)p—p)=2Z-W

with Wy =1 — ¢ and W(t) = Ly, 5)(t)Wy. Taking the difference of (6.1) and (6.3),
we deduce

6.4 R+ AR+ B(V,R)+CR=—B(R,®)—B(Z W), 0<t<T,
R(0) = 0.

Multiplying (6.4); by R, we deduce from (2.2) and the Poincaré inequality that

d
F BRI +IRIS < CUIGIIE + 1WIE + 12191 21
+C(I1Z1s + W ) (IZI + W)

Combining (3.24) and (6.2) yields

T
/0 UZOllss + W Ol WZONF + W (O1F) dt < Cllvp — ]l

Application of the Gronwall inequality gives

T
&mHMW@+AHR®W&<CW—¢M

0<t<T

and

19 (t) — @) — L.y (D@ — )l _ 1RO

6.5
(6.5) o=l To—ol?

<Ol —¢llu — 0

as ¢ — ¢ in H, where C = C(T, || f||u, |||lu, [|%||n). This shows that L, 7 (t) is the
Fréchet differential of S(t) at ¢ € H. Moreover, if ¢,9 € A, then |o|lu, ||¢|n are

bounded according to Lemma 5.1, and the constant C' in (6.5) is independent of .
O

349



Except for the uniformly differentiable property of S(t), we also need some bounds
for the linear operator L, r)(t). Estimate (3.24) says that

sup sup || L, ) (#)lcay < Cr = Cr(lfllw).
te[0,1]

By Theorem 3.8,

Lo, 1)) = Lsienye, ) (8= [t]) © Lis(it)—1), 1) (1) © - 0 L, 1) (1),

where |¢] is the integer part of t. Then

1
(6.6) sup [ L, (D)l < O
peA
For the global attractor .4 obtained in Theorem 5.4, we define

1 t
g; = limsup sup sup —/ Te[F(, ;y(s) 0 Qj(s)]ds
t—oo @A wich b Jo '

lill<1
1=1,...,7

where Q,(s) = @j(s ©;¥1,...,%;) is the projection from H onto the space spanned
by L, 1) ($)¥1, - - -, L, )(8)¥hj. The number Tr[F(, ) (s) o Q;(s)] is the trace of the
linear operator (of finite rank) F(, 1 (s) o Q;(s). The dimension of A relies on the
negativeness of §;. Lemma 6.1 together with (6.6) gives the following theorem.

Theorem 6.2. If

for a concave function q; with respect to j, and

m>0>Qm+1

for an integer m, then the Hausdorff dimension and the fractal dimension can be

estimated by
dm

dm — dm+1 .
Moreover, if m = 0, then dimg(A; H) = dimp(A; H) = 0.

dimg (A;H) < dimp(A4;H) <m +

The proof of Theorem 6.2 (see [6]) relies on the (uniform) Lyapunov numbers and
the (uniform) Lyapunov exponents which indicate the distortion of finite dimensional
volumes produced by S(t). If we can find some ¢,,+1 < 0 < g, then we can estimate
the dimension of A by m and ¢, ¢m+1. To obtain our estimates for the dimension
of A, we need the following lemma (see [6]).
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Lemma 6.3. For a family of elements e1, ..., e, of V which is orthonormal in H,

Z leally = M+ ...+ Am,

where {); }ien is the complete sequence of eigenvalues of A, 0 < A\; < Ag <

According to Theorem 5.4, A is not only a global attractor in H but also in V, so
the dimension of A in V, and the relation between dimensions of A in V and in H
are also of interest. To this end, we introduce the following lemma which can be

verified easily.

Lemma 6.4. Let (X,dx), (Y,dy) be two complete metric spaces. Assume that
II: X — Y satisfies

dy (T(¢), 11(¢)) < Ldx (p,¢) V,9 € X,
for a nonnegative number L > 0. Then for any K C X we have

dimp (TI(K); Y)
dimp (II(K); Y)

<d
< dimp(K; X).

Using Theorems 5.4, 6.2 and Lemmas 6.1, 6.3, 6.4, we can derive the following
theorem.
Theorem 6.5. Let A be the global attractor obtained in Theorem 5.4. Then
dimp (A; H) = dimp (A; V) < dimp(A; H) = dimp(A; V) < Coll£I14,
where Cyy depends on ) only. Moreover, if Co| f||# < 1, then

dimH(.A; [H]) = dimH(.A; \/) = dimp(.A; [H]) = dimF(A; \/) = 0.

Proof. Let ®(t) = S(t)p. Then

Tr[F(@f) ) o Q;(s Z wf) Jei(s), ei(s))
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For the last term, we deduce from (2.2) that

7 J
S blei(s), eils) \ N @)1 2@ ) 1 2 lei () 1] llea(s) 1
i=1 i=1
1 7
<5 X )i} + Cilles) IR l1ees)]13.
=1
Therefore,
(6.7) Te[F, ;(s) 0 Q;(s) \——an 2+ Cjlle(s) 13|18 (s))12-

It is known that (in both the non-slip case and the periodic case) A; > cj, where ¢
depends on 2 only. Therefore,

Tx[F{, )(s) 0 Q;j(s)] < —ZJ 2+ Cilles)lliIe ()3,

which implies

. c. . 1 [t
G <~ 37+ Cilimswp 1 [ [e()E |0 ds
4 t—o00 t 0
Taking advantage of (3.9) and Lemma 5.1, we derive

- C . . [
G < =307+ Cillfliy = =736 = Collf11%) = 5.

Take m = |Co||f||#], then ¢, > 0> ¢pt1. Thus
dimp (A; H) < dimp(A; H) <m+ —22
Am — dm+1
Noticing that

an  _ m(Coll 74— m)

S <C0 f 4 —-m
dm — Gm+1 2m—COHfHﬁ1H_|_1 £l

we deduce
dimg (A; 1) < dimp(A; H) < Coll f1Ii:-

Now we are going to check that the dimensions in H are equal to those in V,
respectively. This results from two applications of Lemma 6.4.
On the one hand, let X =V, Y =H, [I =1d: V — H, then by Lemma 6.4,

dimH(.A' [H])
dimp(A; H)
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On the other hand, by Theorem 3.7, for ¢ > 0, S(t) is locally Lipschitz continuous
from H into V. Take X = (B, - |ln), B = Bpa(0,C||f[|2eCII%), and Y =V,
IT = S(¢t). Then by Lemma 6.4,

dimg (A; H) = dimgy (S(t).A; H)
dimp(A; H) = dimp(S(t).A; H)
O

From Theorem 6.5, we know that if || ||y is sufficiently small, then the Hausdorff
dimension and the fractal dimension of A vanish. To be specific, the following
proposition is valid.

Proposition 6.6. There exists a small positive number €y > 0 depending on 2
only, such that if || f||lu < €9, then (2.8) has a unique stationary solution 1) € V which
is globally asymptotically stable, i.e., A = {1}.

Proof. Because 1 is a stationary solution to (2.8), we have
Ay + By, 9) +Cy = f.
Acting on v, we obtain that
[l = (£, 0) <A1 Il

Therefore,

(6.8) 1]y < A2 f -

Then we can construct a stationary weak solution ¢ to (2.8) by the Galerkin method.
We omit the details here. Each weak solution ®(z,t) can be written as ®(x,t) =
Y(x) + Z(x,t), where Z satisfies

%Z+AZ+ B(®,Z) + B(Z,4) + CZ =0,
Z(0) = ®(0) — 1.

Similarly to (3.7), we deduce that
d
1215 + 12115 < Cl I3l 211
Substituting (6.8) into the Poincaré inequality, we derive
d
&HZHﬁ + Ml Z1E < CUFIGIZ -
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Hence,

d

206+ Ga = ClfIZIE <0
If || fllu is sufficiently small such that

A1

—cllfl <2,

then d )
1
Sz + 2z <o

This implies
1Z(@)1F < e 2| @(0) — ¢l = 0 as t — oo,

Consequently, the stationary solution is unique and A = {¢}. O

Corollary 6.7. Under the assumption of Proposition 6.6, for any ®, € H, ®(t) =
S(t)®o we have for all 0 < o < 1,

[2(t) = Yllca@m — 0 ast— oo

Proof. Because ¢ € A, we have ¢ € D(A). Interpolation between L? and H?

gives
2 2 2 1/2

12(t) = ¥llz=(@) < CIR@) — Y1219 = 372 < Cle() = ¢l I\M(t) — Ayl
clle) - vili* -

NN

For any 0 < a < 1, we take @ < o/ < 1, the imbeddings H?(Q) — C’al(ﬁ) —
C*(Q) = C(Q) are continuous. Then ®(t) — ) converges to 0 in C(£2). Interpolation
of Holder’s spaces yields

12(8) = Vllgag@ < CIOE) — llgal™ 19) = 150 g, < ClUE) = vl ga™ — 0.
Il

For lower bounds of the dimension of the global attractor, we should estimate the
dimension of the local unstable set in a neighborhood of a stationary point. However,
it is not easy to construct such a good stationary point in general case.

For a special case f2 =0, f3 = 0, we let Ayg be the global attractor to the 2D
Navier-Stokes equations, then Ayg x {0} x {0} C A. The lower bounds for the
Hausdorff dimension and for the fractal dimension of the global attractor to the 2D
Navier-Stokes equations can also be viewed as those for the tropical climate model,

dimg (A; V) = dimg (A; H) > dimg (Ans; H),
dimp(A; V) = dimp(A; H) > dimp(Ans; H).

For lower bounds of the dimension of Ang, see [1].
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