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EXISTENCE OF BLOW-UP SOLUTIONS FOR A DEGENERATE
PARABOLIC-ELLIPTIC KELLER-SEGEL SYSTEM
WITH LOGISTIC SOURCE

YuyvyA TANAKA

ABSTRACT. This paper deals with existence of finite-time blow-up solutions
to a degenerate parabolic—elliptic Keller—Segel system with logistic source.
Recently, finite-time blow-up was established for a degenerate Jager—Luckhaus
system with logistic source. However, blow-up solutions of the aforementioned
system have not been obtained. The purpose of this paper is to construct
blow-up solutions of a degenerate Keller—Segel system with logistic source.

1. INTRODUCTION AND MAIN RESULT

In this paper we consider the quasilinear degenerate Keller—Segel system with
logistic source,

%:Aum_xv.(qu)+)\u—uu”7 reN, t>0,

0=Av—v+4u, re, t>0,
(1.1) Su™ v 50

5 _5_07 T € , t>0,

U(SL‘,O)ZUQ(JS), .I’GQ’

where Q := Br(0) C R"™ (n > 3) be a ball with some R > 0; m >1, x >0, A >0,
1> 0and k > 1; v is the outward normal vector to 9; ug € L>°(Q) is nonnegative
and radially symmetric. This system describes a situation such that a cellular slime
moves towards higher concentrations of the chemical substance.

In the case m = 1, Winkler [10] obtained initial data leading to finite-time
blow-up under a smallness condition for £ > 1 in three- or higher-dimensional cases.
In the case m € [1,2 — 2), for the system such that the diffusion term is replaced

with V - ((u + 1)™~1Vu), Black, Fuest and Lankeit showed that solutions blow
m—1)n+1 n727(m71)n}

up in finite time under the condition that x < 1 4+ min {( ST nln=T)
in |1} Theorem 1.2 (ii)]. On the other hand, a difficulty is caused in (1.1]) by the
degenerate diffusion term Au™ because in the case of nondegenerate diffusion
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classical solutions can be considered, whereas in the case of degenerate diffusion
classical solutions are not always obtained. In such circumstances, it had not been
clear whether blow-up of solutions to occurs.

Regarding this difficulty, existence of blow-up solutions was recently established
in [8] for the following Jager—Luckhaus system with ¢ = 0,

0
8—1::A(u+5)m—xV~(qu)+)\u—,uu’“°7 reQ, t>0,
0=Av—M(t)+u, reQ, t>0,

where M (t) := %fg (z,t) dz. This system was studied in [1L[3}|7,/9]; in the case

m=1 and e = 0, finite-time blow-up was shown under smallness conditions for
k in the three- and higher-dimensional cases in [1,9] (in the case M(t) = v, see
[10]); these conditions were improved in [3]; in the case m # 1, the condition
k£ <min {2, 2} in 3] was generalized to the condition that £ < min {2, (2 —m)%}
if m>0ork <min{2,n} if m < 0in 7). After that, in the case of degenerate
diffusion (¢ = 0), finite-time blow-up solutions was constructed in a framework of
weak solutions in [§].

In contrast, for the degenerate Keller—Segel system with logistic source there is
no result on blow-up. The purpose is to prove existence of blow-up solutions to
in a framework of weak solutions under the same condition as in [1, Theorem
1.2 (ii)]. Referring to the method in [8], we introduce moment solutions as follows.

Definition 1.1. Let T € (0, 00]. A pair (u, v) of nonnegative and radially symme-
tric functions defined on  x (0, 7)) is called a moment solution of on [0,T)
if
(1) we O (0, T); L() N L3510, T); L= (),
u™ € L2(0,T; HY(Q)) if T < oo; u™ € L3 ([0, T); HY(Q)) if T = oo,
vdw[ﬂFU)
(ii) for all ¢ € L2(0,T
(a.a. z € ),

HY(Q)) nWhi(0,T; L?(Q)) with supp ¢(z,-) C [0,T)

T
/ / (Vu™ -V — xuVv - Vo — (Au — pu”)p — upy) dedt
0 Q

:/wmwmmm,
Q

T
/ /(Vv-Vnp-i—v(p—uap)dxdt:O,
0o Ja

(iii) (u,v) satisfies the following moment inequality:

6(1) — 6(0) > K /0 G2(r)dr for all £ € (0,T),



EXISTENCE OF BLOW-UP SOLUTIONS 225

where

o(t) == /OSO s 7(so — s)w(s,t)ds forte (0,T),

S
w(s,t) ::/ " tu(p,t)dp for s € [0,R"] and t € (0,T)
0

with some sg € (0, R™), v € (0,1) and K = K(R,m, X, t,,7, So) > 0.

We next define mazimal moment solutions, which are ensured by Zorn’s lemma
as in the proof of |6, Lemma 2.4].

Definition 1.2. Define the set S as
S :={(T,u,v) | T € (0,00], (u,v) is a moment solution of on [0,T)},
which is not empty as shown in the proof of Theorem with the order relation
= given by
(Th,ur,v1) =2 (T, uz,v2) = Ty < T, o,y = u1, v2|o,m) = v1-

Then Zorn’s lemma assures some maximal element (Tiax,u,v) € S, and (u,v) is
called a mazimal moment solution of (1.1)) on [0, Tinax)-

Now we state the main theorem, in which (1.2 is the same condition in [1]
Theorem 1.2 (ii)].

Theorem 1.3. Let m € [1,2 — %), x>0, A>0, u0>0 and kK > 1. Assume that
(m—1n+1 n—2—(m—1)n
2(n—1) n(n—1)
Then for all My > 0 and L > 0 there exist o9 > 0, ng € (0, My) and r« € (0, R)
with the following property: If

(1.2) K < 1+min{

(1.3) ug € L*™(Q) is nonnegative and radially symmetric
and
(1.4) / ug(x)de = My and / uo(x) dz > My — no
Q B, (0)
as well as
(1.5) uo(x) < Llz|™P  for a.a. z € Q,
where p := % + 09, then there exists a moment solution of (1.1]) on [0, Trnax)

which blows up at Thax < 00 in the sense that

limsup [[u(:, £)| oo (@) = 00
In order to prove Theorem [I.3] we will construct a moment solution. To this
end, we derive a moment inequality for a solution of a problem approximate to
(1.1). The key to obtaining the inequality is to establish a pointwise estimate for
an approximate solution (Lemma [2.1]).
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2. PROOF OoF THEOREM [L.3]

To show finite-time blow-up of solutions to ([L.1f), for the present we focus on
the following approximate problem:

Ou,

;t:A(ua—i—a)m—XV-(UEVUE)+)\uE—uu§, zeQ, t>0,

0=Av. —ve + ue, xef, t>0,
B ou _on_, T €N, t>0

o o ’ ’

ue(2,0) = upe (), r e,

where € € (0,1), and uq. := (pe * Up) | with

To(z) = ug(z) ifx e,
0 "o otherwise,

1 1 T f 2] < 1
B = — d -, = ’
pe() = — (/ p(y) y) p(g) p(x) {0 e > 1.

We note that the solution (u.,v.) of on [0,7;) is obtained by a standard
fixed point argument (see e.g. [11]), where T, is the maximal existence time for the
solution (ue,v:). We know that p. is nonnegative and radially symmetric. Thus,
for the initial data wug satisfying , uge 18 nonnegative and radially symmetric.
Moreover, we see that up. — up in L'(Q) as € \, 0 and that on passing to a
subsequence if necessary, ug. — up a.a. x € Q as € \, 0. Furthermore, as in
[5, Section 2.2] and [8, Lemmas 2.2 and 2.3], we can find Ty > 0 and Ky > 0 such
that for all € € (0,1),

(2:2) To<T. and  sup |uc(-,t)]lL=(0) < Ko.
t€(0,To)

In order to establish a moment inequality, an estimate for u,. is a cornerstone.
In a degenerate Jager-Luckhaus system with logistic source the key is radial
monotonicity of an approximate solution (see |8, Lemma 2.7]). However, in our case
it is difficult to obtain this property due to the structure of the second equation
in (2.1)). For this reason, instead of monotonicity, based on [10, Lemma 3.3] and
[1, lemma 5.2], we show a pointwise estimate for wu..

Lemma 2.1. Let m € [1,2*%),X>0; A>0, 0>0,k>1, My>0and L>0.
Moreover, for any og > 0, set p := % + 09 and assume that ug satisfies

(1.3), (L.5) and fQ uo(z) de = My and that there exist Ty > 0 and Ko > 0 fulfilling
(2.2). Then there exist g € (0,1) and L1 > 0 such that for any ¢ € (0,0),

(2.3) ue(w,t) < Ly|a|™"

for all z € Q and t € (0,Tp).
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Proof. Putting u.(z,t) := e *u.(z,t), we can derive from (2.1)) that

ou, - - ~
Ue < V- (m(eMu. + &)™ Vi, — xu.Vv.), x€Q, t>0,
(2.4) (m(eMi. 4+ )™ 'V, — xu.Vo.) -v =0, e, t>0,
Ue(x,0) = uge (), x €.

Next, let op > 0. We can take £ > 0 small enough and ¢y € (0,1) such that
uge <up+§ for a.a. € Q and all € € (0,e0). By virtue of this inequality, (1.5
and the fact that |z| < R, it follows that

(2.5) ue < Lz[™P + ER |7 = (L + ER?)|2| ™"

for all z € Q and € € (0,&¢). Also, from the condition fQ ug dxr = My, we obtain
that

(2.6) [ o do < Mo+ €l0) = 1
Q

for all € € (0,p). On the other hand, integrating the first equation in (2.1)) over ,

we infer that
d
—/usdm:)\/usdaﬂf,u/u?d:yg)\/usd:ﬂ,
dt Jo Q Q Q

which ensures that
(2.7) / ue dz < eAt/ Up,e dz < e)‘TOJ\%
Q Q

for all ¢ € (0,Tp). Moreover, we see from the second equation in (2.1]) that

T T 1
Tnil(vs)r = / Pnilvs dp 7/ pnilus dp < — </ ve dw +/ Ue dl‘)
0 0 Wn \JQ Q

for all r € (0,R) and t € (0,7;), where w,, := n|B1(0)|. Here, since we integrate
the second equation in (2.1]) over © to guarantee that

/ugda::/vgdm,
Q Q

the above inequality and (2.7) yields

2 .
), < —eroMy =: ¢;
n

for all » € (0, R) and ¢ € (0,Tp). Picking 6y > n so large satisfying m — 1 > % -

_n(n=1) (=1
m-Tnt1 T 00 > (e we have

1
n

and p =

R
/Q 2D |V (2, 1) % dir = w, / P01 (3., (p,8)[% dp

1
< fwnci)(’ R"
n

for all ¢t € (0,7p). From this inequality and (2.4)—(2.6)) we therefore can apply
[2, Theorem 1.1] to obtain (2.3)). O
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We next derive a moment inequality for an approximate solution of (2.1).

Lemma 2.2. Let m € [1 2 — ) x>0, A>0, u>0and x> 1. Assume that
(1.2) is satisfied and that there exist Ty > 0 and Ko > 0 fulfilling (2.2 . Then for
all My > 0 and L > 0 there exist no € (0, My) and r. € (0, R) which satisfy the

following property: If ug satisfies (1.3)—(1.5) with some o¢ > 0, then there exist
g0 € (0,1) and K > 0 such that for any € € (0,ep),

t

(28) 6.0~ 0.0) 2 K [ 2(rydr
0

for all t € (0,Ty), where

o (t) := /OSO s 7(sg — s)we(s,t)ds fort e (0,T¢),

S

we(s,t) ::/ p"tu(p,t)dp  for s €[0,R"] and t € (0,T.)
0

with some so € (0, R™) and v € (0,1).

n(n—1)

Proof. Let us first put p := 4 + 00, where we choose o9 > 0 sufficiently

m—1)n+1
small fulfilling that x < 1 + min {ﬁ’ T — (m — 1)}. Furthermore, we select
v € (max{QfL"“7 —2_2(m—1)},mn{2-2 - 2Wp(m— 1),1}). Also, noting that

uge — ug in LY() as € \, 0, we fix & > 0 small enough and pick gy € (0, 1) given
by Lemma [2.T] satisfying

Uuge > Mo —&o
Q
for all € € (0,e9). In order to obtain (2.8]), we shall show that there exist ¢; > 0,
ce > 0,0 € (0,2) and s; € (0, R™) such that for any € € (0,¢9) and so € (0, s1),
(2.9) OL(t) = crsy B2(t) — casy "

for all t € (0,Tp). By straightforward computations we have from (2.1)) and the
definitions of w. and ¢. that

#L(t) > mn? /S0 32_%—7(50 —5) (n(w:)s + E)mfl (we)ss ds
0

S0 S0
+ n/ s (so — s)(we)swe ds — n/ s (so — 8)(we)sze ds
0 0

et [T { [wsas) as

for all t € (0,T:), where 2. (s, t) fo p" Lo (p,t) dp for s € [0, R"] and t € (0, T%).
Here, we note that we can apply 1 Lemmas 3.5, 3.8 and 3.9] to the second, third
and fourth terms on the right-hand side of the above inequality. Thus, in order
to derive , it is sufficient to estimate the first term. To this end, we will find
c3 > 0 independent of € such that

(2.10) (n(we)s + &)™ < ezs™ 7 ™D (w,),s + cs
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for all s € (0,R™) and t € (0,Tp), which is used after integration by parts in
estimating the first term. By means of , it follows that for any £ € (0,¢&9),
we(s,t) = %ug(s%,t) < ¢qs~n for all s € (0, R™) and t € (0,Typ), where ¢4 := L
From this inequality and the fact that s < R™ as well as € < 1, we have

(n(we)s +e)™ < 2" H(n™ (w )m +e™)
< om— 1nmcf 1,—2(m—-1) (wg)s + 2m—1

for all s € (0, R™) and t € (0,Tp), which means that (2.10) holds. Therefore, by
[1, Lemmas 3.5, 3.6 (i), 3.8, 3.9 and 3.11] we can take ¢5 > 0, ¢g > 0, 8 € (0,2) and
s1 € (0, R™) such that for any ¢ € (0,g9) and s € (0, s1),

G(t) 2 c553 B2 () — cosg T
for all ¢ € (0,Tp). Furthermore, arguing as in [8, Proof of Proposition 2],
pick no € (0, My) and 7"* (0, R) such that for any ug satisfying (T.3)— . the
inequality ¢.(t) > s~ °¢2(t) holds for all £ € (0,2¢), so € (0,s1) and ¢ € (0,Tp),
which implies (2.8]). O
We are now in the position to show Theorem [T.3]
Proof of Theorem [1.3l We can derive results similar to [8, Lemmas 2.4 and 2.5]
since the second equation in (2.1 entails that Av, = ve — ue > —u,.. Thus, as
in the proof of [4, Lemma 5.3] we can choose subsequence {u., }, {ve,} (ex — 0

as k — o00) and nonnegative functions u, v such that v € L*(0,Ty; L>(Q2)),
u™ € L%(0,To; H'(2)), v € L>=(0, Tp; WH°(Q)) and

(2.11) ue, — u  weakly® in L>(0,Ty; L*=°(£2)),
(2.12) ue, — u in CO([6, Tpl; LU(Q)) for all § € (0,Tp) and ¢ € [1,00),
(2.13) V(ue, +¢)™ — Vu™ weakly in L?(0, Tp; L*(Q)),

(2.14) Ve, — Vv weakly” in L*(0,To; L>(Q))

as k — o0o. Moreover, thanks to Lemma [2.2] we can take the initial data ug leading

to (2.8). Thus, by (2.11)—(2.14)), we can show that (u,v) fulfills (i)—(iii) with "= Tj
in Definition as in 8] Proof of Proposition 1]. Hence, from Definition there
exists a maximal moment solution (u,v) on (0, Tyax). In particular, we have

¢m—wm2KA¢ﬂﬂm

for all t € (0,Tmax) with some K > 0. Putting ®(¢) := fo &> (1) dT + ¢(O) for
€ (0, Trax), we see that ® € C([0, Tipax) N Cl((O Tmax)) and from the above
inequality that ®'(t) > K2®2(t) for all t € (0, Tiax), which yields

Lo L L1y 1
- K2 o(t)  ®(0)) — K29(0)
for all t € (0, Tynax)- This proves Tiax < ﬁm) < 0. By an extension argument

as in [8, Proof of Theorem 1.1] we can obtain limsup, -7, |lu(-, )|z~ ) = o,
which concludes the proof.
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