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Abstract. Our aim is to give Sobolev-type inequalities for Riesz potentials of functions
in Orlicz-Morrey spaces of an integral form over non-doubling metric measure spaces as
an extension of T. Ohno, T. Shimomura (2022). Our results are new even for the doubling
metric measure spaces.
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1. INTRODUCTION

The space introduced by Morrey in 1938 (see [19]) has become a useful tool for
the study of the existence and regularity of solutions of partial differential equations.
For 0 < o < N and a locally integrable function f on RY the Riesz potential U, f
of order « is defined by

Uf@) = [ le =3l fa) o

The well-known Sobolev inequality for U, f was studied on Morrey spaces in [1],
on generalized Morrey spaces in [20], on Orlicz spaces in [16] and on Orlicz-Morrey
spaces in [21], see also [14], [15], [25], [32].

Mizuta and the second author in [17] studied a Sobolev-type inequality for U, f
for locally integrable functions f on RY satisfying
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where G is a bounded open set in RV, 1 < p < 00, 0 < v < N, dg = sup{d(z,y):
x,y € G} and ¢; (i = 1,2) are positive monotone functions on the interval (0, c0)
satisfying

() there exists a constant ¢ > 0 such that

¢ oi(r) < i(r?) < epi(r)

whenever r > 0 for ¢ = 1, 2;
(i) 7~¢1(r) is nonincreasing on (0, 00);
(ii) w2(r) is nondecreasing on (0, co).

As in [24], we denote by (X, d, 1) a metric measure space, where X is a bounded
set, d is a metric on X and p is a nonnegative complete Borel regular outer measure
on X which is finite in every bounded set. We often write X instead of (X, d, ). For
x € X and r > 0, we denote by B(z, ) the open ball in X centered at « with radius r
and dx = sup{d(z,y): z,y € X}. We assume that dx < oo, u({z}) =0for x € X
and 0 < pu(B(z,r)) < oo for € X and r > 0 for simplicity. We do not assume
that p has the so-called doubling condition. Recall that a Radon measure p is said
to be doubling if there exists a constant ¢y > 0 such that pu(B(z,2r)) < cou(B(x, 1))
for all z € supp(p)(= X) and r > 0, see [2]. Otherwise y is said to be non-doubling,
see [24], [29]. Note from [22], [23] that the doubling condition is not necessary for p
by using the modified maximal operator.

For 7 > 1 and o > 0, we define the (modified) Riesz potential of order « for
a locally integrable function f on X by

_ d(z,y)*f(y)
Ia,‘rf(x) - /X M(B(J), Td(l‘, y))) d,LL(y),

see, e.g., [5], [18], [26], [29]. Based on the idea of [34] by Stempak, we cannot remove

the number 7 in the non-doubling metric measure setting, see [28]. When X = RY
and p =dzx, I, - f is equal to U, f. In the doubling metric measure setting we refer
to e.g. [4], [10], [11], [24], [29] for other types of Riesz potentials.

In the previous paper [24], we established Sobolev-type inequalities for I f of
functions in Morrey spaces £LP“(X) of an integral form over non-doubling metric
measure spaces as an extension of Theorem 5.4 of [17] from the Euclidean case.

In the present paper we will extend Theorem 3.3 of [24] from Morrey spaces of
an integral form to Orlicz-Morrey spaces of an integral form. In fact, we establish
a Sobolev-type inequality for I, , f of functions in Orlicz-Morrey spaces L*«¢(X)
of an integral form defined by general functions ® and w over non-doubling metric
measure spaces X (see Theorem 4.4) as an extension of Theorem 3.3 of [24]. The
result is new even in the case when X is a doubling metric measure space, see
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Theorem 4.8. Our strategy is to apply the boundedness of the (modified) Hardy-
Littlewood maximal operator M) (see Theorem 3.5) and Hedberg’s trick, see [7]. See
Sections 2 and 3 for the definitions of £L%«+¢(X) and M,.

For Trudinger-type inequalities in Orlicz-Morrey spaces of an integral form over
non-doubling metric measure spaces, we refer to [9].

Throughout the paper, we let C' denote various constants independent of the
variables in question and C(a,b,...) be a constant that depends on a,b,... only.
The symbol g ~ h means that C~'h < g < Ch for some constant C' > 0.

2. ORLICZ-MORREY SPACES OF AN INTEGRAL FORM

In this section we define Orlicz-Morrey spaces £L2“?(X) of an integral form. Be-
fore we define £2%(X) we state the assumptions on the functions ® and w.

We consider a function

®(t): [0,00) — [0, 00)

satisfying the following conditions (®1)—(®3):
(®1) ®(-) is continuous on [0, 00);
(®2) A; =2(1) > 0
(®3) t — P(t)/t is almost increasing on (0, 00), i.e., there exists a constant A > 1

such that Bt Ao
(t1) < 28(t2) whenever 0 < t < to.
t1 12
We write ¢(t) = sup (®(s)/s) and ®(t) = fot é(r)dr for t > 0. Then ®(-) is
convex and O<sst
(2.1) @(%) <B(t) < AsB(t) forall ¢ > 0,

We also consider a weight function w(r): (0,00) — (0, 00) satisfying the following
conditions:

(w0) w(+) is continuous on (0, c0);
(wl) 7+ w(r) is almost increasing on (0, 00), i.e., there exists a constant ¢; > 1
such that

w(r1) € Giw(rz) whenever 0 < 11 < ro < 00;
(w2) there exists a constant é; > 1 such that

étw(r) <w(2r) < &w(r) whenever r > 0;
(w3) there exist constants wp > 0 and ¢3 > 1 such that

53_17"‘*’0 Sw(r)<és forall 0 <r<2dx.
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Let us write that L.(t) = log(c+t) for ¢ > 1 and ¢ > 0, Lgl)(t) = L.(t), ngH)(t) =
L.(LY
(L (1))-

Example 2.1. Let 0 < 0 < wp and 5 € R. Then

w(r)=r7L, (%)ﬁ

satisfies (w0), (wl), (w2) and (w3).

Recall that f is a locally integrable function on X if f is an integrable function on
all balls B in X. Let 6 > 1. In connection with (1.1), given ®(¢) and w(r) as above,
we define the £ norm by

| £l g0 (x)

<ani v ([ s (] 250 ) ) <)

The space of all measurable functions f on X with [|f[|ze«.6x) < oo is denoted
by £®«¢(X). The space L?*(X) is called an Orlicz-Morrey space of integral
form. Here note that 2dx can be replaced by kdx with x > 1. In case ®(t) = t?,
L2%8(X) is denoted by L£P*?(X) for simplicity.

See [3] for another space corresponding to Orlicz-Morrey spaces of an integral form.

Remark 2.2. In [17], Mizuta and the second author treated the case when
X = RN and ®(¢) and w(r) are of the form ®(t) = tPpy(t), and w(r) = r’p,(r) as
in (1.1).

We shall also consider the following conditions for ®(¢): Let p > 1 and ¢ > 1 be

given.

(®3;0;p) t — t7PP(t) is almost increasing on (0, 1], i.e., there exists a constant
Az 0, > 1 such that

t77®(t1) < Agopty? P(t2) whenever 0 <ty <ty < 1;

(®3;00;q) t — t~9P(t) is almost increasing on [1,00), i.e., there exists a constant
A2 00, = 1 such that

t19®(t1) < Ag,0,gty 1®(t2) whenever 1 < ¢y < to.

Remark 2.3. If O(t) satisfies ($3;0; p), then it satisfies ($3;0;p’) for 1 < p’ < p.
If ®(t) satisfies (P3;00; q), then it satisfies ($3;00;¢") for 1 < ¢’ < gq.
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Example 2.4. Let 1 <p; <ooandg; €R for j=1,...,k. Then,

k
pl,{q, _ H L(J)

satisfies (®1), (®2) and (®3). This function satisfies (®3;0;p) and (‘I>3;oo;q) for
1<p<prand 1< q<p;in general, and for 1 < p < p; and 1 < ¢ < p; in case
gj =20forall j=1,...,k, see [13].

3. BOUNDEDNESS OF THE MAXIMAL OPERATOR

For a locally integrable function f on X and A > 1, the Hardy-Littlewood maximal
function M) f is defined by

1
My f(x) =§§%m/3(m |f ()] du(y).

For A > 1, we say that X satisfies (M \) if there exists a constant C' > 0 such that

(3.1) w({z € X: Myf(a) > k}) < / £ duly

for all measurable functions f € L'(X) and k > 0. In (3.1), we cannot reduce the
number A any more, see [34].
Note from [8] that X satisfies (M A) for any A > 0 if u satisfies the doubling
condition. For (M\), see e.g. [6], [22], [23], [27], [35], [36] and Remark 2.2 of [24].
We know the following result.

Lemma 3.1 ([30], Lemma 2.1). Let 1 <p<oo and let A>1. Suppose X satis-
fies (M A). Then there exists a constant C > 0 such that

/X (Mo f(2)}? dpu(z) < C

for all measurable functions f on X with || f| rr(x) < 1.

By Lemma 3.1, we can prove the next lemma.

Lemma 3.2 ([24], Theorem 2.4). Let 1 < 61 < 02 and A\ > 01(02 + 1)/(02 — 01).
Assume that X satisfies (M X). Further suppose

(wl”) r— r~%1w(r) is almost increasing in (0, dx] for some g1 > 0.

If p > 1, then there is a constant C > 0 such that

[MxSl griwo2(x) < Cllf | grwor(x)
for all f € LP*%1(X).
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Remark 3.3. Note that (wl1’) implies (w1). Let w(r) = 77 Lc(1/r)? be as in
Example 2.1. Then note that (wl’) holds for 0 < &1 < 0.

Remark 3.4. In [18], [29], [33], the parameters 61 and 62 were needed to prove
the boundedness of M) on non-doubling Morrey spaces. We refer to [31] for modified
Morrey spaces over metric measure spaces.

We can show the next theorem using Lemma 3.2.

Theorem 3.5. Let 1 < 61 < 0 and A > 61(02 + 1)/(02 — 61). Suppose ®(t)
satisfies (®3;0; p) and (P3;00;¢q) for p > 1 and g > 1. Assume that X satisfies (M \)
and (wl’) holds. Then there is a constant C' > 0 such that

[MAfll w02 (x) < Ol go01 (x)
for all f € LZ%01(X).
Proof. Set pg = min(p, q). Then py > 1. Consider the function
Do (t) = d(t)H/ro.

Then note from Remark 2.3 that ®(t) satisfies (®1), ($2) and (®3). Therefore, as
in (2.1), there exists a convex function ®(t) such that

2(3) < Bolt) < Cro(1)

for all £ > 0 and some constant C; > 0. Let f be a nonnegative measurable function
on X with [|f||ze.w.00(x) < £. Jensen’s inequality implies

@0 (MY < G001 (@) < MFo (O] (2) < CLAL IR (SO (2,

so that

o (P21 < op o) @)

for all z € X. Since || f|ze.w.00(x) < 1, by (2.1), we obtain

L i U, ) 7 <1
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for all z € X. Hence, applying Lemma 3.2 to ®o(f(y)), we obtain by (2.1)

.K@uég%m<é@ﬁﬁMﬁ@)w@0%
2dx w(r T r
<o | uwéém<@wfcm55m“0%
dr

po [20X w(r) M2)P0 du(z) | oo
<acr [ s (L s oI@r ) <o

for all z € X. This completes the proof of the theorem. O

Example 3.6. Theorem 3.5 applies e.g. to the following non-doubling functions
Oi(t) =P —pit—1 (0<pr <o0), Do) =e't” (1< p; <o),
d3(t) =€ =1 (1< p1 <o)

which satisfy (®1), ($2) and (®3). For the conditions on p and ¢ such that ($3;0;p)
and (®3; 00; ¢) hold, see Examples 3-5 of [13] for details.

4. SOBOLEV-TYPE INEQUALITY

We recall a lemma for an auxiliary function with certain properties which we are
going to need.

Lemma 4.1 ([12], Lemma 5.1). Let F(t) be a positive function on (0,00) satis-
fying the following conditions:
(F1) F(-) is continuous on (0, 00);
(F2) K; = F(1) > 0;
(F3) t s t~< F(t) is almost increasing for some ¢’ > 0; i.e., there exists a constant
K5 > 1 such that

175 F(t1) < Kot;° F(ts) whenever 0 < t; < t.

Set F~1(s) = sup{t > 0: F(t) < s} for s > 0. Then:

(1)  F~!(.) is nondecreasing.
(2)  FYM) < (K NYEFY(t) forallt>0and A>1
(3) F(F'Y(t)=t forallt>0.
(4) K;Vt< FYF@) <KXt forallt > 0.
1/¢’ ’
(5) mln{ KSK ) } < F7(s) < max{1, (K1 K2s)Y/<'}  for all s > 0.
1
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Remark 4.2. Note that F'(t) = ®(¢) is a function satisfying (F1), (F2) and (F3)
with K1 = A1, Ko = Ay and ¢’/ = 1.

We consider the following condition:

(Pwa) There exist constants €2 > 0 and A4 > 1 such that
R () ) < AR () )
for all x € X whenever 0 < r; <71y <dx.

Lemma 4.3. Let 1 < 0 < 7. Assume that (Pwo) holds. Then there exists
a constant C > 0 such that

d(z,y)* f(y) o g-1((g)-1
/X\B(x,é) w(B(z, md(z,y))) du(y) < C6“P (w(0)™ )

forallz e X,0< 0 < %dx and nonnegative [ € E‘I”‘*”G(X) with ||f||£«p,w,e(X) < 1.

Proof. Let f be a nonnegative measurable function with || f||z#.c.0(x) < 3. Let
€ X and 0 <6 < 2dx. We find by (#3) and Lemma 4.1 (3) that

d(z,y)* f(y)
/X\B@,a) (B, rdiz, ) W)
d(z,y)*
s /X\B<z,5> Bz, rd(x, 1))
d(z,y)* f(y)
. ~/X\B(a:,6) w(B(z, md(z,y)))
f) te(f(y))

X T wd(m ) D) e @ (@ gy ) Y

d(z, y)* 4 B
/X\Bu,é) (B, rdz, gy o)) dul)

d(z, y)*w(d(z, ) (w(d(z,y)) )
+ Ag /X\B(x,é) w(B(z, md(x,y))) [
=11+ Asls.

o (w(d(z,y)) ") du(y)

(f(y) du(y)

Let jo be the smallest integer such that 770§ > dx. By (wl), (w2), Lemma 4.1(2)
and (Pwa), we have

S d(z,y)*
I = / ’
' Z B(z,798)\B(z,79~16) /L(B(J),Td(l‘,y)))

J=1

o Hw(d(z,y)) ") du(y)
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CZ (r78)" @ (w(r76)7") < C/ w(o)™)—
dx
c/ )d;’ < C5*® N w(5) ™).

Next, for v = 707! > 1, let j; be the smallest positive integer such that
491/2§ > dx. Then we have by (dwa) and Lemma 4.1 (2)
- w(d(z,y))
I, < C5*d Hw(6) 1)/
X\B(z,5) MB(z,7d(z,y)))

- 05%—1@(5)—1)2/3

O(f(y)) du(y)

w(d(z,y))
(2.73/260\ B(z,y-/26) W(B(z, Td(z,9)))

O(f(y)) du(y).

Hence, by (wl) and (w2),

J1 ;
ag—1 -1 W(’Yj/zé)
I, < C6*0H(w(9) );M(B(x,7<j+1>/295)) /B(mj/zé)‘l’(f(y))du(y)
J1 (J'+1)/25
< 50 (w(8)! _wl) < B(f(y))d >ﬁ
SERCUR)Y L. e / [ 2w
ydx dt
agf—1 -1 —
< €620 (w(s) )/UW s </B( Dauin)
2dx d
coratwo) ) [ s ([ e L )ty )%
< C5*d(w()™).
Thus, we obtain the result required. O

Before we state our main theorem we present assumptions for the function in the
Sobolev-type inequality. We consider a function

U(t): [0,00) = [0,00)

that satisfies (®1)—(®3) and
(T®) there exists a constant A’ > 1 such that

U(tw H(@@t) 1)) < A®(t) forallt>1

As an application of M}, we establish a Sobolev-type inequality for I, . f of func-
tions in £L2%?(X) over non-doubling metric measure spaces, which is an extension
of Theorem 3.3 of [24].
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Theorem 4.4. Let X be a non-doubling metric measure space. Let 1 < 67 < 05
and 01(02 +1)/(02 —01) < XA < 7. Suppose ®(t) satisfies ($3;0; p) and (P3; 00; q) for
p > 1 and g > 1. Assume that X satisfies (M \), and (wl’) and (Pwa) hold. Then
there exists a constant C' > 0 such that

Lo fllgvwoz(x)y < Ol fll gowon(x)
for all f € LZ%01(X).

Proof. Let f be a nonnegative measurable function on X such that

Hf”[l‘bvwﬁl(x) < 1.
Let z € X and 0 < § < 1dx. By Lemma 4.3, we find

z) = d(z,9)" f(y) d(z,9)* f ()
Loz fl2) = /BM (B, rd(z,y)) Y /X\B<z,5> (B, d(z, )))
< C{FMf(x) + 50 (w(5) ).

du(y)

If w'(®(M,rf(z))™') > 3dx, then, taking 6 = 3dx, we have I,,f(z) < C
by Lemma 4.1, (wl) and (w3). If w ' (®(Mrf(z))™') < 3dx, then take §
w Y (®(Myf(x))~1). Thus, we have

Lo f2) < CMyf(z)(w™ (@(M f(x)1))”

by Lemma 4.1. Therefore, we obtain
L7 f(x) < Crmax{ M f(x)(w™ (R(My f(2)) )", 1},
so that by (U®), we have

W(L%{@) < C{U(Mf (@) (™ (@(Maf(2)71)) + 1} < C{E(M f(2)) + 1}

Therefore, we obtain by Theorem 3.5

of [ 2 (f . SO0 dul)) L+ [ yeLs

<C

N

for all z € X since there exists a constant Cy > 0 such that

2dx dr 2dx dr 2dx dr
/ w(r)— :/ rtw(r)rtt— < C/ rfl— < Cy
0 r 0 r 0 r

by (wl’) and (w3). This completes the proof of the theorem. O
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Remark 4.5. Let @, ¢, 1(t) =t H (L(])( t))% = tP1Q(t) be as in Example 2.4
Jale
and w(r) = r°L.(1/r)? be as in Example 2.1. Note that the condition (®wa) holds
if o/p1 —a > 0. Set

U(t) = [@p, g,y (1P Le(t)1 P17,
where 1/pi = 1/p1 — a/o. Since w™(r) ~ /7L, (1/r)78/7 we see that
Hw ™ ( Ry 1q,) (1)) ~ /PLQ(E) "L (B) /7
Therefore,
W(tHw™ (Rpy,1q,1 (1)) < CHHQ(E) = Oy 14,3 (2)-
Thus, U(t) satisfies the condition (U®P).

The next example shows that £%71{%1%?(X) = {0}.

Example 4.6. Let X; = {(21,0) € R?: 0 < 71 < 1} and X = {(71,22) € R%:
|(z1,22)] < 1, 21 < 0}, and define (X, d, ) = (X1,d2, m1) U (X2, d2, m2), where dy
denotes the 2-dimensional Euclidean distance and m; denotes the i-dimensional
Lebesgue measure. It is easy to show that g is non-doubling. Since X is a sep-
arable metric space, X satisfies (MA) for A > 2, see [27].

Let 0 > 1. Consider the function

f(y) = d2(0,y)" "xx,(y)

for y = (y1,92) € X1 U X3 and a < min{2/py1,c/p1}. Then note that

C/ e (/B(OWQ et (7)) ) )
/ﬁcx JT e [rmau )y <

for all x = (z1,22) € X1 U X3 since u(B(z,0r)) > Cr? for all z € X; U X5 and
0 < r < 4. Therefore, f € L¥71:(:3* (X)) s0 that £71-1u1?(X) £ {0}.

Applying Theorem 4.4 to special ®,, (,.} and w given above, we obtain the fol-
lowing corollary.
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Corollary 4.7. Let X be a non-doubling metric measure space. Let <I>p17{qj}(t)
and w(r) be as in Examples 2.4 and 2.1. Let 1 < 61 < 02 and 61(62+1)/(02 — 61) <
A < 7. Assume that X satisfies (M \). Then there exists a constant C' > 0 such that

HIOHTfHE‘I”‘“"Q(X) < CHfHEq)PL{qJ‘}’w’Bl (X)
for all f € L7159 (X)), where
\I/(t) = [(I)ph{qj}(t)]pr/plLe(t)pIaﬁ/a

with 1/p7 =1/p1 —a/o > 0.

Noting that for ¢ > 0 there exists a constant C' > 0 such that
C'u(B(z, 1)) < u(B(w,cr)) < Cu(B(,r))

for all z € X and 0 < r < dx by the doubling condition of u, we can prove the fol-
lowing theorem for the doubling metric measure case as in the proof of Theorem 4.4.

Theorem 4.8. Let X be a doubling metric measure space. Suppose ®(t) satisfies

(®3;0;p) and (P3;00;q) for p > 1 and ¢ > 1. Assume that (wl’) and (Pwa) hold.
Then there exists a constant C > 0 such that

a1 fllzvwonx) < CIfllgewnx)
for all f € LY%1(X).

Corollary 4.9. Let X be a doubling metric measure space. Let @, ¢,y (t)
and w(r) be as in Examples 2.4 and 2.1. Then there exists a constant C' > 0 such that

HIaylfHE‘I”w'l(X) < CHfHE‘I)PL{LIj}’“)’l(X)
for all f € L¥7115* (X)), where
\I/(t) = [(I)ph{qj}(t)]pz/plLe(t)pIaﬂ/g

with 1/p; =1/p1 — a/a > 0.
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carefully reading the manuscript and giving kind comments and useful suggestions.
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