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Abstract. Our aim is to give Sobolev-type inequalities for Riesz potentials of functions
in Orlicz-Morrey spaces of an integral form over non-doubling metric measure spaces as
an extension of T.Ohno, T. Shimomura (2022). Our results are new even for the doubling
metric measure spaces.
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1. Introduction

The space introduced by Morrey in 1938 (see [19]) has become a useful tool for

the study of the existence and regularity of solutions of partial differential equations.

For 0 < α < N and a locally integrable function f on R
N the Riesz potential Uαf

of order α is defined by

Uαf(x) =

∫

RN

|x− y|α−Nf(y) dy.

The well-known Sobolev inequality for Uαf was studied on Morrey spaces in [1],

on generalized Morrey spaces in [20], on Orlicz spaces in [16] and on Orlicz-Morrey

spaces in [21], see also [14], [15], [25], [32].

Mizuta and the second author in [17] studied a Sobolev-type inequality for Uαf

for locally integrable functions f on R
N satisfying

(1.1) sup
x∈G

(∫ dG

0

rν−Nϕ1(r)

(∫

B(x,r)

|f(y)|pϕ2(|f(y)|) dy

)
dr

r

)1/p

< ∞,
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where G is a bounded open set in R
N , 1 < p < ∞, 0 < ν 6 N , dG = sup{d(x, y) :

x, y ∈ G} and ϕi (i = 1, 2) are positive monotone functions on the interval (0,∞)

satisfying

(ϕ) there exists a constant c > 0 such that

c−1ϕi(r) 6 ϕi(r
2) 6 cϕi(r)

whenever r > 0 for i = 1, 2;

(i) r−νϕ1(r) is nonincreasing on (0,∞);

(ii) ϕ2(r) is nondecreasing on (0,∞).

As in [24], we denote by (X, d, µ) a metric measure space, where X is a bounded

set, d is a metric on X and µ is a nonnegative complete Borel regular outer measure

on X which is finite in every bounded set. We often write X instead of (X, d, µ). For

x ∈ X and r > 0, we denote by B(x, r) the open ball in X centered at x with radius r

and dX = sup{d(x, y) : x, y ∈ X}. We assume that dX < ∞, µ({x}) = 0 for x ∈ X

and 0 < µ(B(x, r)) < ∞ for x ∈ X and r > 0 for simplicity. We do not assume

that µ has the so-called doubling condition. Recall that a Radon measure µ is said

to be doubling if there exists a constant c0 > 0 such that µ(B(x, 2r)) 6 c0µ(B(x, r))

for all x ∈ supp(µ)(= X) and r > 0, see [2]. Otherwise µ is said to be non-doubling,

see [24], [29]. Note from [22], [23] that the doubling condition is not necessary for µ

by using the modified maximal operator.

For τ > 1 and α > 0, we define the (modified) Riesz potential of order α for

a locally integrable function f on X by

Iα,τf(x) =

∫

X

d(x, y)αf(y)

µ(B(x, τd(x, y)))
dµ(y),

see, e.g., [5], [18], [26], [29]. Based on the idea of [34] by Stempak, we cannot remove

the number τ in the non-doubling metric measure setting, see [28]. When X = R
N

and µ = dx, Iα,τf is equal to Uαf . In the doubling metric measure setting we refer

to e.g. [4], [10], [11], [24], [29] for other types of Riesz potentials.

In the previous paper [24], we established Sobolev-type inequalities for Iα,τf of

functions in Morrey spaces Lp,ω,θ(X) of an integral form over non-doubling metric

measure spaces as an extension of Theorem 5.4 of [17] from the Euclidean case.

In the present paper we will extend Theorem 3.3 of [24] from Morrey spaces of

an integral form to Orlicz-Morrey spaces of an integral form. In fact, we establish

a Sobolev-type inequality for Iα,τf of functions in Orlicz-Morrey spaces L
Φ,ω,θ(X)

of an integral form defined by general functions Φ and ω over non-doubling metric

measure spaces X (see Theorem 4.4) as an extension of Theorem 3.3 of [24]. The

result is new even in the case when X is a doubling metric measure space, see
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Theorem 4.8. Our strategy is to apply the boundedness of the (modified) Hardy-

Littlewood maximal operatorMλ (see Theorem 3.5) and Hedberg’s trick, see [7]. See

Sections 2 and 3 for the definitions of LΦ,ω,θ(X) and Mλ.

For Trudinger-type inequalities in Orlicz-Morrey spaces of an integral form over

non-doubling metric measure spaces, we refer to [9].

Throughout the paper, we let C denote various constants independent of the

variables in question and C(a, b, . . .) be a constant that depends on a, b, . . . only.

The symbol g ∼ h means that C−1h 6 g 6 Ch for some constant C > 0.

2. Orlicz-Morrey spaces of an integral form

In this section we define Orlicz-Morrey spaces LΦ,ω,θ(X) of an integral form. Be-

fore we define LΦ,ω,θ(X) we state the assumptions on the functions Φ and ω.

We consider a function

Φ(t) : [0,∞) → [0,∞)

satisfying the following conditions (Φ1)–(Φ3):

(Φ1) Φ(·) is continuous on [0,∞);

(Φ2) A1 = Φ(1) > 0;

(Φ3) t 7→ Φ(t)/t is almost increasing on (0,∞), i.e., there exists a constant A2 > 1

such that
Φ(t1)

t1
6

A2Φ(t2)

t2
whenever 0 < t1 < t2.

We write φ̄(t) = sup
0<s6t

(Φ(s)/s) and Φ̄(t) =
∫ t

0 φ̄(r) dr for t > 0. Then Φ̄(·) is

convex and

(2.1) Φ
( t

2

)
6 Φ̄(t) 6 A2Φ(t) for all t > 0.

We also consider a weight function ω(r) : (0,∞) → (0,∞) satisfying the following

conditions:

(ω0) ω(·) is continuous on (0,∞);

(ω1) r 7→ ω(r) is almost increasing on (0,∞), i.e., there exists a constant c̃1 > 1

such that

ω(r1) 6 c̃1ω(r2) whenever 0 < r1 < r2 < ∞;

(ω2) there exists a constant c̃2 > 1 such that

c̃−1
2 ω(r) 6 ω(2r) 6 c̃2ω(r) whenever r > 0;

(ω3) there exist constants ω0 > 0 and c̃3 > 1 such that

c̃−1
3 rω0 6 ω(r) 6 c̃3 for all 0 < r 6 2dX .
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Let us write that Lc(t) = log(c+t) for c > 1 and t > 0, L
(1)
c (t) = Lc(t), L

(j+1)
c (t) =

Lc(L
(j)
c (t)).

Example 2.1. Let 0 < σ < ω0 and β ∈ R. Then

ω(r) = rσLe

(1
r

)β

satisfies (ω0), (ω1), (ω2) and (ω3).

Recall that f is a locally integrable function on X if f is an integrable function on

all balls B in X . Let θ > 1. In connection with (1.1), given Φ(t) and ω(r) as above,

we define the LΦ,ω,θ norm by

‖f‖LΦ,ω,θ(X)

= inf

{
λ > 0; sup

x∈X

(∫ 2dX

0

ω(r)

µ(B(x, θr))

(∫

B(x,r)

Φ̄
( |f(y)|

λ

)
dµ(y)

)
dr

r

)
6 1

}
.

The space of all measurable functions f on X with ‖f‖LΦ,ω,θ(X) < ∞ is denoted

by LΦ,ω,θ(X). The space LΦ,ω,θ(X) is called an Orlicz-Morrey space of integral

form. Here note that 2dX can be replaced by κdX with κ > 1. In case Φ(t) = tp,

LΦ,ω,θ(X) is denoted by Lp,ω,θ(X) for simplicity.

See [3] for another space corresponding to Orlicz-Morrey spaces of an integral form.

Remark 2.2. In [17], Mizuta and the second author treated the case when

X = R
N and Φ(t) and ω(r) are of the form Φ(t) = tpϕ2(t), and ω(r) = rνϕ1(r) as

in (1.1).

We shall also consider the following conditions for Φ(t): Let p > 1 and q > 1 be

given.

(Φ3; 0; p) t 7→ t−pΦ(t) is almost increasing on (0, 1], i.e., there exists a constant

A2,0,p > 1 such that

t−p
1 Φ(t1) 6 A2,0,p t

−p
2 Φ(t2) whenever 0 < t1 < t2 6 1;

(Φ3;∞; q) t 7→ t−qΦ(t) is almost increasing on [1,∞), i.e., there exists a constant

A2,∞,q > 1 such that

t−q
1 Φ(t1) 6 A2,∞,q t

−q
2 Φ(t2) whenever 1 6 t1 < t2.

Remark 2.3. If Φ(t) satisfies (Φ3; 0; p), then it satisfies (Φ3; 0; p′) for 1 6 p′ 6 p.

If Φ(t) satisfies (Φ3;∞; q), then it satisfies (Φ3;∞; q′) for 1 6 q′ 6 q.
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Example 2.4. Let 1 < p1 < ∞ and qj ∈ R for j = 1, . . . , k. Then,

Φp1,{qj}(t) = tp1

k∏

j=1

(L(j)
e (t))qj

satisfies (Φ1), (Φ2) and (Φ3). This function satisfies (Φ3; 0; p) and (Φ3;∞; q) for

1 6 p < p1 and 1 6 q < p1 in general, and for 1 6 p 6 p1 and 1 6 q 6 p1 in case

qj > 0 for all j = 1, . . . , k, see [13].

3. Boundedness of the maximal operator

For a locally integrable function f on X and λ > 1, the Hardy-Littlewood maximal

function Mλf is defined by

Mλf(x) = sup
r>0

1

µ(B(x, λr))

∫

B(x,r)

|f(y)| dµ(y).

For λ > 1, we say that X satisfies (Mλ) if there exists a constant C > 0 such that

(3.1) µ({x ∈ X : Mλf(x) > k}) 6
C

k

∫

X

|f(y)| dµ(y)

for all measurable functions f ∈ L1(X) and k > 0. In (3.1), we cannot reduce the

number λ any more, see [34].

Note from [8] that X satisfies (Mλ) for any λ > 0 if µ satisfies the doubling

condition. For (Mλ), see e.g. [6], [22], [23], [27], [35], [36] and Remark 2.2 of [24].

We know the following result.

Lemma 3.1 ([30], Lemma 2.1). Let 1<p<∞ and let λ> 1. Suppose X satis-

fies (Mλ). Then there exists a constant C > 0 such that
∫

X

{Mλf(x)}
p dµ(x) 6 C

for all measurable functions f on X with ‖f‖Lp(X) 6 1.

By Lemma 3.1, we can prove the next lemma.

Lemma 3.2 ([24], Theorem 2.4). Let 1 6 θ1 < θ2 and λ > θ1(θ2 + 1)/(θ2 − θ1).

Assume that X satisfies (Mλ). Further suppose

(ω1′) r 7→ r−ε1ω(r) is almost increasing in (0, dX ] for some ε1 > 0.

If p > 1, then there is a constant C > 0 such that

‖Mλf‖Lp,ω,θ2(X) 6 C‖f‖Lp,ω,θ1(X)

for all f ∈ Lp,ω,θ1(X).
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Remark 3.3. Note that (ω1′) implies (ω1). Let ω(r) = rσLe(1/r)
β be as in

Example 2.1. Then note that (ω1′) holds for 0 < ε1 < σ.

Remark 3.4. In [18], [29], [33], the parameters θ1 and θ2 were needed to prove

the boundedness ofMλ on non-doubling Morrey spaces. We refer to [31] for modified

Morrey spaces over metric measure spaces.

We can show the next theorem using Lemma 3.2.

Theorem 3.5. Let 1 6 θ1 < θ2 and λ > θ1(θ2 + 1)/(θ2 − θ1). Suppose Φ(t)

satisfies (Φ3; 0; p) and (Φ3;∞; q) for p > 1 and q > 1. Assume that X satisfies (Mλ)

and (ω1′) holds. Then there is a constant C > 0 such that

‖Mλf‖LΦ,ω,θ2(X) 6 C‖f‖LΦ,ω,θ1(X)

for all f ∈ LΦ,ω,θ1(X).

P r o o f. Set p0 = min(p, q). Then p0 > 1. Consider the function

Φ0(t) = Φ(t)1/p0 .

Then note from Remark 2.3 that Φ0(t) satisfies (Φ1), (Φ2) and (Φ3). Therefore, as

in (2.1), there exists a convex function Φ̃0(t) such that

Φ0

( t

2

)
6 Φ̃0(t) 6 C1Φ0(t)

for all t > 0 and some constant C1 > 0. Let f be a nonnegative measurable function

on X with ‖f‖LΦ,ω,θ1(X) 6
1
2 . Jensen’s inequality implies

Φ0

(Mλf(x)

2

)
6 Φ̃0(Mλf(x)) 6 Mλ[Φ̃0(f(·))](x) 6 C1Mλ[Φ0(f(·))](x),

so that

Φ
(Mλf(x)

2

)
6 Cp0

1 [Mλ[Φ0(f(·))](x)]
p0

for all x ∈ X . Since ‖f‖LΦ,ω,θ1(X) 6
1
2 , by (2.1), we obtain

∫ 2dX

0

ω(r)

µ(B(z, θ1r))

(∫

B(z,r)

Φ0(f(y))
p0 dµ(y)

)
dr

r

=

∫ 2dX

0

ω(r)

µ(B(z, θ1r))

(∫

B(z,r)

Φ(f(y)) dµ(y)

)
dr

r
6 1
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for all z ∈ X . Hence, applying Lemma 3.2 to Φ0(f(y)), we obtain by (2.1)

∫ 2dX

0

ω(r)

µ(B(z, θ2r))

(∫

B(z,r)

Φ̄
(Mλf(x)

2

)
dµ(x)

)
dr

r

6 A2

∫ 2dX

0

ω(r)

µ(B(z, θ2r))

(∫

B(z,r)

Φ
(Mλf(x)

2

)
dµ(x)

)
dr

r

6 A2C
p0

1

∫ 2dX

0

ω(r)

µ(B(z, θ2r))

(∫

B(z,r)

[Mλ[Φ0(f(·))](x)]
p0 dµ(x)

)
dr

r
6 C

for all z ∈ X . This completes the proof of the theorem. �

Example 3.6. Theorem 3.5 applies e.g. to the following non-doubling functions

Φ1(t) = ep1t − p1t− 1 (0 < p1 < ∞), Φ2(t) = ettp1 (1 6 p1 < ∞),

Φ3(t) = et
p1

− 1 (1 6 p1 < ∞)

which satisfy (Φ1), (Φ2) and (Φ3). For the conditions on p and q such that (Φ3; 0; p)

and (Φ3;∞; q) hold, see Examples 3–5 of [13] for details.

4. Sobolev-type inequality

We recall a lemma for an auxiliary function with certain properties which we are

going to need.

Lemma 4.1 ([12], Lemma 5.1). Let F (t) be a positive function on (0,∞) satis-

fying the following conditions:

(F1) F (·) is continuous on (0,∞);

(F2) K1 = F (1) > 0;

(F3) t 7→ t−ε′F (t) is almost increasing for some ε′ > 0; i.e., there exists a constant

K2 > 1 such that

t−ε′

1 F (t1) 6 K2t
−ε′

2 F (t2) whenever 0 < t1 < t2.

Set F−1(s) = sup{t > 0: F (t) < s} for s > 0. Then:

F−1(·) is nondecreasing.(1)

F−1(λt) 6 (K2λ)
1/ε′F−1(t) for all t > 0 and λ > 1.(2)

F (F−1(t)) = t for all t > 0.(3)

K
−1/ε′

2 t 6 F−1(F (t)) 6 K
2/ε′

2 t for all t > 0.(4)

min
{
1,
( s

K1K2

)1/ε′}
6 F−1(s) 6 max{1, (K1K2s)

1/ε′} for all s > 0.(5)
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Remark 4.2. Note that F (t) = Φ(t) is a function satisfying (F1), (F2) and (F3)

with K1 = A1,K2 = A2 and ε′ = 1.

We consider the following condition:

(Φωα) There exist constants ε2 > 0 and A4 > 1 such that

rε2+α
2 Φ−1(ω(r2)

−1) 6 A4r
ε2+α
1 Φ−1(ω(r1)

−1)

for all x ∈ X whenever 0 < r1 < r2 < dX .

Lemma 4.3. Let 1 6 θ < τ . Assume that (Φωα) holds. Then there exists

a constant C > 0 such that

∫

X\B(x,δ)

d(x, y)αf(y)

µ(B(x, τd(x, y)))
dµ(y) 6 CδαΦ−1(ω(δ)−1)

for all x ∈ X , 0 < δ < 1
2dX and nonnegative f ∈ LΦ,ω,θ(X) with ‖f‖LΦ,ω,θ(X) 6 1.

P r o o f. Let f be a nonnegative measurable function with ‖f‖LΦ,ω,θ(X) 6
1
2 . Let

x ∈ X and 0 < δ < 1
2dX . We find by (Φ3) and Lemma 4.1 (3) that

∫

X\B(x,δ)

d(x, y)αf(y)

µ(B(x, τd(x, y)))
dµ(y)

6

∫

X\B(x,δ)

d(x, y)α

µ(B(x, τd(x, y)))
Φ−1(ω(d(x, y))−1) dµ(y)

+A2

∫

X\B(x,δ)

d(x, y)αf(y)

µ(B(x, τd(x, y)))

×
f(y)−1Φ(f(y))

{Φ−1(ω(d(x, y))−1)}−1Φ(Φ−1(ω(d(x, y))−1))
dµ(y)

=

∫

X\B(x,δ)

d(x, y)α

µ(B(x, τd(x, y)))
Φ−1(ω(d(x, y))−1) dµ(y)

+A2

∫

X\B(x,δ)

d(x, y)αω(d(x, y))Φ−1(ω(d(x, y))−1)

µ(B(x, τd(x, y)))
Φ(f(y)) dµ(y)

= I1 +A2I2.

Let j0 be the smallest integer such that τ
j0δ > dX . By (ω1), (ω2), Lemma 4.1 (2)

and (Φωα), we have

I1 =

j0∑

j=1

∫

B(x,τ jδ)\B(x,τ j−1δ)

d(x, y)α

µ(B(x, τd(x, y)))
Φ−1(ω(d(x, y))−1) dµ(y)
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6 C

j0∑

j=1

(τ jδ)αΦ−1(ω(τ jδ)−1) 6 C

∫ τdX

δ

̺αΦ−1(ω(̺)−1)
d̺

̺

6 C

∫ dX

δ

̺αΦ−1(ω(̺)−1)
d̺

̺
6 CδαΦ−1(ω(δ)−1).

Next, for γ = τθ−1 > 1, let j1 be the smallest positive integer such that

γj1/2δ > dX . Then we have by (Φωα) and Lemma 4.1 (2)

I2 6 CδαΦ−1(ω(δ)−1)

∫

X\B(x,δ)

ω(d(x, y))

µ(B(x, τd(x, y)))
Φ(f(y)) dµ(y)

= CδαΦ−1(ω(δ)−1)

j1∑

j=1

∫

B(x,γj/2δ)\B(x,γ(j−1)/2δ)

ω(d(x, y))

µ(B(x, τd(x, y)))
Φ(f(y)) dµ(y).

Hence, by (ω1) and (ω2),

I2 6 CδαΦ−1(ω(δ)−1)

j1∑

j=1

ω(γj/2δ)

µ(B(x, γ(j+1)/2θδ))

∫

B(x,γj/2δ)

Φ(f(y)) dµ(y)

6 CδαΦ−1(ω(δ)−1)

j1∑

j=1

∫ γ(j+1)/2δ

γj/2δ

ω(t)

µ(B(x, θt))

(∫

B(x,t)

Φ(f(y)) dµ(y)

)
dt

t

6 CδαΦ−1(ω(δ)−1)

∫ γdX

γ1/2δ

ω(t)

µ(B(x, θt))

(∫

B(x,t)

Φ(f(y)) dµ(y)

)
dt

t

6 CδαΦ−1(ω(δ)−1)

∫ 2dX

0

ω(t)

µ(B(x, θt))

(∫

B(x,t)

Φ(f(y)) dµ(y)

)
dt

t

6 CδαΦ−1(ω(δ)−1).

Thus, we obtain the result required. �

Before we state our main theorem we present assumptions for the function in the

Sobolev-type inequality. We consider a function

Ψ(t) : [0,∞) → [0,∞)

that satisfies (Φ1)–(Φ3) and

(ΨΦ) there exists a constant A′ > 1 such that

Ψ(t(ω−1(Φ(t)−1))α) 6 A′Φ(t) for all t > 1.

As an application of Mλ, we establish a Sobolev-type inequality for Iα,τf of func-

tions in LΦ,ω,θ(X) over non-doubling metric measure spaces, which is an extension

of Theorem 3.3 of [24].
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Theorem 4.4. Let X be a non-doubling metric measure space. Let 1 6 θ1 < θ2

and θ1(θ2 +1)/(θ2 − θ1) < λ 6 τ . Suppose Φ(t) satisfies (Φ3; 0; p) and (Φ3;∞; q) for

p > 1 and q > 1. Assume that X satisfies (Mλ), and (ω1′) and (Φωα) hold. Then

there exists a constant C > 0 such that

‖Iα,τf‖LΨ,ω,θ2(X) 6 C‖f‖LΦ,ω,θ1(X)

for all f ∈ LΦ,ω,θ1(X).

P r o o f. Let f be a nonnegative measurable function on X such that

‖f‖LΦ,ω,θ1(X) 6 1.

Let x ∈ X and 0 < δ < 1
2dX . By Lemma 4.3, we find

Iα,τf(x) =

∫

B(x,δ)

d(x, y)αf(y)

µ(B(x, τd(x, y)))
dµ(y) +

∫

X\B(x,δ)

d(x, y)αf(y)

µ(B(x, τd(x, y)))
dµ(y)

6 C{δαMλf(x) + δαΦ−1(ω(δ)−1)}.

If ω−1(Φ(Mλf(x))
−1) > 1

2dX , then, taking δ = 1
2dX , we have Iα,τf(x) 6 C

by Lemma 4.1, (ω1) and (ω3). If ω−1(Φ(Mλf(x))
−1) < 1

2dX , then take δ =

ω−1(Φ(Mλf(x))
−1). Thus, we have

Iα,τf(x) 6 CMλf(x)(ω
−1(Φ(Mλf(x))

−1))α

by Lemma 4.1. Therefore, we obtain

Iα,τf(x) 6 C1 max{Mλf(x)(ω
−1(Φ(Mλf(x))

−1))α, 1},

so that by (ΨΦ), we have

Ψ
(Iα,τf(x)

C1

)
6 C{Ψ(Mλf(x)(ω

−1(Φ(Mλf(x))
−1))α) + 1} 6 C{Φ(Mλf(x)) + 1}.

Therefore, we obtain by Theorem 3.5

∫ 2dX

0

ω(r)

µ(B(z, θ2r))

(∫

B(z,r)

Ψ
(Iα,τf(x)

C1

)
dµ(x)

)
dr

r

6 C

{∫ 2dX

0

ω(r)

µ(B(z, θ2r))

(∫

B(z,r)

Φ(Mλf(x)) dµ(x)

)
dr

r
+

∫ 2dX

0

ω(r)
dr

r

}

6 C

for all z ∈ X since there exists a constant C2 > 0 such that
∫ 2dX

0

ω(r)
dr

r
=

∫ 2dX

0

r−ε1ω(r)rε1
dr

r
6 C

∫ 2dX

0

rε1
dr

r
6 C2

by (ω1′) and (ω3). This completes the proof of the theorem. �
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Remark 4.5. Let Φp1,{qj}(t) = tp1

k∏
j=1

(L
(j)
e (t))qj = tp1Q(t) be as in Example 2.4

and ω(r) = rσLe(1/r)
β be as in Example 2.1. Note that the condition (Φωα) holds

if σ/p1 − α > 0. Set

Ψ(t) = [Φp1,{qj}(t)]
p∗
1/p1Le(t)

p∗
1αβ/σ,

where 1/p∗1 = 1/p1 − α/σ. Since ω−1(r) ∼ r1/σLe(1/r)
−β/σ, we see that

t(ω−1(Φp1,{qj}(t)
−1))α ∼ tp1/p

∗
1Q(t)−α/σLe(t)

−αβ/σ.

Therefore,

Ψ(t(ω−1(Φp1,{qj}(t)
−1))α) 6 Ctp1Q(t) = CΦp1,{qj}(t).

Thus, Ψ(t) satisfies the condition (ΨΦ).

The next example shows that L
Φp1,{qj}

,ω,θ
(X) 6= {0}.

Example 4.6. Let X1 = {(x1, 0) ∈ R
2 : 0 6 x1 < 1} and X2 = {(x1, x2) ∈ R

2 :

|(x1, x2)| < 1, x1 < 0}, and define (X, d, µ) = (X1, d2,m1) ∪ (X2, d2,m2), where d2

denotes the 2-dimensional Euclidean distance and mi denotes the i-dimensional

Lebesgue measure. It is easy to show that µ is non-doubling. Since X is a sep-

arable metric space, X satisfies (Mλ) for λ > 2, see [27].

Let θ > 1. Consider the function

f(y) = d2(0, y)
−aχX2(y)

for y = (y1, y2) ∈ X1 ∪X2 and a < min{2/p1, σ/p1}. Then note that

∫ 4

0

ω(r)

µ(B(x, θr))

(∫

B(x,r)

Φp1,{qj}(|f(y)|) dµ(y)

)
dr

r

6 C

∫ 4

0

ω(r)

µ(B(x, θr))

(∫

B(0,r)∩X2

Φp1,{qj}(|f(y)|) dµ(y)

)
dr

r

6 C

∫ 4

0

ω(r)

µ(B(x, θr))
r2−ap1Q

(1
r

)dr
r

6 C

∫ 4

0

rσ−ap1Q
(1
r

)
Le

(1
r

)β dr
r

< ∞

for all x = (x1, x2) ∈ X1 ∪ X2 since µ(B(x, θr)) > Cr2 for all x ∈ X1 ∪ X2 and

0 < r < 4. Therefore, f ∈ L
Φp1,{qj}

,ω,θ
(X), so that L

Φp1,{qj}
,ω,θ

(X) 6= {0}.

Applying Theorem 4.4 to special Φp1,{qj} and ω given above, we obtain the fol-

lowing corollary.
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Corollary 4.7. Let X be a non-doubling metric measure space. Let Φp1,{qj}(t)

and ω(r) be as in Examples 2.4 and 2.1. Let 1 6 θ1 < θ2 and θ1(θ2 + 1)/(θ2 − θ1) <

λ 6 τ . Assume that X satisfies (Mλ). Then there exists a constant C > 0 such that

‖Iα,τf‖LΨ,ω,θ2(X) 6 C‖f‖
L

Φp1,{qj}
,ω,θ1

(X)

for all f ∈ LΦp1,{qj}
,ω,θ1(X), where

Ψ(t) = [Φp1,{qj}(t)]
p∗
1/p1Le(t)

p∗
1αβ/σ

with 1/p∗1 = 1/p1 − α/σ > 0.

Noting that for c > 0 there exists a constant C > 0 such that

C−1µ(B(x, r)) 6 µ(B(x, cr)) 6 Cµ(B(x, r))

for all x ∈ X and 0 < r < dX by the doubling condition of µ, we can prove the fol-

lowing theorem for the doubling metric measure case as in the proof of Theorem 4.4.

Theorem 4.8. Let X be a doubling metric measure space. Suppose Φ(t) satisfies

(Φ3; 0; p) and (Φ3;∞; q) for p > 1 and q > 1. Assume that (ω1′) and (Φωα) hold.

Then there exists a constant C > 0 such that

‖Iα,1f‖LΨ,ω,1(X) 6 C‖f‖LΦ,ω,1(X)

for all f ∈ LΦ,ω,1(X).

Corollary 4.9. Let X be a doubling metric measure space. Let Φp1,{qj}(t)

and ω(r) be as in Examples 2.4 and 2.1. Then there exists a constant C > 0 such that

‖Iα,1f‖LΨ,ω,1(X) 6 C‖f‖
L

Φp1,{qj}
,ω,1

(X)

for all f ∈ L
Φp1,{qj}

,ω,1
(X), where

Ψ(t) = [Φp1,{qj}(t)]
p∗
1/p1Le(t)

p∗
1αβ/σ

with 1/p∗1 = 1/p1 − α/σ > 0.
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