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Abstract. We use the estimation of the number of integers n such that |[n¢| belongs to
an arithmetic progression to study the coprimality of integers in N® = {|n®|},en, ¢ > 1,
c ¢ N.
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1. INTRODUCTION AND RESULTS

Piatetski-Shapiro sequences are defined by
N¢={|n]}nen (¢>1,cé¢N),

where |z] is the integer part of a real number z. They are named in honor
of Piatetski-Shapiro (see [12]), who studied prime numbers in a sequence of the
form | f(n)|, where f(n) is a polynomial. The density for coprime pairs of integers
is a classical result in number theory. In 1849, Dirichlet in [8] asserted that the
proportion of coprime pairs of integers in {1,...,n},

%#{(nl,ng) e{1,.. .,n}Q: ged(ng, ne) = 1},

tends to 1/¢(2) = 6/n% ~ 0.608. The proof is not trivial and can be found in the
book of Hardy and Wright, see [10], Theorem 332. For further details, we re-
fer to [2], [3], [4], [7], [9]. It is natural to study the coprimality of any pairs in
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other sequences. The coprimality of integers in Piatetski-Shapiro sequences first ap-
peared in [11]. Lembek and Moser found that the number of positive integers not
exceeding x, with ged(n, [n'/2]) =1, is

6
o + Oz log ).

In 2002, Delmer and Deshouillers in [5] proved that, for any positive real number ¢
which is not an integer, the density of the integers n which are coprime to |n¢| is 6,/n2.
Recently, Bergelson and Richter in [1] have extended this problem to functions in
the Hardy field H. They have proved, under some natural conditions on the k-tuple
fi,--., fx € H, that the density of the set

{n eN: ged(n, [f1(n)],..., [fe(n)]) =1}
exists and equals 1/{(k + 1). Moreover, for ¢; > 0, ¢; ¢ N, i = 1,...,k, they posed

an interesting open question whether, with some conditions, is it true that natural
density of the set
{n eN: ged(|n?],...,|n%*]) =1}
exists and equals 1/{(k).
In this paper, we shall study the asymptotic formula for the number of Piatetski-
Shapiro pairs (|a®], |b°]) that are coprime and a,b < z. We obtain the following
results.

Theorem 1.1. As x — oo, we have

Z 1 1 O(x(c+4)/3) forl <c< %,
= x° +

abex (2) O(z¢t1/2)  for 3 <e< d

ged([a®],[b°)=1

Theorem 1.2. Let k>3, and 1 < ¢ < 2. As x — oo, we have

Z 1= ﬁmk + O(ah= 27973y,

a1,...,ap KT
ged(laf],lag],. lag)=1

Moreover, the following theorems give the coprimality on the different Piatetski-
Shapiro sequences.

Theorem 1.3. As z — oo, for 1 < ¢1 < ¢a < 2, we have

2
Z 1 1 5 O(zle2t9/3) for1< ¢ <3,
fr— €T +
abez (2) O(z'/2+@erte2)/3) - for % <e < %

ged([a®1 |, [5°2])=1
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Theorem 1.4. Let k> 3. Asx — 00, for 1 <c¢; <o <... < ¢, < 2, we have

1
Z 1= —2aF+ O(xk*@’c’“)/?’).
A1y, Q) KT C(k)
ged(lat! J,la5? ], lagk [)=1
Here, the O-terms depend on k and cy.
2. LEMMAS

The main ingredient in the following proof is a good estimation for the number of
integers n up to x such that |n°| belongs to an arithmetic progression. Deshouillers
in [6] proved the following lemma.

Lemma 2.1. For 1 <c¢ < 2. Let x € R and a,q € Z such that 0 < a < g < z€,

S 1= Eo(mn( )

n<e q
[n€]=a (mod q)

The following facts will be used in the proofs.

Lemma 2.2. Let x € R and d € N. Let k,l € N such that k > 4 and 1 <1 < k.
Forl<cy <cg<...< ¢, <2, we have

k (ci+1)/3 k k (1/3) Yi2d coj+k—2i/3
(2.1) H(§+O(xdT))—fl—k+z;O<x T >

(2.2) H

(x (x(c,',—i-l)/?))) S (m(1/3)23=56k]+k—l—2i/3)

i d di/3 g + — Jk—1-2i/3
09 TG +o(%) =5 +o( %)
and

l ciny o (ci+1)/3
e T1G o) T1 (o)

ok Py etholy  R=l (3 Sy e h—1-2i/34 5 ¢
o) Eef )

dk dk—2i/3
i=1
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Proof. For k > 4, we write

k (ci+1)/3
(G + (7))

ok k=1 B e +1)/3 k=2 Fo e +ein+2)/3
co(fm Y ) ro(5m X )

dk dk—1 di/3 dk—2 d2/3
i1=1 11,i2=1
i1 702
k=3 k cL1+cL2+513+3)/3 plerteat. +ep+k)/3
= )+ o E )

11,12,i3=1

i1F£i2#£13

From 1 <c¢; <o <... < ¢ <2, we have

k (ci+1)/3
15+ o))

1=

B fI)k 0 .T,'k_l l‘(ck+1)/3 l‘k_Q m(ck+ck,1+2)/3
T gk + (dk—l d1/3 ) + (dk—Q d42/3 )
k=3 x(5k+ck—1+ck—2+3)/3 x(C1+C2+~~~+Ck+k3)/3
+0(dk_3 - ) +0( pIoE )

and (2.1) follows. The proofs of (2.2)—(2.3) are similar to the proof of (2.1). The
equation (2.4) is the product of (2.2) and (2.3). O

Lemma 2.3. For k > 2 and 1 < ¢ < 2, we have

k

1
> uld)gr =zt OEHT,
d<z¢

where p(n) denotes the Mébius function.

Proof. It follows from the well known identity > u(n)/n* = 1/{(k) and the
partial summation. n=t O
3. PROOF OF THEOREMS

Proof of Theorem1.1. Let 1 <c< % In view of the identity

1 ifn=1,
Zu(d)—{o .

i ifn>1,
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we have

3 1—d§Cu(d)lel—Zu(d)( > o)

a,vbga:v a<x bgag d<z°¢ n<x
ged([a®],[b°))=1 dlla®] d|[b°] [n°]=0 (mod d)

In view of Lemma 2.1, we have

S 1= S ro(m(F )

a,b<x d<ze©

ged([a®],[b°])=1
- 3 w(+o(S))

dgxu—l/z

+ 3 wa(Gro(g))

ze—1/2Ld<ae

T :L'(C+4)/3 £L'(20+2)/3
- Zu(d)ﬁ—’_O( Z ( d4/3 + d2/3 ))
d<z°¢ dgxu—l/z
xQC
+0< > ?>

xu71/2<d<xu

2
T
= g O ),
d<ze©

In view of Lemma 2.3, we have

Z 1= 1 x2+0(m(c+4)/3+mc+1/2).

el ¢(2)
ged(la®],[0°])=1
Since 3(c+4) > ¢+ %, when ¢ < 2, Theorem 1.1 follows. O

Proof of Theorem 1.2. For 1 < ¢ < 2 and k > 3, we have

> 1= pd d 1Y 1> 1...> 1

a1,a2,a3;...,0 KT d<z* a1<x ax<T a3<w aR<zT
ged(lat],las],lag],-, lag])=1 d|lat] dllaz] d|las] dlag]
k
= E u(d)( E 1) .
d<z® n<e

[n°] EO\(IIlOd d)
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In view of Lemma 2.1, we have

31 2¢ plet1)/3 k
> 1= 32 @G+ 0fmn(T- )

a1,02,03,...,ak KT

ng(La‘{J7La§J7La§J7“'7LaiJ) 1

p(ct+1)/3
- X a5+ 0(S))
k ph+i(e=2)/3
- Sl ;<<W )
k
R N CEE )]
d<ze i=1 d<ze

For k > 3, we have 3 (dF=2/3)~1 = O(1), 1 < i < k. Thus, the second sum in the
d<z¢

right hand side of (3.1) is bounded by O(z¥(¢=2)/3). Therefore, we have

(3.2) Z _ J)k Z % —|—O($k+(c_2)/3).

as,.. d<z®

,a2,
ng(L‘HJ L"QJ LasJ: vLakJ) 1

In view of (3.2) and Lemma 2.3, we have

1
1= J?k +0 xk+c—ck +0 xk+(c—2)/3 )
> A (a1 1 (g

a1,a2,a3,...,0x KT
ged(lag ] Lag), (a5 ],..., Lag )=
The assertion of the case k > 3 follows by comparing the value of ¢ and k¥ > 3 in
O-terms. For k = 3, we have

o 2ol £ o)

al,aQ,aggxr 7 d<ze—1/2
ged(lag),las],la5])=1
3

el X 3)

i=1 ze—1/2d<ae

d )
— 3 Z Mc(l3) + O(x(c+7)/3 4+ g2e15)/3 4 getl log z)
d<ze

+ Oz,

In view of Lemma 2.3 and the comparison of the in O-terms in (3.3), the proof is
completed. Il
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Proof of Theorem1.3. Forl<eci <eco < %, we have

> 1= > pd > 1> 1

s,b<x d<zcl a<lzT bz
ged(la®t ], b2 ])=1 df[a®t] d[[b%2]
=D @ > 1 XL
d<zel asx bz

[a°1]=0 (mod d) [b°2|=0 (mod d)

In view of Lemma 2.1, we have

o X e T (G o(m(S )

e e par S
ged(|at |, 0" = )
< (E v omin(S YY),

Since 1 < ¢1 < g < %, the case co — 1 > % does not hold. Thus, we split the sum
in (3.4) into three parts. Then,

(3.5) [ )
> = Y (G (G ot )

a,b<z d<ae1—1/2

ged(La® [,[b°2])=1
Y GG o))

xu1—1/2<d<xu2—1/2

v w@(Gro(5) G ro(S)

ze2—1/2<d<z1

x(02+4)/3 x(01+62+2)/3))

22
- Z“(d)ﬁ+0< Z ( BT T s

d<zcl d<aze1—1/2

$1+Cl x(301+02+1)/3))

+O< Z ( 2T d4/3

xu1—1/2<d<xu2—1/2

+o< > —xdi>

re2—1/2Ld<ac1
2
= Z M(d)m—Q +O(x(02+4)/3 +x(201+cQ+3)/6).
d
d<zl

In view of (3.5) and Lemma 2.3, we have

1 )
1= —(E2 + 0] x(cz+4)/3 + x(2cl+cz+3)/6 )
2 o )

a,b<z
ged([a®1 |,[5°2])=1

By comparing the value of ¢; and ¢y in the O-terms, Theorem 1.3 follows. O
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Proof of Theorem 1.4. First, we prove Theorem 1.4 in the case k = 3. For
1 < e <o <es <2, we have,

> 1= > pd > 1> 1) 1

a1,a2,a3<T d<zel a1z a2<zT a3<zT
ged(Lait ], Lag? ], Lag® [)=1 dllat"] dlla5®] d|las®]
= Y uld) ) 1 ) 1 S 1.
d<zc1 a1 <z as<x as<z

lai' =0 (mod d) |a5?]=0 (mod d) |as®|=0 (mod d)
In view of Lemma 2.1, we have

D S P GG )

a1,a2,03<T d<z1
ged(la®],[ay? ], az® ])=1 22 ple2t1)/3

< (gro(mn(Z—5m)))

< (v omin(5 )

Next, we separate the consideration into 3 cases.

=]

Case 1: ¢1 — l <6 — < c3 — % < ¢1. We split the sum in (3.6) into four parts.
Then we have

> 1

a1,a2,a3<T
ged(Lat ], La5? ], [ag® ))=1

= % G ro(T) (o) G o)

d<ze1—1/2
plc2at1)/3 (c3+1)/3
+ml/2§<xuzl/2u( (g (xd ))(2 ( d1/3 ))(g_‘_o(xdsli/(%))
(cs+1)/3
sy @ (Gro()) G o)) G ro(tam))

zu2—1/2<dgmu3—1/2

+ Y wa(3+o(5

ze3—1/2<d<z 1

D)ol G o)
By the same reason as in the proof of (3.5), we have

> 1

ai,a2,a3<T
ng(Laulij(LQQLLa;SJ):l
3 (Cg+7)/3 (62+C3+5)/3 (Cl+62+03+3)/3
= X (g +o(gm) ro(—gm—) +o(—— )

dgzcl_l/Q
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3 r2te x(3C1+63+4)/3

2 (G o(TE) o)
xu1—1/2<d<xu2—1/2
(3c1+ca+e3+2)/3

X
+0(—m—))
c1+ca+1 (3c1+3ca+c3+1)/3

¢ Y (G ot <ot )

x62—1/2<d<x63—1/2

X (o)

ze3~1/2<d<a1

.3 Z %—i—O(x(%”)/?’)—kO( (3¢1—co+es+3) /‘3)4—0( cl+cr(:3+1).

d<zcl

Since 2¢1 — (eg — ¢1) < 4, we have %(03 +7) > %(301 —ca+c3+3) and %(301 —co+
cs+3) =1+ c2—c3+ 1. Thus,

S ime ¥ D o)

a1,a2,a3<T d<zl
c e c
ged(La®t ] Lag? ], lag® ))=1

In view of Lemma, 2.3, for ¢; — % <o — % <c3— % < ey,
1
3.7 1= ——2% + O(z(est/3),
(37) > 5+ 0N
a1,02,83XT
ged(la® | laz? ], lag® )=1
Case 2: 01—%<02—%<01< 3—— We have

(3.8)

> 1

a1,a2,a3<T
ged(la®],la5? ], lag® ])=1

x (e1+1)/ lcat1)/3 x xlea+1)/3
= 2 (G ro(m)) (G o)) (G om))

. )

d<zc1—1/2

£ 2 wa(Go()
( (cs+1)/3

x<§+o< “;f::“>><§+ )
b Y (G o) (G +o(5) (5 +o(r)):

o)

IC2_1/2<d<Ir1



Case 3: 01—%<cl <02—%. We have

(3.9)
Z 1

a1,a2,a3<T
ged(La® ], lap? ], [ag® ))=1

- X (o)) G o)) (o)

d<ae1—1/2

2 (G0 (o m)) (G o))

ze1=1/2<d<a1

By the same calculation as in Case 1, we obtain (3.8) and (3.9) as

1 .
(3.10) 3 1= @m?’ v O(x( +7>/3).

a1,a2,a3<x
ged(La®t ], la5? ], [ag? )=1

From (3.7) and (3.10), Theorem 1.4 follows for k = 3.
Next, we prove Theorem 1.4 in the case k > 4. For 1 <c¢; <o <... < ¢ < 2,

we have
> = @ Y Y Y e
a1,a2,a3,...,a KT d<z1 a1<T ax<T az<T aR<T
ged(laf ] las?|,lag® ], lagk ])=1 dllas'] d|la3?] d||ag? d||ayk
k
=D INIC) | D SRt
d<zcl i=1 n<x

[ ]=0 (mod d)
In view of Lemma 2.1, we have
(3.11)

S e e aII(G ol o))

.. 01,02,43,- Gk ST d<ze1 i=1
ng(I.all 1B |_(L22J,|_(L33J,..., Lakkj):l

Firstly, we consider the case of ¢; > ¢ — % Since the condition on the O-terms, we
split the sum (3.11) into the following k + 1 sums.

)3 1= Y @I o(P))

. al,ag’,ag,..r.‘,akgx . d<ae1—1/2 i=
ged(lagt J,Lag? ], Lag® |, Lagk =1

_
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k—1

5 LE el eel) I G o)

di/3
i i=l+1

=1 z“l_1/2<dgz”l+1’1/2 i=

—

+ u(d)ﬁ(g +o(%

7))
2ok —1/2 < d<zer i=1

In view of (2.1), (2.3) and (2.4) in Lemma 2.2, we have

(3.13) > 1

. (11,(1(‘2,(13,~~(:,ak<13 .
ged(lay! |,lag? ], Lag? |, Lak =1

k k (1/3) X028 en—j+k—2i/3
Z X Z x J
N M00<dk ( ))
i=1

k—2i/3
dgxul—l/z d

+§ 2. u(d)<9€—lc +0<75‘CZ;1 Cj+kl>>

dk dk
=1 xul—1/2<d<xcl+1—1/2
kol (1/3) 5T g enjth—1=2i/3+3 ¢
+ Z 0 dk72’£/3
i=1

+ > u(d)(z—: +0(L>)

dk
ek~ /2 <d<aet

Wenotethat,forlSigk,k—%>1and

1
Z Jk—2i/3 O(1).

d<ze1—1/2
Then
(3.13)
k Rl - 3y i1 k—2i/3
Z He <ZO< dk—2i/3 )) = ZO(x(l/ ) 2o5—0 Ch—jthk—2i/ )
d§x“1*1/2 i=1

i=1

_ O(mck/3+k_2/3).
For the O-term of the second sum in (3.13), we have
k—1

l

jo cith—l k-1
Z H(d)o(ﬂ) — O(Z xzj:l cj+k—l+(1—k)(c,—1/2)>.

dF
=1 2./.cl—1/2<d<x¢'1+1*1/2 =1
Next, we show that, for 1 <1 < k,

l

1\ 1 2
S ikl l—k( ——)g— k=,
j:10j+ +( ) a 5 3ck+ 3
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First, we assume that

N1 2
q+k—1+ﬂ—k%q—§)>g%+k—§.

Then

cp +1 1 ce +1 1 2 3 13
k—l( _g 4 __) L )
c1 > 3 +( )1 5 > 3 +4(cy 5 >3+ 6>

This is impossible. Next, we assume that for 1 <1 < k

l
N1 2
}:q+k—l+u—kmq—§)>§%+k—g.

j=1
Then

l

2 1\ 1
Yot k—l( ——) Z .
j:10]+3 +( ) “ 2 +3Ck

1
From le; > Y ¢j, we have Iy + 3 > 1+ (k— 1)(c; — §) 4+ ¢k Then
j=1

N o2 N 1 ! 1 1
N Il _ )4 Zen > - [ - N B
l(cl 2)+3 > 5tk 1)<Cl 2)+30’c z 2”(01 )+ %k > H(Cl )+3

It is also impossible. Thus, we have

k-1 =1 Cith—l [
(3.14) Z u(d)O(T) = O(a/3th=2/3),

=1 xul—1/2<d<xﬂl+1—1/2

For the O-term of the third sum in (3.13), we have

k—1 k-l (1/3) 21;%) Ck71+k_l_2i/3+2{=1 Cj

x J J
> X wa(Xof p— )
=1 zcl—1/2<dgmf~'1_¢.1*1/2 i=1

k=1 k=l
O(a:(l/3) STy ek th—1-2i/3+3 e+ (1421/3—k)(e1=1/2)y

gjz:;ck_j+k—l—§z+(1+§—k)(cl—%)
k—1—1
<= 2; g+ (- (6 )
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It suffices to show that

ch g——+(1+%—k)(cz—l)

3 2

is strictly increasing. We assume f(i) > f(i 4+ 1). Then

S N SOl

Vv

1< 20 +1 20 +1 1
51 ck,j_m%Hm_k)(q__),
3 3 3

J
2 < 2( 1) + 1
->—(¢g—= —Ch—j-
373\ 2/ 3™
From ¢; — 5 > 1 then 2 (cl - —)—I— Ch—i > %(ck_i—i—l). Thus, % > %(ck_i—i—l), which
is 1mp0551ble, so f(4) is strictly increasing. Thus,

k—1 k—l1

(1/3) S48 eryth—1-2i/3+35 | ¢;
x i= J
> (o o )

=1 x“l—1/2<d§x“l+1*1/2 i=1

S

—1
_ 0(z/3) Sho e+ (k=0 /34320, e (1=(k+2D) /3)(1=1/2))
1

~

Next, we wish to show that

k—1—1
1 k+ 21 1 C; 2
32 ot +ch =) (a-g) <5 Hr-3
To show this, we assume that, for 1 <1 <k — 1,
k—l—1 1
1 l k421 1 Ck 2
S e () o) S
7=0 Jj=1
Then
1 P& : 2k 1-2 k+2 1
32 -it) >3y +( 3 )(Cl_i)'
7=0 j=1
From
1 kit
3 Z ch—j < z(k—1—-1) and ch<lcl,
j=0
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then

%(k—l—1)+lcl>%Jrl_TZwL(kJrTﬂ—l)(Cl—%)v

s 1 (552 - 3),

(a-3)> 5+ (5 -1)(a-3)
l k—1 1
05+ (G )(ay)
This is impossible for | < k—3. For | = k—1, we see that 0> 2 (k—1)—2(cj_1— %)>%

This is impossible. For [ = k — 2, we see that 0 > (k —2) — 4(ck—1 — ) > 1. This
is impossible. Thus,

k—1 k—1 (x(1/3)2;1—(1) ek j+k—1—2i/3+35_ ¢ >>

(3.15) Z Z p(d) (Z o J5—2i/3

=1 zcl—1/2<dgmf~'1_¢.1*1/2 =1

— O(x(ck/3)+k72/3).
For the O-term of the last sum in (3.13), we have

k
x27:1 Cj

Z u(d)O<T) =0(z ?:16.7+(1_k)(0k—1/2)).

2ok —1/2 < d< et

Next, we show that,

k
ch—l—(l—k)(ck—%) <%k+k—§.

We first assume that,

b 1 2
;cj—l—(l—k)(ck—a) >%k—|—k—§.

Then, we have
b 2 o 1
z:: §>—+k+(k: )(Ck—a),
kex + = >Zc] >—+k+(k‘—1)<ck—%).

Then

k(ck—l)—l-g>C—k+ﬁ+(k—1)<ck—l), ck—%+§>c

rk
2 3 3 2 2 3 2’

+
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Therefore,

This is impossible. Thus,

Zl;:l Cj .
(3.16) Z wu(d)O (%) = O(x(ck/3)+k72/3).

ok~ 1/2<dgaet

Inserting (3.14)—(3.17) to (3.13), we have

k
J/‘ p—
(3.17) E 1= § ”(d)d_k + O(zler/D+h=2/3)

. al:a‘?:a&névakgm . d<zel
ng(I.all IR |_(L22J,|_(L33J,..., Lakkj):l

In view of Lemma 2.3 and (3.18) we have for ¢;, — % <ecp<eg<...<cg,

(3.18) D 1— ﬁxk + O(aler/3rk=2/3)

. al’af’a3"'é’ak<$ .
ged(lay! |, La5? |, la5® ], Laik [)=1

Now, we consider the other cases. If ¢; > ¢; — L

5, 1 <J <k —1, we write the right
hand side of (3.11) as

(3.19)
k ci ci+1)/3
X oI+ bin( )
- ¥ ol ro(")

i-1 . i koo pleit1)/3

X w@IIGre) I Gro(=as))
I=1 ger—1/2 c g gei+1-1/2 i=1 i=l+1

I X% ko gleit)/3

v wo]IGro() I Gro(m))

2%V <d<a =1 =il

Like in the proof of (3.19), O(x(¢*/3)¥+=2/3) from the O-term of the first sum in the
right hand side of (3.20) dominates all of O-terms. In view of Lemma 2.3, we get,
forcl>cj—%and1<j<k—1,

1
(3.20) > 1= ——aF + O(alee/DTE-2/3),
A1,02,03,...,0k T C(k)
ged(lat" |, las? J,lag® ). Laih [)=1
From (3.19) and (3.21), Theorem 1.4 follows. O
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