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Abstract. Let Pr denote an almost-prime with at most r prime factors, counted according
to multiplicity. Suppose that a and g are positive integers satisfying (a,q) = 1. Denote by
Pa(a,q) the least almost-prime P2 which satisfies P2 = a (mod ¢). It is proved that for
sufficiently large g, there holds

732((1’ q) < q1.8345.

This result constitutes an improvement upon that of Iwaniec (1982), who obtained the same
conclusion, but for the range 1.845 in place of 1.8345.
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1. INTRODUCTION AND MAIN RESULT

Let P, denote an almost-prime with at most r prime factors, counted according
to multiplicity. In this paper, we shall investigate the occurrence of almost-primes
in arithmetic progressions. This problem corresponds to a well-known conjecture
concerning prime numbers. The conjecture states that if (a,q) = 1, there exists
a prime p satisfying

2

(1.1) p=a (modq), p<qg: (¢=2).
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Indeed, the bound for p may presumably be reduced to p < ¢(log ¢)?. Unfortunately,
we cannot prove (1.1) even on the assumption of the generalized Riemann hypothe-
sis. The nearest approach seems to be the conditional estimate p < (¢(q))?(log q)*,
which follows from Theorem 6 of [9]. However, as an approach to approximate this
conjecture, we can consider almost-primes in arithmetic progression. Many authors
investigated this approximation in the past time. Denote by Pa(a,q) the least
almost-prime P, which satisfies P, = a (mod ¢). In 1965, Levin [5] showed that
Ps(a,q) < ¢*309. Later, Richert pointed out that by using the method in [4], the
exponent can be replaced by % + e. Afterwards, Halberstam and Richert gave the
result that the exponent can be replaced by % in their monograph, see [1], Chapter 9.
Motohashi in [7] in 1976 gave the exponent 2+¢ subject to a certain unproved hypoth-
esis. In 1978, Heath-Brown first gave an unconditional bound, stronger than (1.1),
for almost-primes P,. He showed that Py (a, q) < ¢*%°. After that, in 1982, Iwaniec
in [3] improved Heath-Brown’s result and derived that Pa(a,q) < ¢85,

In this paper, we shall continue to improve the result of Iwaniec [3] and establish
the following theorem.

Theorem 1.1. Suppose that a and q are positive integers satisfying (a,q) = 1.
Let Pa(a,q) be the least almost-prime Py which satisfies Po = a (mod ¢). Then for
sufficiently large q, there holds

Pa(a,q) < q"%*.

Remark 1.1. Our improvement comes from using distinct methods to deal with
the different parts of the sifting sum with more delicate techniques, combined with
linear sieve results of Iwaniec (see [2]) with bilinear forms for the remainder term
and the two-dimensional sieve of Selberg.

2. NOTATION AND PRELIMINARIES

Throughout this paper, we always denote primes by p. The symbol ¢ always
denotes an arbitrarily small positive constant, which may not be the same at different
occurrences. As usual, we use ¢(n), u(n), 7(n) to denote Euler’s function, Mobius’
function, and Dirichlet divisor function, respectively. Moreover, (n) denotes the
number of prime factors of n, counted according to multiplicity. Let (mq,ma,. .., my)
and [mq,ma, ..., my] be the greatest common divisor and the least common multiple
of my,ma, ..., my, respectively. Also, f(z) < g(x) means that f(z) = O(g(z)). The
symbol P, always denotes an almost-prime with at most r prime factors, counted
according to multiplicity.
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Let o7 be a finite sequence of integers, and & a set of primes. For given z > 2 we

“ I »

p<z
peEZP

denote

Define the sifting function as
S, 2,2) = Hae o+ (a,P(2)) = 1}].

For d | P(z), define o5 = {a € &/: a =0 (mod d)}. Moreover, we assume that ||
may be written in the form

d
| 4] = #x + (et d),

where w(d) is a multiplicative function satisfying 0 < w(p) < p for p € £, X is
an approximation to |<7| independent of d. In addition, w(d)d~'X is regarded as
a main term of ||, (<7, d) is regarded as an error term of |7, which is expected
to be small on average over d. Also, we assume that the function w(p) is constant
on average over p in &, which means that

(-0 <)

z21<p<z2
peEP

for all zo > 23 > 2, where K is a constant satisfying K >

Lemma 2.1. Let F(u) and f(u) be continuous functions which satisfy the fol-
lowing differential-difference equations:

2¢e7
{F(u)——, flu)=0 for1 <u<2,
u
(uF(w) = flu=1), (uf(u)) =Flu-1) foruz=2.
Then we have
.
F(u) = ECl for 0 < u < 3,
u
v u—1 o
u 2 t
Yy u—1 t1—1 _
f(u)_Qi(log(u—l)—f—/ & Mdtg) for 4 < u < 6.
u 3 t1 Jo to
Proof. See [1], Chapter 8, (2.8) and [8], pages 126-127. O
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3. PROOF OF THEOREM 1.1
Let & = {n: n < x,n=a (mod q)}, where (a,q) = 1, 2/ < ¢ < 2%/°. Set
P ={p:ptq}, M=a'""%¢" N=g'/2¢ 34 D=MN.
Moreover, we put
§=0.86, 0=18345, z=¢° y=¢.
We write S(«7, z) as abbreviation of S(&, 2, z) for convenience. For the notations

defined as above, we have M < y < D and consider the weighted sum with Richert’s
weights of logarithmic type

1
W(el;z,y) = Z (1—% Z (1—IZ§§)>,
neo/ 2<p<y
(n,P(2))=1 pln

where z = D%/23 \ =3 — log x/logy — . For convenience, we write

W -1-1 ¥ (1o 1y,

1o
2<p<y 8y
pln

Then we have

(3.1) W(dszy)= >, Wh)+ Y. Wh+ Y Wh).

neo nego nego

(n,P(2))=1 (n,P(z))=1 (n,P(z))=1
Q(n)<2 Q(n)23 Q(n)=3
p(n)#0 u(n)=0

Obviously, we have

(3.2) Z W(n) < Z T(n) < z° Z Z 1

nego nea <p<ga/? k<(z—a1)/q
o ss it e k=—arg (mod p?)
p(n)=0
T T xl—e
<o 3 ()< (Gea) —o(5g):
e P qz ¢(q)

where the integer a; satisfies 1 < a; < ¢ and a1 = a (mod ¢), while the integer g sat-
isfies qg = 1 (mod p?) with respect to the prime p satisfying z < p < z'/? and p 1 q.
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For a given integer n with n < z, n = a (mod q), (a,q) = 1, (n,P(z)) = 1 and
w(n) # 0, the weight W(n) in the sum W (&/; z,y) satisfies

39 11 Y (1) <L (ho 3 (1 )

2<p<y pln
pln
1 log x logn 1
=<(3- —e—Q —3-0Q
)\( logy () + 1ogy) < )\( (),
and thus W(n) < 0 for Q(n) > 3. From (3.1)—(3.3) we know that
331_6
(34) SWm) =W(izy) - >, W)+ o( ( ))
neo/ nco/ wia
(n,P(2))=1 (n,P(2))=1
Q(n)<2 Q(n)>3
p(n)#0

xlfs

> W(.;zf;z,y)—i—o((p(q)).

For W(«; z,y) we have

(3.5) W(d;z,y)= Y, 1——2( }Zg) 2. 1

neof 2<p<y neof
(n,P(z))=1 ptq n=0 (mod p)
(n,P(z))=1
1 logp
S5 -5 D ( ey ) 5(:2)
2<p<y
pla

We appeal to Theorem 1 of [2] for linear sieve results with bilinear forms for the

remainder term, which simply gives

(3.6) S(et,2) > V(e 2(7(%) +Olltog D)%) - B,

where f is the function given in Lemma 2.1,

R = Z Z Z (e, mn),

I<exp(8e—3) m<M n<N
(mn,q)=1

and

(3.7) Vi) =11 (1 - ;1)) = IZgL (1 +O<1o;z))

181



by the Mertens’ prime number theorem (see [6]). By Theorem 5 of Iwaniec [3],
one has

(3.8) R < D

From Lemma 2.1, (3.6), (3.7) and (3.8), we obtain
(3.9)

18 (185 dty [P log(ty — 1

tl 2 t2

For the second term in (3.5) we write it in three parts:

(3100 > (1—10gp)5(%72)

zgpg[)<y IOgy
q
1 1
= Z (1— ng)S(%,z)—i— Z (1— ng)S(;zfp,z)
logy logy
2<p< D8/ DY BLpa M
plq
logp
+ Y (1 - 1Ogy)3(%,z).
M<p<y
ptq

Henceforth, we shall use two distinct methods to deal with the sums in (3.10). For
the first and the second sum in (3.10), we shall appeal to linear sieve results of
Iwaniec with bilinear forms for the remainder term. On the other hand, we will treat
the third sum by the two-dimensional sieve of Selberg, which is the key point that
leads to more exponent saving than that obtained by Iwaniec.

Now, we deal with the first sum in (3.10). For each S(<7,, z), by Theorem 1 of [2],
we derive that

= )wz)(F(iloglgg/P)) +0(log™ D))

+ Z Z Z r(e/,pmn)
I<exp(8c—3) m<M/pn<N
(mn,q)=1

_ 2(2+0()) lea(D/p)/1og 2=1 Jog (1 — 1)
~ pela) loa(D/p) <”/2 e
+ Y Y S A )r(/ , pmn),

I<exp(8c—3) m<M/pn<N
(mn,q)=1

S(p, 2) <
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where |a;t (1) < 1, [bF(1)] < 1. Summing over p € [z, D%?3), p { ¢ interpretating
that pm as one variable of the summation while n as the other, then, according to
Theorem 5 of [3], the final remainder term arising is < z17¢/¢(q). Therefore, we
deduce that

logp
(3.11) > (1 - 10gy)ks*(;zf,,,z)
2<p<D?/?3
piq

3 log(y/p) z(2+0O(e))

oDy 108y pe(a)log(D/p)
log(D/p)/ log z—1 log(t _ 1) xlfs
x (1 +/ —_— dt) + 0
( 2 t (so(q))
(24 O(¢)) log D 3 log(y/p)
¢(q)log D logy =y plog(D/p)
log(D/p)/logz—1 log(t _ 1) xl—e
(o [ ) o2y
( 2 t (so(q))

By partial summation and by prime number theorem, it is easy to derive that
loe D 1 log(D/p)/log z=1 15(t — 1
(3.12) 1og ) log(ylép) <1 n / og(t ) dt)
08Y | “Hee Plo8(D/p) 2
60 — 7 (126—14)/23 5 — 6
46 Jz00-35)02 B(30/2—T7/4—p)

(1080 —126-926)/(300-35) 1,04 _ |
" (1 N / og(t )
2

dt) dB 4+ O(e).

Next, we shall deal with the second sum in (3.10), which is similar to the first sum.
For each S(<7,,2), by Theorem 1 of [2], we get

Sl 7)< psax(q)v(z) (d%) +0(0g™/° D))

+ Z Z Z r(<f, pmn)

I<exp(8e—3) m<M/pn<N

(mn,q)=1
(24 O(¢))
__#2+06E) r(<,pmn
p@(q) IOg(D/p) l<ex§(;6_3) mg\:/[/pr;\/ )

(mn,q)=1

where |a; (1) < 1, |b;f (1)| < 1. Summing over p € [D%/?3, M), p{ q an interpretation
that pm as one variable of the summation while n as the other, then, according to
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Theorem 5 of [3], the final remainder term arising is < x'17¢/p(q). Hence, once gets

log p
(3.13) 3 (1—1 )S(%,z)
: 0gy
D/2<pe M
pla

1—¢

log(y/p) x(2+ O(e)) x
< X ey measnm oGw)

D8/23<p<M
1-¢

_ #(2+0(e)) log D log(y/p) x
~ ¢(q)log D logy 2 plog(D/p) © O(w(Q))'

D8/23<p<M

By partial summation and by prime number theorem, one gets

log D log(y/p)
3.14 S
GBI gy 2 pla(D/p
607 [ 5—p

- d O(e).
B Sz 100 P02 —77a— ) ¥ TOE)

Finally, we shall deal with the third sum, which appears in (3.10), in a different

manner without appealing to Theorem 1 of Iwaniec [2]. We begin with ignoring the
fact that p is a prime and obtaining

(3.15) 3 (1 1ng)5(%,z): 3 (1 logp) Yoo

M<Lp<y logy M<Lp<y 1Ogy megof
plq (p.9)=1 m=0 (mod p)
(m,P(z))=1

logn
S Z (1 a logy) Z L,

M<n<y megof
m=0 (mod n)
(m,P(z))=1

where n runs over all integers in the interval [M,y). Let {A\"(d)} be an upper bound
sieve of level Dy, i.e., a sequence of real numbers satisfying

AT (d)| <1, A(d)=0 ford>D; or pu(d) =0,

and

S ) < ).
d|n d|n
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Then we get

(3.16) 3 (1—logn) Yoo

logy

M<n<y _Sn(engd )
(m,P(z))=1
-3 (py) % e
M<n<y gy meof d|(m,P(z))
m=0 (mod n)
< Y (1—1‘?’&) S S A
M<n<y o8y me.a d|(m,P(z))
m=0 (mod n)
logn
— +
N Z AT(d) Z (1_10gy) Z 1
d<Dy M<n<y megol
d|P(z) m=0 (mod [d,n])
= Z )\+(d) Z (1_ IOgn)x(l“'O(E))
oyt Moy logy/ [d,n]e(q)
d|P(z)
_ z(1+0()) Z AT (d) Z 1 logn) (d, n)
»la) d<D d M<n<y logy/ n
d|P(z)

For the inner sum in (3.16), by partial summation, we have

317 Y (1 - log”) (dn)

Mancy logy n

:Z Z (1_M)i

vld M/v<ni1<y/v logy
(n1,d/v)=1

Ly oy (ol

vld M/v<ni1<y/v logy al(ni,d/v)

Sy YAy (o ey L

1
vld ald/v @ M/(va)<n2<y/(va) o8y

L NG SR COINP )
-5 s R - ro(m 2 (D)

v|ld ald/v

For the integral in (3.17), it is easy to see that

318) f, o) = gy (s
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In addition, we have

(3.19) wi(d) =Y % = % 1
vld ald/v ald v|ld/«

_ N Ala) rdy 1

> )=

Combining (3.15)—(3.19), we derive that

(3.20) 1
ogp
Z (1= qoey)S(%:2)
piq
z(1+0(e)) A (d) ((wi(d) Y\ 1 d
ST gl d <210gy<10gﬁ) +O<M;W(5)>>
d|P(z)
_z(1+0(@)) Yy \? wi1(d)
~atosy (1) T SN0
dP(2)
x + 7(d/v)
+0( e PR DT )
d|P(z)
_2(14+0E) (Y Y wi(d) 4 z T(v)
~ 2¢(q)logy (1 gM) dgl " (dHO(“"(‘”M d;1vz; ! >
d|P(z) d|P(z)

By noting that the function wi(d) is multiplicative and satisfies the 2-dimensional
sieve assumptions, we specify AT (d)’s to be that from Selberg’s A2-sieve and deduce
that (for instance, one can see [1], page 197)

(8:21) 2 MTM)V(CZ) = G(Dll o ié§)> (1+0(552))
tfliGD(Dzl) ’

holds for z < Dy, where

(3.22) s= 8Dy I (1 B w1(P))7
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By (3.19) and Mertens’ prime number theorem (see [6]), we obtain

(3.23) 7(z) =[] (1 - 1)2 _e (1 + O(lo;z))'

1.2
s D log” z

Taking D; = N2, then z < Dy, and thus (3.21) holds. Moreover, the remainder term
in (3.20) is

T 2 x 2
— % __Di(loglog D1)? = o ———).
< sO(q)MDl(l glog Du) <<p(q) 10gy)

From (3.20)—(3.24) we deduce that

(3.25) 3 (1 Ing)S(%, 2 < z(1+0()) (log(y/M) )2

/

Mo, logy p(g)logy \ logN
pla ~ 2(1+0O(¢e)) log D <log(y/M) )2
~ ¢(g)log D logy \ logN

Cz(1+0(€) 60 —7 20 — 0+ 1)\2
 w(@)logD & ( 20 —3 )

Finally, combining (3.4), (3.5), (3.9), (3.10), (3.11), (3.12), (3.13), (3.14) and (3.25),
we conclude that

1—¢
ST W) > W(eszy) +o( =)
neo SO(Q)
(n,P(z))=1 18/5 t1—1 _

il oy o )
©(q)log D 5 3 t1 Jo 12
607 /(129—14)/23 58

2(36 — 0) J300—35)702 B(30/2—T/4—j)

(1080—126-928)/(300—35) | _1
% (1 + / % dt) a8
2

60 —7 (01 §—p
L d
235 0) /(12914)/23 50— Y

gy

By recalling the parameter 6 = 0.86 and # = 1.8345, then by a simple numerical
calculation, we know that the number in the above brackets { } is > 0.0004282583.
This completes the proof of Theorem 1.1. O
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