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Abstract. We give a constructive proof of the factorization theorem for the weighted
Hardy space in terms of multilinear Calderón-Zygmund operators. The result is also new
even in the linear setting. As an application, we obtain the characterization of weighted
BMO space via the weighted boundedness of commutators of the multilinear Calderón-
Zygmund operators.
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1. Introduction and statement of main results

The theory of Hardy space has been developed systematically during the past half-
century. One of the milestones in this area is due to Coifman, Rochberg and Weiss
(see [1]), who gives a constructive proof of the weak factorizations of the classical
Hardy space H1 in terms of Riesz transforms. Later on, Li and Wick in [5] provided
a deeper study of the Hardy and BMO spaces associated to the Neumann Laplacian,
and they also obtained the classical results in the multilinear setting in [6]. Also,
Duong, Li, Wick and Yang in 2016 in [2] obtained the results in the Bessel setting.
Recently, Wang and Zhu in [9] considered the weak factorizations of the classical
Hardy space for multilinear fractional integral operator and the classical results in
the weighted setting in [10].
Inspired by the above articles, we provide a proof of the weak factorization theorem

for weighted Hardy space. The results are certainly a contribution to the recent new
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progress by Li and Wick (see [6]) in weighted setting. The arguments in the paper
closely follow the arguments in [6] and [10]. However, some of the techniques do
not apply to the weighted setting. Therefore, it needs some tedious calculations in
applications.
Throughout this paper, by A 6 B we mean that A 6 CB with a positive con-

stant C independent of the appropriate quantities. If A 6 B and B 6 A, we write
A ≈ B and say that A and B are equivalent.

1.1. Multilinear Calderón-Zygmund operators. Let us recall that m-linear
Calderón-Zygmund operator T is a bounded operator which satisfies

‖T (f1, . . . , fm)‖Lp 6 C‖f1‖Lp1 × . . .× ‖fm‖Lpm

for some 1 < p1, . . . , pm < ∞ with 1/p = 1/p1 + . . . + 1/pm and the function K,
defined off the diagonal y0 = y1 = . . . = ym in (Rn)m+1, satisfies the conditions as
follows:
(1) The function K satisfies the size condition

|K(y0, y1, . . . , ym)| 6 C
(
∑m

k=1 |yk − y0|
)mn .

(2) The function K satisfies the regularity condition: Whenever ε > 0 and all
1 6 i 6 m if |yi − y′i| 6 1

2 max
06k6m

|y0 − yk|,

|K(y0, . . . , yi, . . . , ym)−K(y0, . . . , y
′
i, . . . , ym)| 6 C|yi − y′i|ε

(
∑m

k=1 |yk − y0|
)mn+ε .

Then we say K is an m-linear Calderón-Zygmund kernel. If x /∈
m
⋂

i=1

suppfi, then

T (f1, . . . , fm)(x) =

∫

Rmn

K(x, y1, . . . , ym)

m
∏

j=1

fj(yj) dy1 . . . dym,

where f1, . . . , fm are m functions on R
n with

m
⋂

j=1

supp(fj) 6= ∅.
We also define that T is mn-homogeneous if T satisfies

|T (χB0 , . . . , χBm
)(x)| > C

Mmn

for balls B0 = B(x0, r), . . . , Bm = B(xm, r) satisfying |xl−x0| = Mr for l = 1, . . . ,m

and x0 ∈ R
n, where r > 0 and M > 10 is a positive constant.
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1.2. Muckenhoupt weights. We need the notion of weighted Lp space: Lp(w) =

Lp(Rn, ω dx) denotes the collection of measurable functions f on ω such that

‖f‖Lp(ω) :=

(
∫

Rn

|f(x)|pω(x) dx
)1/p

< ∞.

We recall the definition ofAp weight introduced by Muckenhoupt in [7], which gives
the characterization of all weights ω(x) such that the Hardy-Littlewood maximal
operator

M(f)(x) = sup
Q∋x

1

|Q|

∫

Q

|f(y)| dy

is bounded on Lp(ω). For 1 < p < ∞ and a nonnegative locally integrable function ω
on R

n, the weight ω is in the Muckenhoupt Ap class if it satisfies the condition

[ω]Ap
:= sup

Q

(

1

|Q|

∫

Q

ω(x) dx

)(

1

|Q|

∫

Q

ω(x)−1/(p−1) dx

)p−1

< ∞.

And a weight function ω belongs to the class A1 if

[ω]A1 :=
1

|Q|

∫

Q

ω(x) dx
(

ess sup
x∈Q

ω(x)−1
)

< ∞.

We write A∞ =
⋃

16p<∞

Ap. For ω ∈ A∞ there exist 0 < ε, L < ∞ such that for
all measurable subsets S of cube Q,

(1.1)
ω(S)

ω(Q)
6 C

( |S|
|Q|

)ε

and

(1.2)
( |S|
|Q|

)L

6 C
ω(S)

ω(Q)
.

In the celebrated work [4] Lerner et al. established a theory of weights adapted
to the multilinear setting and resolved the problems proposed in [3]. For 1 <

p1, . . . , pm < ∞, ~p = (p1, p2, . . . , pm), and p such that 1/p1 + . . . + 1/pm = 1/p,
a vector weight ~ω = (ω1, ω2, . . . , ωm) belongs to A~p if

[~ω]A~p
= sup

Q

(

1

|Q|

∫

Q

m
∏

i=1

ωi(x)
p/pi dx

) m
∏

i=1

(

1

|Q|

∫

Q

ωi(x)
1−p′

i dx

)p/p′
i

< ∞.

For brevity, we will often use the notation ν~ω =
m
∏

i=1

ω
p/pi

i in the first integral.
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1.3. Atomic decomposition of the weighted Hardy spaces. Let 0 < p 6

1 < q 6 ∞, s ∈ Z satisfying s > [n(1/p− 1)]. A function a is called a (p, q, s) atom
if there exists a cube Q such that
(i) a is supported in Q;
(ii) ‖a‖Lq(ω) 6 ω(Q)1/q−1/p;
(iii)

∫

Rn a(x)xγ dx = 0 with |γ| 6 s.
Let us recall the definition of Hp(ω) using the above atoms.

Hp(ω)=

{

f ∈S ′ : f(x)
S′

=
∑

k

λkak(x), each ak is a(p, q, s) atom, and
∑

k

|λk|p<∞
}

,

setting Hp(ω) norm of f by

‖f‖Hp(ω) = inf

(

∑

k

|λk|p
)1/p

,

where the infimum is taken over all decompositions of f =
∑

k

λkak above.

1.4. Main results. Our main result is then the following factorization result
for H1(ω) in terms of the multilinear operator Πl. This result is new even in the
linear case. The multilinear operator Πl is defined as

Πl(g, h1, . . . , hm)(x) := hl(T
∗)l(hl, . . . , hl−1, g, hl+1, . . . , hm)(x)−gT (h1, . . . , hm)(x),

where (T ∗)l is the lth partial adjoint of T . It is easy to see that (T ∗)l is also an
m-linear Calderón-Zygmund operator.

Theorem 1.1. Let 1 6 l 6 m, 1 < p1, . . . , pm, p < ∞, 1/p1 + . . . + 1/pm = 1/p

and ω ∈ A1. Then for any f ∈ H1(ω) there exists sequences {λk
s} ∈ ℓ1 and functions

gks ∈ Lp′

(ω), hk
s,1 ∈ Lp1(ω), . . . , hk

s,m ∈ Lpm(ω) such that

(1.3) f =

∞
∑

k=1

∞
∑

s=1

λk
s Πl(g

k
s , h

k
s,1, . . . , h

k
s,m) in S ′.

Moreover,

‖f‖H1(ω) ≈ inf

{ ∞
∑

k=1

∞
∑

s=1

|λk
s |‖gks‖Lp′(ω)‖hk

s,1‖Lp1(ω) . . . ‖hk
s,m‖Lpm(ω)

}

,

where the infimum above is taken over all possible representations as in (1.3).
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As a direct application, we will give the characterization of the weighted the BMO

space via the boundedness of commutators of the multilinear singular integral oper-
ator. In analogy with the linear case, we define the lth possible multilinear commu-
tators of the multilinear Calderón-Zygmund operator T as

[b, T ]l(f1, . . . , fm)(x) = T (f1, . . . , bfl, . . . , fm)(x)− bT (f1, . . . , fm)(x).

It is proved in [8] that if ω ∈ A1, 1 < p1, . . . , pm < ∞ and 1/p = 1/p1 + . . .+ 1/pm,
then the commutator [b, T ] is bounded from Lp1(ω) × . . . × Lpm(ω) to Lp(ω1−p) if
and only if b ∈ BMO(ω), that is,

‖b‖BMO(ω) := sup
Q

1

ω(Q)

∫

Q

|b(x)− bQ| dx < ∞.

The methods used in [8] lie in expanding the kernel locally by Fourier series, which
leads to a very strong assumption on the corresponding kernel. In this paper, we give
a characterization of the weighted BMO space for the mn-homogeneous Calderón-
Zygmund operators, using the duality theorem between H1(ω) and BMO(ω).

Theorem 1.2. Let b ∈ L1
loc, 1 6 l 6 m, 0 < α < mn, 1 < p1, . . . , pm, q < ∞,

1/p1 + . . . + 1/pm − 1/p = α/n and ~ω ∈ A~p,q. The commutator [b, T ]l is bounded

from Lp1(ω)× . . .× Lpm(ω) to Lp(ω1−p) if and only if b ∈ BMO(ω).

2. Auxiliary lemmas

In 2018, Li and Wick in [6] showed a technical lemma about certain H1 as follows.

Lemma 2.1. Suppose f is a function defined on R
n satisfying

∫

Rn f(x) dx = 0

and |f(x)| 6 χB(x0,1)(x) + χB(y0,1)(x), where |x0 − y0| := M > 10. Then we have

‖f‖H1 6 Cn logM.

In Lemma 2.1, we see that the function f satisfies

|f(x)| 6 h1(x)χB(x0,1)(x) + h2(x)χB(y0,1)(x)

with h1(x) ≡ h2(x) ≡ 1. However, we need to consider the case when h1, h2 do not
belong to L∞ arising from the weighted setting. Therefore, it needs some tedious
calculations in applications.
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Lemma 2.2. Let ω ∈ A1, 1 < q 6 ∞. If the function f satisfies the estimates:

(i)
∫

Rn f(x) dx = 0,

(ii) there exist x1, x2 ∈ R
n and r > 0 such that

|f(x)| 6 h1(x)χB1 (x) + h2(x)χB2 (x) for |x1 − x2| > 4r,

where ‖hi‖Lq(ω) 6 Cω(Bi)
−1/q′ and Bi = B(xi, r), i = 1, 2 then there exists

a positive constant C independent of x1, x2, r such that

‖f‖H1(ω) 6 C log
|x1 − x2|

r
.

P r o o f. Assume that f := f1+f2, where |fi| 6 hi and supp fi ⊂ Bi for i = 1, 2.

We will show that f has the following atomic decomposition:

(2.1) f =

2
∑

i=1

J0+1
∑

j=1

λj
ia

j
i ,

where J0 is the smallest integer larger than log |x1 − x2|/r and for each j, aji is an
atom and λj

i a real number satisfying

(2.2) |λj
i | 6 1.

To this end, for i = 1, 2 we write

fi(x) = [fi(x) − λ̃1
iχBi

] + λ̃1
iχBi

=: f1
i (x) + λ̃1

iχBi
,

where
λ̃1
i :=

1

|Bi|

∫

Bi

fi(x) dx.

By (ii) and the direct calculation, we get λ1
i := ‖f1

i ‖Lq(ω)ω(Bi)
1/q′ 6 1. We write

a1i := f1
i /λ

1
i . From the fact that

‖a1i ‖Lq(ω) =
‖f1

i ‖Lq(ω)

λ1
i

6 ω(Bi)
1/q−1,

we know that a1i is a (1, q, 0)-atom supported on Bi and λ1
i satisfies (2.2). We further

write
λ̃1
iχBi

= λ̃1
iχBi

− λ̃2
iχ2Bi

+ λ̃2
iχ2Bi

=: f2
i + λ̃2

iχ2Bi
,

where
λ̃2
i :=

1

|2Bi|

∫

2Bi

fi(x) dx.

Let λ2
i := ‖f2

i ‖Lq(ω)ω(2Bi)
1/q′ and a2i := f2

i /λ
2
i . Then we see that a

2
i is an atom

supported on 2Bi and
|λ2

i | 6 (|λ̃1
i |+ |λ̃2

i |)ω(2Bi) 6 1.
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Continuing in this process with j ∈ 2, 3, . . . , J0,

λ̃j
i :=

1

|2jBi|

∫

2jBi

fi(x) dx, f j
i := λ̃j−1

i χ2j−1Bi
− λ̃j

iχ2jBi
,

λj
i := ‖f j

i ‖Lq(ω)ω(2
jBi)

1/q′ , aji :=
f j
i

λj
i

,

we obtain that

f =

2
∑

i=1

[ J0
∑

j=1

f j
i

]

+

2
∑

i=1

λ̃J0

i χ2J0Bi
=

2
∑

i=1

[ J0
∑

j=1

λj
ia

j
i

]

+

2
∑

i=1

λ̃J0

i χ2J0Bi
,

where each i and j, aji is a (1, q, 0)-atom and λj
i 6 1.

For
2
∑

i=1

λ̃J0

i χ2J0Bi
we set

λ̃J0 :=
1

|B((x1 + x2)/2, 2J0+1r)|

∫

B(x1,r)

f1(x) dx.

By the cancellation condition (i) of f , we arrive at

λ̃J0 = − 1

|B((x1 + x2)/2, 2J0+1r)|

∫

B(x2,r)

f2(x) dx.

It follows that

2
∑

i=1

λ̃J0

i χB(xi,2J0r) = [λ̃J0
1 χB(x1,2J0r) − λ̃J0χB((x1+x2)/2,2J0+1r)]

+ [λ̃J0χB((x1+x2)/2,2J0+1r) + λ̃J0
2 χB(x2,2J0r)]

=:

2
∑

i=1

fJ0+1
i .

For i = 1, 2, let

λJ0+1
i := ‖fJ0+1

i ‖Lq(ω)ω
(

B
(x1 + x2

2
, 2J0+1r

))

and aJ0+1
i :=

fJ0+1
i

λJ0+1
i

.

Also, aJ0+1
i is a (1, q, 0)-atom and λJ0+1

i satisfies (2.2). Thus, we have that (2.1)
holds, which implies that f ∈ H1(ω) with

‖f‖H1(ω) 6

2
∑

i=1

J0+1
∑

j=1

|λj
i | 6 log

|x1 − x2|
r

.

This finishes the proof of Lemma 2.1. �
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Lemma 2.3. Suppose 1 6 l 6 m, 1 < p1, . . . , pm < ∞ with
1

p1
+ . . .+

1

pm
=

1

p
.

There exists a positive constant C such that for any g ∈ Lp′

(ω) and hi ∈ Lpi(ω),

i = 1, 2, . . . ,m,

‖Πl(g, h1, . . . , hm)‖H1(ω) 6 C‖g‖Lp′(ω)‖h1‖Lp1(ω) . . . ‖hm‖Lpm(ω).

P r o o f. Note that for any g ∈ Lp′

(ω) and hi ∈ Lpi(ω), i = 1, 2, . . . ,m, we have
∫

Rn

|g(x)T (h1, . . . , hm)(x)|ω(x) dx =

∫

Rn

|g(x)|ω(x)1/p′ |T (h1, . . . , hm)(x)|ω(x)1/p dx

6 ‖g‖Lp′(ω)‖T (h1, . . . , hm)‖Lp(ω)

6 C‖g‖Lp′(ω)

m
∏

i=1

‖hi‖Lpi(ω).

A direct calculation gives us that

1

p1
+ . . .

1

pl−1
+

1

p′
+

1

pl+1
+ . . .+

1

pm
=

1

p′l
,

then we obtain the weighted boundedness of the operator

(T ∗)l : Lp1(ω)× . . .× Lpl−1(ω)× Lp′

(ω)× Lpl+1(ω)× . . .× Lpm(ω) → Lp′
l(ω),

since (T ∗)l is also an m-linear Calderón-Zygmund operator. This implies that
Πl(g, h1, . . . , hm)(x) ∈ L1(ω) by Hölder’s inequality. Moreover,

∫

Rn

Πl(g, h1, . . . , hm)(x) dx = 0.

Hence, for b ∈ BMO(ω),
∣

∣

∣

∣

∫

Rn

b(x)Πl(g, h1, . . . , hm)(x) dx

∣

∣

∣

∣

=

∣

∣

∣

∣

∫

Rn

g(x)[b, T ]l(h1, . . . , hm)(x) dx

∣

∣

∣

∣

=

∣

∣

∣

∣

∫

Rn

g(x)ω(x)1/p
′

[b, T ]l(h1, . . . , hm)(x)ω(x)−1/p′

dx

∣

∣

∣

∣

6 ‖g‖Lp′(ω) · ‖[b, T ]l(h1, . . . , hm)‖Lp(ω1−p)

6 C‖h1‖Lp1(ω) . . . ‖hm‖Lpm(ω)‖g‖Lp′(ω)‖b‖BMO(ω).

Therefore, Πl(g, h1, . . . , hm) is in H1(ω) with

‖Πl(g, h1, . . . , hm)‖H1(ω) 6 C‖g‖Lp′(ω)‖h1‖Lp1(ω) . . . ‖hm‖Lpm(ω).

The proof of Lemma 2.2 is completed. �
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The arguments in the paper closely follow the arguments in [6] and the ideas
from [6] are further combined with some modifications arising from the weighted
setting.

Lemma 2.4. Let 1 6 l 6 m, 1 < p1, . . . , pm, q < ∞, 1/p1 + . . . + 1/pm = 1/p

and ω ∈ A1. For every H1(ω)-atom a(x) there exists g ∈ Lp′

(ω) and hi ∈ Lpi(ω),

i = 1, 2, . . . ,m and a large positive number M(depending only on ε) such that

‖a−Πl(g, h1, h2, . . . , hm)‖H1(ω) < ε

and that ‖g‖Lp′(ω)‖h1‖Lp1(ω) . . . ‖hm‖Lpm(ω) 6 CMmn(1+L), where L is defined

in (1.2).

P r o o f. Let a(x) be an H1(ω)-atom supported in B(x0, r), satisfying that

∫

Rn

a(x) dx = 0 and ‖a‖Lq(ω) 6 ω(B(x0, r))
1/q−1.

Fix 1 6 l 6 m. Now select yl ∈ R
n so that yl,i − x0,i = Mr/

√
n, where x0,i (or yl,i)

is the ith coordinate of x0 (or yl) for i = 1, 2, . . . , n. Note that for this yl we have
|x0 − yl| = Mr. Similarly to the relation of x0 and yl, we choose y1 such that x0

and y1 satisfies the same relationship as x0 and yl. Then by induction we choose
y2, . . . , yl−1, yl+1, . . . , ym. We write Bi = B(yi, r) and set

g(x) := χBl
(x), hj(x) := χBj

(x), j 6= l,

hl(x) =
a(x)

(T ∗)l(h1, . . . , hl−1, g, hl+1, . . . , hm)(x0)
χBl

(x).

It follows from the specific choice of the functions h1, . . . , hl−1, g, hl+1, . . . , hm that

|(T ∗)l(h1, . . . , hl−1, g, hl+1, . . . , hm)(x0)|

>

∫

B1×...×Bm

1

(|x0 − z1|+ . . .+ |x0 − zm|)mn
dz1 . . . dzm > CM−mn.

The definitions of the functions g(x) and hj(x) give us that supp g = B(yl, r) and
supphj = B(yj , r). Moreover,

‖g‖Lp′(ω) = ω(Bl)
1/p′

and ‖hj‖Lpj (ω) = ω(Bj)
1/pj

for i = 1, . . . , l − 1, l + 1, . . . ,m. Also,

‖hl‖Lpl(ω) =
1

|(T ∗)l(h1, . . . , hl−1, g, hl+1, . . . , hm)(x0)|
‖a‖Lpl(ω) 6 CMmnω(Bl)

−1/p′
l .
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From inequality (1.2) we have

ω(Bj) 6 ω((M + 1)Bl) 6 MnLω(Bl).

It is easy to see that

‖g‖Lp′(ω)‖h1‖Lp1(ω) . . . ‖hm‖Lpm(ω) 6 Mmn(1+L).

Next, we have

a(x)−Πl(g, h1, h2, . . . , hm)(x)

= a(x)− [hl(T
∗)l(h1, . . . , hl−1, g, hl+1, . . . , hm)− gT (h1, . . . , hm)(x)]

= a(x)
Υ

(T ∗)l(h1, . . . , hl−1, g, hl+1, . . . , hm)(x0)
+ g(x)T (h1, . . . , hm)(x)

=: W1(x) +W2(x),

where

Υ = (T ∗)l(h1, . . . , hl−1, g, hl+1, . . . , hm)(x0)−(T ∗)l(h1, . . . , hl−1, g, hl+1, . . . , hm)(x).

It is obvious thatW1(x) is supported on B(x0, r) andW2(x) is supported on B(y0, r).

We first estimate W1(x). For x ∈ B(x0, r) we have

|W1(x)| = |a(x)| |Υ|
|(T ∗)l(h1, . . . , hl−1, g, hl+1, . . . , hm)(x0)|

6
|a(x)|
M−mn

∫

m∏

j=1

B(yj,r)

|x− x0|ε
(
∑m

i=1,i6=l |zl − zi|+ |zl − x0

)mn+ε dz1 . . . dzm

6
|a(x)|
M ε

with

Υ = (T ∗)l(h1, . . . , hl−1, g, hl+1, . . . , hm)(x0)−(T ∗)l(h1, . . . , hl−1, g, hl+1, . . . , hm)(x).

Hence, we conclude that

|W1(x)| 6
|a(x)|
M ε

χB(x0,r)(x).

144



Next, we estimate W2(x). From the definition of g(x) and hi(x) we have

|T (h1, . . . , hm)(x)|

=
1

|(T ∗)l(h1, . . . , hl−1, g, hl+1, . . . , hm)(x0)|

×
∣

∣

∣

∣

∫

∏

j 6=l

B(yj ,r)×B(x0,r)

(

K(z1, . . . , zl−1, x0, zl+1, . . . , zm)(x0)

−K(z1, . . . , zl−1, x, zl+1, . . . , zm)(x0)
)

a(zl)
∏

j 6=l

hj(zj) dz1 . . . dzm

∣

∣

∣

∣

6 Mmn

∫

∏

j 6=l

B(yj,r)×B(x0,r)

|a(zl)||x0 − x|ε
(
∑m

s=1 |x0 − zs|
)mn+ε dz1 dz1 . . . dzm

6 Mmn rεr(m−1)n

(Mr)mn+ε

∫

B(yl,r)

|a(zl)| dzl 6
1

M εrn
‖a‖Lq(ω)

(
∫

Bl

ω(zl)
1−q dzl

)1/q′

6
1

M εω(Bl)
,

where in the second equality we use the cancellation property of the atom a(zl). It
follows that

|W2(x)| 6
1

M εrn
χB(yl,r)(x).

The estimates of W1(x) and W2(x) imply that

(2.3) |a(x) −Πl(g, h1, . . . , hm)(x)| 6 |a(x)|
M ε

χB(x0,r)(x) +
1

M εω(Bl)
χB(yl,r)(x).

Notice that

(2.4)
∫

Rn

[a(x) −Πl(g, h1, . . . , hm)(x)] dx = 0,

because the atom a(x) has cancellation property and the second integral equals 0
just by the definitions of Πl. Then inequality (2.3) and cancellation (2.4), together
with Lemma 2.1, show that

‖a(x)−Πl(g, h1, . . . , hm)(x)‖H1(ω) 6 C
logM

M ε
.

For M sufficiently large such that

C logM

M ε
< ε.

Thus, the result follows from here. �

With this approximation result above, we can give the proof of the main Theo-
rem 1.1.

145



P r o o f of Theorem 1.1. By Lemma 2.2, it is obvious that

‖Πl(g, h1, . . . , hm)(x)‖H1(ω) 6 C‖g‖Lp′(ω)‖h1‖Lp1(ω) . . . ‖hm‖Lpm(ω).

It is immediate that for any representation of f as in (1.3), i.e.,

f =

∞
∑

k=1

∞
∑

s=1

λk
sΠl(g

k
s , h

k
s,1, . . . , h

k
s,m)(x)

with

‖f‖H1(ω) 6 C inf

{ ∞
∑

k=1

∞
∑

s=1

|λk
s |‖gks‖Lp′(ω)‖hk

s,1‖Lp1(ω) . . . ‖hk
s,m‖Lpm(ω)

}

,

where the infimum above is taken over all possible representations of f that sat-
isfy (1.3).
Next, we will show that the other inequality holds and that it is possible to obtain

such a decomposition for any f ∈ H1(ω). Applying the atomic decomposition, for
any f ∈ H1(ω) we can find a sequence {λ1

s} ∈ ℓ1 and a sequence of H1(ω)-atom {a1s}
so that f =

∞
∑

s=1
λ1
sa

1
s and

∞
∑

s=1
|λ1

s| 6 C‖f‖H1(ω).

We adopt some arguments from [1] (or [6], [9]). Let ε > 0 be small enough such
that Cε < 1. For each atom a1s we apply Lemma 2.4 to find the functions g

1
s ∈ Lp′

(ω),
h1
s,1 ∈ Lp1(ω), . . . , h1

s,m ∈ Lpm(ω) with
∥

∥

∥

∥

a1s −
∏

j,l

(g1s , h
1
s,1, . . . , h

1
s,m)

∥

∥

∥

∥

H1(ω)

< ε ∀ s

and
‖g1s‖Lp′(ω)‖h1‖Lp1(ω) . . . ‖hm‖Lpm(ω) 6 C(ε, L),

where C(ε, L) = CMmn(1+L) is a constant depending on ε and L. We write

f =

∞
∑

s=1

λ1
sa

1
s =: M1 + E1,

where

M1 =

∞
∑

s=1

λ1
sΠl(g

1
s , h

1
s,1, . . . , h

1
s,m)(x),

E1 =

∞
∑

s=1

λ1
s(a

1
s −Πl(g

1
s , h

1
s,1, . . . , h

1
s,m)).

Notice that

‖E1‖H1(ω) 6

∞
∑

s=1

|λ1
s| ‖a1s −Πl(g

1
s , h

1
s,1, . . . , h

1
s,m)‖H1(ω) 6 ε

∞
∑

s=1

|λ1
s| 6 εC‖f‖H1(ω).
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Meanwhile, we can also find a sequence {λ2
s} ∈ l1 and a sequence of H1(ω)-atom

{a2s} such that E1 =
∞
∑

s=1
λ2
sa

2
s and

∞
∑

s=1

|λ2
s| 6 C‖E1‖H1(ω) 6 εC2‖f‖H1(ω).

Again, by applying Lemma 2.4 to each atom a2s, there exists g
2
s ∈ Lp′

(ω), h2
s,1 ∈

Lp1(ω), . . . , h2
s,m ∈ Lpm(ω) with

∥

∥

∥
a2s −

∏

j,l

(g2s , h
2
s,1, . . . , h

2
s,m)

∥

∥

∥

H1(ω)
< ε ∀ s.

We then have that E1 = M2 + E2 with

M2 =
∞
∑

s=1

λ2
sa

2
s =

∞
∑

s=1

λ2
sΠl(g

2
s , h

2
s,1, . . . , h

2
s,m)(x),

E2 =

∞
∑

s=1

λ2
s(a

2
s −Πl(g

2
s , h

2
s,1, . . . , h

2
s,m)).

Observe that

‖E2‖H1(ω) 6

∞
∑

s=1

|λ2
s| ‖a2s −Πl(g

2
s , h

2
s,1, . . . , h

2
s,m)‖H1(ω)

6 ε

∞
∑

s=1

|λ2
s| 6 (εC)2‖f‖H1(ω),

then

f = M1 + E1 = M1 +M2 + E2 =

2
∑

k=1

∞
∑

s=1

λk
sΠl(g

k
s , h

k
s,1, . . . , h

k
s,m) + E2.

The same argument above shows that for each 1 6 k 6 K produces functions
gks ∈ Lp′

(ω), hk
s,1 ∈ Lp1(ω), . . . , hk

s,m ∈ Lpm(ω) with

‖gks‖Lq′(µ~ω)‖hk
s,1‖Lp1(ω

p1
1 ) . . . ‖hk

s,m‖Lpm (ωpm
m ) 6 C(ε, L) ∀ s,

sequences {λk
s} ∈ l1 with ‖λk

s‖l1 6 εk−1Ck‖f‖H1(ω), and a function EK ∈ H1(ω)

with

‖EK‖H1(ω) 6 (Cε)K‖f‖H1(ω) and f =
K
∑

k=1

∞
∑

s=1

λk
sΠl(g

k
s , h

k
s,1, . . . , h

k
s,m) + Ek.
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Letting K → ∞ gives the desired decomposition of

f =

∞
∑

k=1

∞
∑

s=1

λk
sΠl(g

k
s , h

k
s,1, . . . , h

k
s,m).

We conclude that

∞
∑

k=1

∞
∑

s=1

|λk
s | 6

∞
∑

k=1

ε−1(Cε)K‖f‖H1(ω) =
C

1− εC
‖f‖H1(ω).

Thus, we have completed the proof of Theorem 1.1. �

Finally, we dispense with the proof of Theorem 1.2.

P r o o f of Theorem 1.2. The upper bound in this theorem is contained in [8].
For the lower bound, suppose that f ∈ H1(ω), using the weak factorization in
Theorem 1.1 and the weighted boundedness of [b, T ]l, we obtain

〈b, f〉L2 =

∞
∑

k=1

∞
∑

s=1

λk
s 〈b,Πl(g

k
s , h

k
s,1, . . . , h

k
s,m)〉L2

=

∞
∑

k=1

∞
∑

s=1

λk
s 〈gks , [b, T ]l(hk

s,1, . . . , h
k
s,m)〉L2 .

Hence, we have that

|〈b, f〉L2 | 6
∞
∑

k=1

∞
∑

s=1

|λk
s | ‖gks‖Lp′(ω)‖[b, T ]l(hk

s,1, . . . , h
k
s,m)‖Lp(ω1−p)

6 ‖[b, T ]l : Lp1(ω)× . . .× Lpm(ω) → Lp(ω1−p)‖

×
∞
∑

k=1

∞
∑

s=1

|λk
s |‖gks‖Lp′(ω)

m
∏

j=1

‖hk
s,j‖Lpj (ω)

6 C‖[b, T ]l : Lp1(ω)× . . .× Lpm(ω) → Lp(ω1−p)‖ ‖f‖H1(ω).

From the duality theorem between H1(ω) and BMO(ω) we get

‖b‖BMO(ω) ≈ sup
‖f‖H1(ω)61

|〈b, f〉L2 |

6 C‖[b, T ]l : Lp1(ω)× . . .× Lpm(ω) → Lp(ω1−p)‖,

it follows that b ∈ BMO(ω). �
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