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Abstract. We show that any finite 2-group, whose abelianization has either 4-rank at
most 2 or 8rank 0 and whose commutator subgroup is generated by two elements, is
metabelian. We also prove that the minimal order of any 2-group with nonabelian commu-
tator subgroup of 2-rank 2 is 212,
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1. INTRODUCTION
We prove the following main result and a corollary:

Main Theorem. Let G be a finite 2-group such that 2-rank(G’) = 2 and either
4-rank(G/G’) < 2 or 8-rank(G/G’) = 0. Then G is metabelian, i.e., G’ is abelian.

In other words, if G is any nonmetabelian finite 2-group for which 2-rank G’ = 2,
then G/G’ must contain a subgroup isomorphic to (8,4,4).

Corollary. The minimal order of a finite 2-group G for which its commutator
subgroup G’ is nonabelian and of 2-rank 2, is 2'2.

The Main Theorem is sharp in the sense that there are nonmetabelian finite
2-groups G for which G’ has 2-rank 2 and such that G/G’ ~ (8,4, 4); refer to the
example in Section 4 below for one of minimal order.

This theorem and its corollary may be considered as a major extension of results
in Blackburn’s article on p-groups (see [2]) for the prime p = 2. More precisely,
Theorem 1 in [2] implies that any finite p-group G, whose commutator subgroup
has p-rank 2, has derived length 2 or 3. In particular, by Theorem 4 of [2], if the
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p-group G, as well as G’, has p-rank 2, then the derived length of G is equal to 2.
Our main goal was to obtain more general hypotheses than that of Theorem 4, which
still imply that G has derived length 2. For p = 2 this led to our main theorem
and its corollary. These results were motivated by the problem of determining the
length of the 2-class field tower of certain families of algebraic number fields, and
consequently they may be of use to algebraic number theorists.

The proofs of the results are elementary and combinatorial in nature. We have
followed much of the presentation given in Blackburn’s article, see [2].

2. SOME PRELIMINARIES

In this section we review some “commutator calculus” and introduce some nota-
tion; see the exposition given, for example, in [1]. Assume for the moment that G is an
arbitrary group written multiplicatively. If z,y € G, then define [z,y] = 2~ 'y~ lay,
the commutator of x with y. More generally, since [x,*] is not associative, we de-
fine (inductively on 1) [z1,...,2] = [[z1,...,2—1], @] for all z; € G and [ > 2.
If A and B are nonempty subsets of GG, then [A, B] is the subgroup of G given as
[A, B] = ({[a,b]: a € A, b € B}). In particular, the commutator subgroup G’ is de-
fined as [G, G]; also G” = (G')’. Recall, too, that a group G is metabelian if G’ =1,

i.e., G’ is abelian. Moreover, we denote conjugation of = by y as
z¥ =y lzy for any z,y € G.

Notice then that

(1) ¥ = zlx,yl.

Also notice that

(2) [x,y]? = [%,y7] for any z € G.

Of particular use in our analysis is the lower central series {G;} of G, which is
defined inductively as G1 = G, and G411 = [G, G;] for all [ > 1. In particular, observe
that G2 = G’. The lower central series is especially useful when the group G is nilpo-
tent, i.e., when the lower central series terminates in finitely many steps at the iden-
tity subgroup 1. As is well known, all finite p-groups are nilpotent for any prime p.

Recall that for any z,y, z € G,

(3) [zy, 2] = [z, 2][z, 2, 9y, 2], [2,92] = [z, 2][z, Yl [z, y, 2],
[2,y71Y = [a7" )" = [y, 2] = [w,y] 7",
2,y 2y, 2 2l [z, a7 y]" =1 (Witt Identity)

(cf. [3], for example).
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We also introduce here some notation: Suppose G' = (a1, as,...,a,); then we let
cij = lai, a5],  cijp = [ai, a5, ax],  ete.

Let (21,22 213) denote the direct sum of cyclic groups of order 2% for i = 1,2,3
and similarly for other such cases.

As usual, we denote by Z(G) the center of G and moreover G = (zP: x € G).

Now we recall some facts about the Frattini subgroup of a p-group and the Burn-
side Basis Theorem. Let G be a finite p-group (p any prime). Then recall that the
Frattini subgroup of G, ®(G), is the subgroup GPG’ of G. When p = 2, as in our
case, then ®(G) = G?, since G’ C G*.

Theorem 1 ([4], Kapitel III, version of Burnside Basis Theorem). Let G be a fi-
nite p-group. Then the elements x1,...,xy generate G if and only if the cosets
21®(Q),...,2q®(G) generate G/®(G).

Recall, too, that the rank r of a finite abelian p-group is the number of nontrivial
cyclic summands in its direct sum decomposition. (More generally, its p"-rank is the
number of cyclic summands of order at least p™.) As a consequence of the Burnside
Basis Theorem we see that for a finite p-group G, the order |G/®(G)| = p”, where r
is the rank of G* = G/G’. Again by the Burnside Basis Theorem, a minimal set of
generators of G has cardinality equal to the rank of the abelianization G®P. Finally,
if {1G’,...,2,G'} is a basis of G, then {z1,...,2,} is a minimal generating set
of G, and by abuse of language we will call it a basis of G, cf. [4], page 80.

3. REDUCTION OF THE PROOF TO GROUPS OF RANK 3

Proposition 1. Let G be a finite 2-group for which its commutator subgroup G’ is
nonabelian and of rank 2. Then there exists a subgroup H of G for which rank H = 3
and such that H' = G’.

Proof. From Theorem 1 in [2], we have G’ = (a,b) with the presentation

a?" =" = 1, [a,b] =b%",
with integers k, m, n such that 0 < 2k < m < n. Moreover, by Theorem 2 and the
results above it in [2], we see that G5 C Z(G2) = G%k C G2

Next, notice that there exist z1 and z2 in G such that [z1, 2] = a®b? for some
integers a and S with 8 odd. (Otherwise, G’ would not contain an element of
order 2"T*.) If we let b’ = a®b”, then G’ is generated by a and b’ with the analogous
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presentation as above. Relabeling b’ as b gives us [z1,22] = b. We also see that
there are elements x3, ¥4 in G for which [x3,24] = ab” mod G3 for some integer 7,
otherwise G’ # (a, b).

If there is an element z in G such that [z1,7] or [x2,2] = ab® mod G3, then we
may take H = (x1,x2,z) and we are done (cf. Theorem 4 of [2], which guarantees
that rank H = 3).

Now suppose that [z;,2] = b° mod G3 for all 2 € G and i = 1,2. If [z, 3]
b mod G3, then we may take H = (x1, 3, 24) and then see (as the reader may verify
that H' = G’. On the other hand, if [z1, 23] = 1 mod G3, then let H = (1, 2273, 74
for [x1,m023] = [11,22)[x1,23] = bmod G2 and [rvow3,z4] = |73, 24][T2, 24]
ab® mod G2.

~ —

o

By this proposition it suffices to study 2-groups G of rank 3 such that G’ is of
rank 2. We now examine properties of some related groups. In what follows, when G’
is nonabelian of rank 2, then we may assume that G’ has order 2; for if not, then
since (G”)? is a characteristic subgroup of G' and thus normal, we may consider
G/(G")? without loss of generality.

Lemma 1. Suppose that G is a finite 2-group of rank 3, say G*P ~ (21 2!2 2l3)
and that G’ is nonabelian of rank 2 such that |G| = 2. Then G has a basis
{a1,as,as} such that

(i) a%li =1mod G’ fori=1,2,3;
i) co3 € G2 and G = {c12, c13);
) cjik = c;ﬂlc for all i,j,k € {1,2,3};
(iv) G; € G = (% ", ") forall j > 2;

) G = <[C12,613]> and [6127613] = C123€231C3125

) there exist integers m,n with 2 < m < n and a,b € G2 such that Gy has
a presentation given by

Gy =(a,b: " =b*" =1, [a,b] =b%").

Proof. In light of the discussion at the end of the previous section, we can find
basis elements satisfying (i).

To prove (ii), we first see that Go = {(c12, c13, ca3, G3) = (c12, €13, C23, G3), since
G3 C G% (for by Theorem 2 and the results immediately above it in [2], we see that
G3 C Z(Gs) = G3, since k = 1). If ¢;; € G3 for some i,j € {1,2,3}, i # j, then we
may relabel our basis so that co3 € G%. Hence, in this case, Go = {c12,¢13) by the
Burnside Basis Theorem, since G2 has rank 2.
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We still need to show that we can assume that some c¢;; € G3. Without loss of
generality, we may assume ci3c23 € G2 or c12¢13¢23 € G3. Now suppose c13¢o3 € G3.
Then let

/
a; = s = a10G2, a3 = as.

, az if by > o,
ay if not,

Hence, ch; = c13¢o3 mod G3 and notice that a}, a), aj form a basis of G. Finally,
suppose c12¢13¢23 € G3. Without loss of generality, assume I3 < [; (i = 1,2) and
let af = aias, ay = asas, a = a3. Hence, we have ¢}, = ci12¢13¢23 mod G% and
ay, ab, a4 is again a basis of G, as desired.

In proving (iii), notice that by (3) and (1) and the fact that Gs C Z(Gs), ¢cji =

[Ci_jlaak] = [Ci_jlaak] [Ci_jlaakacij] = [ijl’ak]% = lag, cij] = Cl_ji

Next, (iv) follows easily by induction on j.
Part (v) can be seen as follows: Notice that by (1), (2), (3), and the fact that
G3 C Z(G2), we have for any z,y,z € G

o,y 2]V = [,y ™, 2% = [y, ), 2[2, 9] = [y, 2, [, 9]y, @, 2]ly, @, 2, [2, 9]
= [y, 2, 2|lly, ], [z, yl].

Hence, using (3) again, the Witt Identity may be written as

1= y,z, 2]z, 2][z, z,4]lly, ], [z, ¥]l[[2, 9], [, 2]][[z, 2], [y, 2]].
Thus, by letting y = a;, * = a;, z = a, for any 14, j, k € {1, 2,3}, we have

1 = CijkCrijCjki[Cijs Chil [Chi, Cjk)[Cjk, Cij)-
By taking (7,7, k) = (1,2,3) and using the fact that co3 € G% = Z(G3), we find that
1 = c1a3c312€231[C12, C31]

or equivalently

C123€C312€231 = [6317012]-

Now since [c12, c31] = [c12, ¢1a ] = [c12, ¢13 ], we have
[c12, ea1] = [e12, 73] = [e1s, cra)-

Therefore,
C123€C312C231 = [6127013]-
Clearly, G = ([c12, c13]), cf. Theorem 1 in [2].

Finally, (vi) follows from Theorem 1 of [2] and the assumption that G” is of order 2.
d
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By Lemma 1, we have (a,b) = {c12,c13). We first consider relations between a, b

and c12, C13.

Lemma 2. Suppose G satisfies all the conditions of Lemma 1.

(i) Then there are basis elements a; given as in Lemma 1 for which the order
|c12| > |c13| and whence we may let b = ¢12 and a = 0130‘152 for some even
integer 6.

(ii) Ifly = I3 and [b,az] € G5 for the basis elements a; given in Lemma 2 (i), then
there are basis elements, again as in Lemma 1 for which b = ¢12 and a = ¢13.

(See the proof of Lemma 2 in [2] for a similar type of argument.)

Proof. With respect to (i), we may initially take

b {012 if |c12] = |e1s],

c13 if not.

If |c13] > |ciz|, then switch the roles of the indices 2 and 3. Hence, we then have
|c12| = |c13| and we set b = c12. Now suppose |c12| = |c13|. Since G%m has rank 1,
we see that ¢y = cf, * for some odd integer u. If |aaGa| > |azGa|, then switch the
roles of the indices 2 and 3 again. Now let a} = a; “a3. Then ¢|3 = [a1,a}] is such
that |c}4] < 2" < 2"T! = |¢12|. Notice, too, that ai, az, a form a basis of G.

Thus, we may assume that |ci3] < |c12|. Let b = c1a, and so ¢33 = ¢}, *, where
this time u is even. Let a = 0130‘152 with 6 = —u. Hence, a, b satisfy the conditions
above in the presentation of Gs.

Now consider (ii). Before continuing, notice that any ¢ € G’ can be taken as the ele-
ment a given in the presentation of G’ in Lemma 1 (vi) if and only if |¢| = 2™ and (¢)N
(b) = 1. We will use this characterization to come up with a basis for which ¢y3 = a.

First notice that if |ci13] = 2™ (the minimal possible order of ¢13), then we may
take c13 = a. For if {c13) N {(c12) # 1, then 1 # cfg € (c12) for some integer . But
since G2" ' = (2" ¢2; ") has rank 2, we see a > m, a contradiction.

Now let |c13] = 2t then we have m < t < n. If t = m, we are done, as we may
take @ = ¢13. Thus, suppose t > m. Then we see that by replacing az by asay for
some integer u, our new c13 will have order less than 2!. Repeating the process until
the order becomes 2" completes the proof.

We will use the following results, which are left to the reader to verify:

(a) [Ga,G*"] C G%KH for all integers x > 0.
This follows by induction on  using (3) and the fact that G3 C G3.
(b) (25,027 € G%KH for all integers k > 0.
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This follows by induction on « using (3), the fact that G3 C G2, and our assumption
that [b, as] € G3. Namely, notice that for k = 0, [c12, as] = [b, az] € G3.
Statement (b) can then be used to establish (c):

(c) [a1,a2"] = ¢2, mod G%KH for all integers x > 0.

This follows again by induction on « using (b) in the appropriate places.

Now once again assume |ci3| = 2!, with ¢ > m. Since G3 = (c}5 ), we see

that 25 = ¢;2 “ for some positive integer u. Write u = 2Vuq for some positive

m—+v
integers v, uo with ug odd. Since |35 | = 28", we get v =n+1—t (for |c | =
2n+1 m— v:2t m)

Let a5 = aga¥. By replacing a5° by a2 we may assume that ug = 1. Thus,
ay = asza3 . Then we claim that cis = [a1,as] has order < |c13]. To see this, first
notice that ¢ = (¢&")% ™. Furthermore,

;o 9oy v v
¢y = la1,a3a; | = cislar, a3 J[ers, ap |-
But [a1,a3' ] = 0%2 mod G3’ " by (c) above, and [c13,a3 ] = 1 mod G3’ " py (a).

v4+1 m+tv
Hence, ¢}5 = c13¢257 for some v € G2 . Now recall from above that c?; = c2,

since u = 2. Therefore,

som gm om+tv gm gm
C13 =C3C2 7V =7 -

Finally, this implies that

gutt gn+1

t—1 m t—1—m t—
R e !

as desired.

Notice that the changes in the basis elements that we made still give us a basis
satisfying the conditions in Lemma 1.

This establishes the lemma. O

Now we recall a result of Blackburn:

Lemma 3. Let G be as in Lemma 2 (i). If x is any element of G, then there are
integers r, s, u, v such that

[a’ (E] _ L7J27"b2527"_7"’7 [b, (E] — g2up2v.

Proof. This is an immediate consequence of Equations (13) and (14) and
Lemma 2 of [2], and the fact that [b, 2] € G3 C G3 = (a?,b*), whence the exponent
of a in [b, z] must be even. O
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We next obtain some congruences involving the exponents of a, b in Lemma 3.

*

Lemma 4. Let G be as in Lemma 3. For x,y € G, let the integers r, *, s, s*, u,
u*, v, v* be given (as in Lemma 3) by

gn—m *on—m

[a7x] — a2rb2$ , [b, J)] — a2ub2v, [a,y] — a2r* b23 , [b7 y] — a2u* bQU*.
If 2% = a*b” for some integers jui, v, then the following congruences hold:

r(1+7)+us2" ™ =0mod 2™ 2, s(1+r+v)=2""2ymod 2™ 1,
u(l+7+v) =0mod 2™ 2, v(14v) +us2"™ =272, mod 2" L.

On the other hand, if [z,y] = a®b® for some integers «, 3, then

uo* —u*p =0 mod 2m 2 =2""2q mod 2™},

so" — s 0=2""28mod 2™},

, us®—u's

where o = v — r and similarly for o*.

Proof. (Sketch.) Using the fact that G3 C Z(Ga) = G%, it is straightforward to
show that for any v € Gy and x € G, we have

2] = [y, )"

Now we consider calculating [a, 2%] and [b, #?] in two different ways, which will give
us the first set of congruences. First notice that

[a, 2] = [a,a"b"] = [a,b]” = b2

On the other hand, we have by (3)

[a, 2] = [a,z]?[a, z, ).
Now, [a,2] = a®"b**2" " [b,2] = a®“b?", and thus,
la,z,2] = [a,z]*"[b,2]>2" "

and so

[a, xQ] — A0 () Fus2™ ) pds2" T (L)

Therefore, using the fact that the order of a is |a] = 2™ and |b| = 2"*! along with
the observation that any element in G’ is a product of a unique power of a with
a unique power of b, we obtain the congruences

r(1+7)+us2"™ =0mod 2™ 2, s(1+7r+v)=2""2vmod 2™ .
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A similar calculation on [b, 2], which is left to the reader, gives the rest of the first
set of congruences in the lemma.

The second set of congruences is proved in a similar manner, in which we calculate
[a, zy], [b, zy], and compare it to [a, yz[z,y]] and [b, yz[z,y]]. We leave the details to
the reader. Similar calculations can be found in [2]. O

We now assume that G satisfies the conditions of Lemma 2 (i) and that the 4-rank
of G?P is < 2. Hence, we have the following condition.

(C) G/G" ~ (21,2%2,2) (I; > 1) with G = (a1, a2, a3) such that agll = a?lQ =a3 =
1 mod G’ for {¢,&, A} = {1,2,3}, G’ = (c12,c13) is nonabelian, co3 € G3, and
lc13| < |c1z]; thus, b = c12 and a = ¢13¢], with § = 0 mod 2, where a, b are as
given in Lemma 1 (vi).

In what follows, we show that these assumptions lead to a contradiction, from
which we can conclude that no such nonmetabelian G exists. (It can be shown that
k = 1 when the 4-rank of G®" is not greater than 2. However, as noted above,
when G’ is nonabelian of rank 2, we may without loss of generaltiy assume that
|G| =2, i.e., k=1, cf. Theorem 1 in [2].)

From above we may assume that
a3 = a" b, co3 = aP0po, la,a;] = aQTJbQSIJ, b,a;] = a®ip?i (5 =1,2,3),
I

J
By Lemma 4 we have the following congruences:

where s’ = 5;2""™ with m, n as in Lemma 1 (vi).

(I) ra(l4+75) +uxsy 2" ™ = 0 mod 2™ 2,
sa(l+ry+wy) = 2m=21y mod 2™ 71,
ux(l+ 7y +vy) =0 mod om=2,

on—m — 2n—2

ua(1 4+ vy) + ursa px mod 271,

More generally, if G satisfies all the conditions in Lemmas 1 and 2 (i), then

(II) 1S9 — ussy = 0 mod 2™ 1,

0152 — 0251 = 2™ 2 mod 2™,

w183 — u3s; = 2™ 2 mod 21,

0153 — 0351 = 0 mod 2™ 1,
U283 — u382 = 0 mod 2"“17
0253 — 0352 = 0 mod 2™ 1,
u102 — U201 = 0 mod 27”_27
w103 — ugp1 = 0 mod 22,

U203 — ugo2 = 0 mod 22,
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We will make use of the following proposition in our proof.

Proposition 2. Let G be as given in Lemma 2 (i). Then the following congruences
hold:

03 = S92 = 83 = ug = 0 mod 2,

and

01 =0mod 2 or (s;1 =1 mod 2, prus — g3u1 = 2™~2 mod 2m_1),
02 =0mod 2 or (s1 =1 mod 2, gous — g3us = 2™~2 mod 2m—hy,
w1 =0mod 2 or (s1 =1 mod 2, grus — gou1 = 2™~2 mod 2m—hy,
)

uz =0mod 2 or (s1 =1 mod 2, gaus — g3us = 2™=2 mod 2™~ 1),
Moreover, m = 2 if and only if us3 = 1 mod 2 if and only if po = 1 mod 2.

Proof. (Sketch.) Recall that G’ has the presentation given in Lemma 1 (vi) with
2<m<n.
Suppose s3 = 1 mod 2; then (IIz) or (II;) imply that

s3(0182 — 0281) = 2772 mod 2™ or s2(0183 — 0381) = 0 mod om—1
respectively. Subtracting these two congruences and using (Ilg) yields
2m=2 = 51 (0253 — 0352) = 0 mod 2™ 1,

a contradiction. Thus, s3 = 0 mod 2.
Similar arguments, which are left to the reader, show that o3 = s2 = us = 0 mod 2.
Now suppose that g1 = 1 mod 2 and si(g1us — g3u1) = 0 mod 2™=1 Then
by (II3.4) we have

01(u183 — ugsy) = 2m=2 mod 2™ 1,

u1(0153 — 0351) = 0 mod 2™~ 1.

Subtracting yields

2m=2 = 5 (p1uz — pzu1) = 0 mod 2™ 1,
a contradiction.

The rest can be treated in a (more or less) similar fashion, as the reader may
verify.

The last statement of the proposition follows immediately from (Il 3). O
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Next, assuming Condition (C) again, notice that for any j=1,2,3, [a3,a;]€
G'3 C GZ. Thus, we may write

(03, 0;] = >0

for some integers ay;, ;. Notice, too, that for j = A, we have ayy = 8xn = 0, since
the commutator is trivial in this case.

2

Moreover, since ay = a#*b"*, we get

[aiv aj] = [alubvx ’ aj] = [a7 aj]l”\ [b7 aj]l/)\

= (QQW p2s; YA (a2uj b2vi A = a2(ritatusva) p2shuatujv)

(Recall once again that s, = s;2"~™.) Hence, from the fact that the orders of a
and b are 2™ and 2", respectively, the above yields:

(II1(5)) T + ujva = oy mod gm—1 s;-/u\ + v;vy = Byj mod 2".
Since by (3) and the fact that Gs C Z(G2), we have [a3,a;] = cijc)\j)\, and writing

the right-hand side in terms of a product of powers of @ and b we obtain the following
table of values of our a’s and §’s:

/B A=1 A=2 A=3

a1 0 —Us —(1+7rs) +usd
B 0 —(1+ v2) —s5 + (14 v3)d
a2 uy 0 —2((1 4 r3)po + uswo)
Bxo 1+v; 0 —2(8%#0 + (1 + 1)3)1/0)
Qar3 1+r—uwd  2((1 4 ro)po + uarp) 0

Bz st — (1 +w)d  2(shuo + (14 v2)ro) 0

For example, let’s compute 31 and B31. We have
)
203172 2 2
a1 pPsn — [a3, a1] = c51¢313.

1p0 and (by Lemma 1) ¢313 = cf313 = [c13,a3]7t = [ab_‘s,ag]_1 =

—2r3 b—QSf3 q2usdp2vsé

—1 _
But c31 =c¢j3 =a

[a,a3]7'[b,a3]® = a , and thus we get

’
6310313 _ a2(—1—7"3+u35)b2(6—33+1}36).

Comparing exponents gives the two relevant entries in the table. The rest are left to
the reader.
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One last ingredient that we need for our proof is the following pair of congruences
derived from the Witt Identity (refer to the proof of Lemma 1 (v)):

(W) ro = ug + 27 jto + 2uivp + upd mod 2™
s = vz + 287 o + 20110 + v20 + 2" mod 2™,

This follows from the observations that [ci2,c13] = p2"

and that [c12,c13] =
€123C231C312, and then by rewriting the last product in terms of ¢ and b and comparing

exponents. Namely, we have

o _ 2u3z12v o 2 2u _ A(r “+uq v 4(s “+v1 v
6123—[17,0,3]—0, 3pevs, 0231—[0, Koy 0,0,1]—0,(1“0 10)b(1u0 10),

C312 = Cpgp = [ab ™%, ap] 7! = P e tuad) (o trad)
Multiplying these together and comparing it to b>" establishes (W). Notice that (W)
along with Proposition 2 implies that

r3 = vz = 0 mod 2.

We are now ready to prove that Condition (C) is vacuous by considering A = 1,2,3
separately.

Proposition 3. There exists no group G satisfying Condition (C) above with
A=1.

Proof. Assume A = 1. Then (III(3)) implies that s§ = 0 mod 2 and uzry =
1+ 71 mod 2. Moreover, (III(2)) implies vorq = 1 + v; mod 2 and 7oy = ug mod 2.
Also, by (III(1)), v1v1 = 0 mod 2.

Suppose r; = 0 mod 2. Hence, uzv; = 1 mod 2 and so ug = 1,1 = 1 mod 2. Thus,
v1 = 0 mod 2 and so v2 = 1 mod 2. Now (W) implies that 72 = 1 mod 2 and hence,
02 = 0 mod 2. But Proposition 2 yields a contradiction.

Thus, we must have r1 = 1mod 2. Hence, uzry = 0mod 2. First suppose
u3z = 1 mod 2 and so 7o = 1 mod 2. Thus, v; = 0 mod 2 and so v1 = 1 mod 2. This
implies that ¢y = 0 mod 2. Proposition 2 then implies that s; = 1 mod 2, m = 2,
and g2 = 1 mod 2; thus, v2 = 0 mod 2. By (Iz), s1 = v1 = 0 mod 2, a contradiction.

Therefore, us3 = 0 mod 2 and so 72 =0 mod 2. Since by Proposition 2, o2 =0 mod 2,
we have vo = 0 mod 2. Thus, from above we have u1 = 0 mod 2, r; = v; = 1 mod 2,
v1 =0 mod 2. Now (IIy) then implies m > 2. By (I) we thus have s; = 0 mod 2™~!
and u; = 0 mod 22, But then (II3) implies that 0 = 2™~2 mod 2™~ !, a contra-

diction. This establishes the proposition. ([
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Proposition 4. There exists no group G satisfying Condition (C) above with
A=2.

Proof. In order to take advantage of the congruences (I), we first show that ro
and v9 are both even. We consider an argument depending on the parity of vs.

First suppose v = 1 mod 2. Then (ITI(3)) implies that ug = 0 mod 2 and so
by (W), r2 = 0 mod 2. But then (III(2)) implies that v2 = 0 mod 2.

Next suppose vo = 0 mod 2. Assume for the sake of argument that vo = 1 mod 2.
Then by Proposition 2, (II;), and (W), we see that ro must be odd and thus
02 = 0mod 2. But (W) then implies us = 1 mod 2, contradicting Proposition 2.
Therefore, v = 0 mod 2. Now (III(1)) then implies that in particular ps = 1 mod 2.
Hence by (III(2)) we see that ro = 0 mod 2.

Thus, we have shown that ro = v = 0 mod 2. In particular (III(1)) gives us
(2, v2) # (0,0) mod 2. Moreover, by (I) we have

n—2

s =2""2py mod 2™, or equivalently 56 = 2" *vy mod on-1

v = 2" 2y mod 271, wuy =0mod 2™2,  ry =0 mod 272,
Next, we show that us must be even. Notice that (II3) implies that
w1 Syt — uzsi 2 = 2" 2o mod 277
We will be done if we can show the left-hand side = 0 mod 2"~!. By (IIL(3))
U1 Shiie = —uvala + 2uivy mod 2"
By (W) (looking modulo 2"~ 1), we have

—uyv3Vy = —u1Shve + 281 U1 povs + 201UV mod 27

—198) 1o + 211 oS pro + 2uq 198’ e mod 2771,

!
—U3S 2
Thus, we have

! / — I I
U1S3fle — U3ST M2 = — U1SyV2 + 257Ut ol + 2viurole 42Ul

— o8] g + 271 o8] o + 2uq 198 e mod 27,

By (III(1)) we have

28] 1o (urva + r1p2) = —28 uzpo = 0 mod 271,

2uqvo(vive + shp2) = —2uivo(1 + v2) = —2u319 mod on—1,

Hence,
1 1 _ / ! n—1
UpSzh2 — U3S U2 = —ULSV2 — T2S51 U2 mod 2 .
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Finally, by applying (II;) and (III(2)) to the right-hand side, we get
w1 Shitn — uzs iy = — 8} (uave + rop) = 0 mod 2",

as desired. Therefore, us = 0 mod 2.
Hence, the proof of the proposition is reduced to the case (uz2,v2) = (0,1) mod 2.
By (I) we thus have

s5=2""2mod 2", wy=0mod 2", ry=0mod2™ 2
Then (ITI(2)) implies that
us = 0 mod 2™ L.

By (III(1)),
u1 =0, v =1mod 2.

(III(3)) implies that
u3 = 0 mod 2.

Therefore, by (I1I3) we see that m > 3.
Next notice that (II3) implies that

U184V — uzsira = 2" 2 mod 2" L.

We complete the proof by showing that the left-hand side is = 0 mod 2"~ 1.
By (III(1)) and the fact that s5 = 0 mod 2"~™*! by Proposition 2, we have

! ! —
UV Sy = —T1S342 mod 27 L

(III(3)) implies
—r185 19 = 103V — 27110 mod 271,

By (W)
r1U3Ve = T18hUa — 28171 pola — 2u1T1 Vol mod 271,
By (ITI(1))
—2rivguivg = 2r11/03'1u2 + 2ri1v9 mod 2"*1,

implying that
/ _ / / / n—1
ULS3V2 = T189V0 — 28171 floVe + 2111987 pie mod 2 .
By (W) we have
—ugshvo = —rosh vy 4+ 2118 pove + 2uy s, v mod 271
and therefore,
U184V — US| Vs = 1184V — T8 Vo + 284 UoT1 o + 28} vourve mod 27
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But (III(1)) implies that
25 vo(r1 12 + uive) = 0 mod 271

and thus,

u1Shvy — u3sivy = (1155 — 128} )ve mod 2L,

Now, by (IIz) we have
028 — 0155 = 2""? mod 2" 1.
But since v3 = 0, s, = 2”72 mod 2"~ ! as above, we see that
028 — 0155 = (r1s5 — rash) + 2"~2 mod 2" 1,

which implies that
(1185 — ros))ve = 0 mod 271,

This yields the desired contradiction and thus the proof of the proposition is estab-
lished. O

We are now left with the case where A = 3, which is a little more involved. We
first start with a lemma.

Lemma 5. Let G satisfy Condition (C) above with A = 3. Then the following
congruences hold:

(0185 — 0281 )v3 = (uss} — vsr1)vs mod 2" 1,
(u1 8y — uas) vz = uyvsvs + uzsyuz mod 2" 1.
Proof. By Proposition 2 and (W), we have r3 = v3 = 0mod 2 and thus,
(I) yields

/ n—2

s3 = 2" “v3 mod onl g = 2"*2;@, mod 2", w3 =73 =0 mod 2™ 2.

We first consider (o185 — 0251)v3. Since 9o = v9 — r9, we have
/ _ / /
—0281V3 = —Val387 + Iral/387.

(III(2)) implies that
—vyu3 = shps + 209 mod 2771,

Now by (W)

—voug = w33 + 28] pops + 20103 + v2u36 + 219 mod gn—1

rovs = usls 4 211 fiovs + 2uqvors + ugvzd mod 2M L
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(ITI(1)) implies that
2p085 13 = —2p0v1v3 + 2400 mod 2" Quguivs = —2ur g — 219 mod 2L
Hence,

/ — / / / / / /
—0281V3 = V34357 + U338 — 2oU1V387 + 201001387 + 2oT1V38] — 20071 1135

+ (vop3s) + ugr3s) + 2pu08;)6 mod 2L,
On the other hand, by (W) we have
0155V3 = v301V3 + 28] 10013 + 201100113 + V20130 mod 2" L

Therefore, we get

/ / — / / / /
(0155 — 0287)v3 = v3u38| + ugv3sy + v31v3 + 2u1Vouss] — 2V pUss] + 20100113

+ (vou3s) + usvss) 4 2408) + vo01v3)8 mod 2",
Now, by (III(1)) we have
2011981 3 = —2v11v9v1v3 + 201190 mod gn-1
—2r1v0(sypg + vivs) = —2r1100 mod on-t
V28] 13 + Vo1 V3 = — 85 4 v20 mod 2771,

and (ITI(2)) implies
—r1vgus = 71853 4+ 21119 mod 271
These along with (II;) yield

(0155 — 0281)vs = v3uss] + usvss| + vso1v3
+ (2u1vg + 2408} — 852 + V98 + uyshrs + 11 pssh)d mod 27
By (III(1))
U1 8hvs 4 11 pzshy = —sh mod 271

and then by (W) we obtain
(018 — 025} )v3 = v3u3s) + uzvss| + vavivz — v3rivs — (v3 + sv9)d mod 271

Since 0 is even and by the congruence relations on vs and s above, we see that
(v3+84v2)0 = 0 mod 2"~ 1, and thus by (III(1)) (since v3(s}uz+v1v3) = 0 mod 2"~ 1)
we have

(0185 — 0251)vs = (ugs} — v3r1)vs mod 2" 1,

as desired.
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For the second congruence, first notice by (W) that
U1 shvs = ugvsvs + 2u1 8y povs 4+ 2uiv1vprs + u1varsd mod 27
By (III(2)) and the congruences above,
—upr3s) = Topss) + 2u0sh mod 2771,
and by (W)
Topssh = uspssy + 2r1pspos) + 2uivopsst + uapzsid mod 27

which imply that

! ! — / / /
U1SaV3 — U281V3 = UU3V3 + U3U3ST + 2U1S] o3 + 2u1v1V3 + 271 o3 Sy

+ 2uivopss) + 2p08) + (u1vevs + uguzs))d mod 271
(ITI(1)) (along with the congruences above) then implies that
287 pio(urvs 4+ ripuz) = =281 po mod 2771, 2ugvy(vivs + sipuz) = 2uivpd mod 271,
and thus,
U1 Shvs — ugsivs = uyvsvs 4 ussh s + (2u1 4 uivavs + usshpuz)d mod 27

By (II1)
U2} 13 = uyshitz mod 2L,

and so
U1 8hU3 — st U3 = uyvavs 4 uzsh g + ui (20 4 vavs + shus)d mod 271,
But by (II1(2)) we have 2vg + vovz + shuz = 0 mod 2"~ 1, and therefore,
(w185 — ugs )vs = uyvsvs + ugs)pz mod 271,

as desired. O

With this result, we can finally prove the following proposition.

Proposition 5. There exists no group G satisfying Condition (C) above with
A=3.
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Proof. By looking at (III(1)) modulo 2, we have (u3,v3) # (0,0) mod 2. First
suppose (us,v3) = (0,1) mod 2. By (II3) we have

(0155 — 025} )v3 = 2" 2 mod 2" 1.
Now Lemma 5 implies that
(0185 — 0281 )vs = (ugs| — var1)vg mod 2"

By (I) we see that v3 = 0mod 2"~ ! and s3 = 2™ 2 mod 2™~ !. (III(1)) implies

that u; = 1 mod 2 and hence, Proposition 2 yields s; = 1 mod 2. Thus, by (Il3),
u3 = 0 mod 2™~ L. Therefore,

(u3sy — v3r1)vz = 0 mod 2" 1.

This is the desired contradiction in this case.
By (II;) and Lemma 5 we have

0 = (u18h — upsh)vs = uyvsvs + uzsh s mod 21,

For y13 = 1 mod 2, we show that the right-hand side = 272 mod 2" !, giving us the
desired contradiction.

Assume that (u3,v3) = (1,0) mod 2. Hence, by (I), vsv3 = 0 mod 2"~1. Also
by (I), s3 = 0 mod 2™~ ! and thus by (II3) we have ugs; = 2™ 2 mod 2™~ 1. There-
fore, again by (I), s1 = 1 mod 2 and uz = 2™~ 2 mod 2™~ L. Hence,

uv3v3 + ussipz = 2" mod 2771,

as we wanted.
Finally, assume (u3,3) = (1,1) mod 2. First suppose uz =0 mod 2 ~% Then (II3)
implies that u; = 1 mod 2 and since by (I) v3 = 2”2 mod 2"~ !, we have

u1v3v3 + uzsipz = 2" 2 mod 2"

giving the desired contradiction. Now suppose u3 = 2™ 2 mod 2™~ !. Hence, (II3)
implies u; # s; mod 2. But then Proposition 2 implies that u; = 0 mod 2 and so
s1 = 1 mod 2. Thus, ujvs = 0 mod 2*~!. Once again we have

u1v3v3 + uzsipz = 2" 2 mod 2"

which completes the proof of the proposition. ([

Summarizing, we have proved the first part of the Main Theorem:

Theorem 2. Let G be a finite 2-group such that 4-rank(G/G’) < 2 and
rank(G’) = 2. Then G is metabelian.
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4. THE MINIMAL ORDER OF A NONMETABELIAN 2-GROUP
WITH A COMMUTATOR SUBGROUP OF RANK 2

In this section we exhibit a nonmetabelian 2-group G of order 2'? with a com-
mutator subgroup G’ generated by two elements. We then show, by proving the
second part of our Main Theorem, that this is the minimal order of any 2-group with
nonabelian commutator subgroup of rank 2.

Example 1. Let G = (a1, a2, az) such that

8 _ 4_ 2 4 _ 8 _ 4 _ _
a; =1, ay=cfy, az3=1 clp=cj3=c3=1,

2 4 2 2 2
€121 = Cly, cCi22 =1, «c123 =cCiyCy3, €131 =Ciy, C132 =cj3, Ci33 = 1.

Then, as verified by Magma, G/G' ~ (8,4,4), G'/G" ~ (4,4), and G’ ~ (2);
therefore, the derived length of G is 3 and |G| = 2'2.

Now we wish to show that any 2-group of order < 2! with commutator subgroup
of rank 2 is metabelian. Toward this end, let G be a finite 2-group with nonabelian
commutator subgroup of rank 2. By Theorem 2 (and Theorems 1 and 4 in [2]),
|G| > 2! and moreover the only possibility of such a group G of order 2! is one
satisfying the following properties:

G/G ~ (4,4,4), G'/)G" ~(4,4), G"~(2).

We show that any group satisfying these properties does not exist by proving the
second part of the Main Theorem (where we assume that 8-rank(G/G’) = 0). We
now proceed to prove this result.

First, by Proposition 1 we may assume that G has rank 3.

For convenience we gather some of our assumptions in one place in the following
hypothesis:
(H) Assume that G is a finite 2-group, m, n are integers such that 2 < m < n, and

that G’ = (a, b) is presented as

gnt1

" =" =1, [a,b] =0

Before stating the next results, we introduce some notation. If x, y are elements
of a multiplicative group and «, (3 are integers, then define the inner product expo-
nentially as

(z,y) * (o, B) = 2y’
where ¢ indicates the transpose. Moreover, if M is any 2 x 2 matrix with integer
entries, then (z,y) * M is defined using the above exponential inner product:

(07

@ (2]) =)

v 6
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In terms of our 2-group G above, the following properties are satisfied by the oper-
ation .

Lemma 6. Let G satisfy Hypothesis (1) above. Suppose w = (z,y) € G' x G,
where the group operation is defined componentwise.
(i) Let A and B be either both 2 x 2 or both 2 x 1 matrices with integral entries.
If at least one of A and B has all entries even, then

w* (A4 B) = (wx A)(w * B).

(ii) Let A be a 2 x 2 matrix with even integer entries and let B be either a 2 x 2 or
a 2 x 1 matrix with arbitrary integer entries. Then

wx AB = (w * A) * B.

Proof. (Sketch.) Let A = (: ?) and B = (:: ’?,l ) with arbitrary integer entries.

Then we have
wx(A+ B) = (xa+a’y'y+’y’, xﬁ+ﬁ’y6+5’)

and on the other hand
(wx A)(w* B) = (a:ayva:a/yvl, mﬁyéxﬂ'y‘s’).

If all the entries in at least one of A or B are even, then these two expressions are
equal since Hypothesis () implies that G3 = Z(G2). A similar argument works if A
and B are 2 x 1 matrices. This establishes (i).

With respect to (ii), let A and B be as above. Then

W (AB) = (a2 Oy T gl BT
and on the other hand
(w A) x B = ((z*y")* («"y°)", (x"y")? (2°y°)").

If all the entries in A are even, then the two expressions are equal, since again
G3 = Z(Gs). The argument is similar when B is a 2 x 1 matrix. Hence (ii) is
established. O

Proposition 6. Let G satisfy Hypothesis (H) above. By Lemma 3 for x € G

2r 2 o B
# u) with integers r, s, u, v, and s’ = 2"~™s such
2s" 2v

that ([a, ], [b, x]) = (a,b) x A. Then the following are valid:

there is a 2 X 2 matrix A = (
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(i) If (¢,d) = (a,b) x B, where B is a 2 X 2 matrix with integer entries, then
([e, z],[d, x]) = (a,b) * (AB).
(if) For any integer k > 0,
([a, "], [b,2"]) = (a,b) » ((I + A)" = I),
where I is the 2 x 2 identity matrix.

Proof. To prove (i), let (¢,d) = (a,b) x B, where B = (? ;) Hence, (¢,d) =
(a"b7,a’b*). But then

(e, 2], [d, 2]) = ([a,2]"[b, 2}, [a, 2] [b, 2]*) = ([a, z], [b, 2]) * B
= ((a,b) x A) * B = (a,b) x (AB)

by Lemma 6.
With respect to (ii), we use induction on . The result is certainly true for kK =0
and 1. So now suppose that for some k > 1, we have

([a, 2", [b, 2"]) = (a,b) * (I + A)* —I).
We then show that
(la, 2" 1], (b, 2"41]) = (a,b) = (T + A1 = 1),
First notice that
(I+ A —T= I+ A" —T+AI+ A1)+ A
Hence,

(a.0) * ((T+A)* = I) = (a,b) » (L + A)* — I + A((I + A)* = I) + A)
— (a,b) % (I + A)* = I)(a,b) * A((I + A)* — I)(a,b) x A

by Lemma 6. Now by the induction hypothesis
([aa xn]’ [ba xn]) = (av b) * ((I + A)K - I)

and
(a,b) * A(I + A)F = 1) = ([a, 2", 2], [b, 2", x])
by (i) above. Hence,

(a,b) * (I + A)*' = 1) = ([a,a"][a, 2", a][a, z], [b, 2"][b, 2", ] [b, z])

= ([a7 x’ﬁ_l]a [ba xﬁ-‘rl])
by (3). 0
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Corollary 1. Let G satisfy Hypothesis () above and suppose x € G such that

z* € G', say vt = a*b”. Let ([a,z], [b,7]) = (a,b)* A with A = (22:, 31;), as described

in Proposition 6. Then
([aa (E4], [bv 1‘4]) = (a’a b) * ((I + A)4 - I) = (b2nyv b2nu)'

Equivalently, let

(T+4) = 1) = (O‘“ O‘)

Q21 (22
then
a11 = 0 mod 2™, a12 = 0 mod 2™,
g = 2" mod 2", a0 = 27 mod 27T,
Moreover,

a1 = 8(r(r + 1)(1 4+ 2r(r + 1)) + s'u(1 4+ 2(v + 1)% 4+ 2r(3r + 4) + 4rv) + 25%u?),
o2 = 8(v(v+ 1)1+ 2v(v + 1)) + s'u(1 + 2(r + 1)* + 20(3v + 4) + 4rv) + 25"%u?)

and
/
Q12 = Nu, Qo1 = 1S,

where
n=8(1+3(r+v)+4(r* +v?) +2(r* +v*) + 2rv(2 + r +v) + 4s'u(1 +r +v)).

We leave the details to the reader, except to observe that, for example, the com-
mutator [a,2?] = [a,a"b] = [a,b]” = b*>"" etc. Also, the expressions for a;; are

found by direct computation.

Proposition 7. Let G satisfy Hypothesis (H) and suppose z,y € G and [x,y] =
a®b® with integers o, 3 such that a3 = 0 mod 2. Let A be as in Proposition 6 so
that ([a,z], [b, z]) = (a,b) * A. Then for all integers k > 0,

] = (@) ().

where (formally)
C(r) = (I+ A% —1A™L.

Proof. The result is trivial for k = 0. For x > 1, the proposition will be
established by proving the following statement by induction on x: for any x > 1 for
all x,y € G and all integers «, 8 with a8 = 0 mod 2,

(22", y] = (a,b) * C(k) (g) .
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We first show the statement is true for kK = 1. By (3) and the fact that Gs C Z(G2),
(2%, 9] = [z, y)*[z,y, 2] = (a°b)?[aV’, 2] = a®*b*[b, a]*"[a, 2] [b, 2]”

= (a,b) = (2T + A) (g) la, 5~ = (a,b) + C(1) (a) -

B
= (a,b) * C(1) <g)

since af is even and [a, b] has order 2. Thus, the proposition holds for x = 1.
Suppose the statement is true for some £ > 1. We then show

= @) clnrn) (5.

On one hand,

k41 " " K w
Py =)y = 27y Ly,

By the induction hypothesis and Lemma 6,

[x

(22", )2 = (a,b) * 2C () (g) .

Also by Proposition 6 we have

= (0.0) 4000 ().

or equivalently

[z, [2*",y]] = (a,b) * <_AC(F"> (g» '

Hence, by the induction hypothesis
ol = )+ (~ace? ()

(22", y,22"] = (a,b) * AC(k)? (;) :

or equivalently

Hence,

B

On the other hand, a straightforward argument shows that

22" 4] = (a,b) % (20(x) + AC(x)?) (“) |

C(k +1) =2C(r) + AC(k)?.
All this establishes the proposition. O
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We will only need the following special case.

Corollary 2. Assume all the conditions in Proposition 7. In addition suppose

x* = ab”. Let A* be the matrix with even integral entries such that ([a,y],[b,y]) =

(a,b) * A*. Then
(a,b) * C(2) (g) = (a,b) * A* (‘;) ,

where C(2) = (I + A)* = 1) A~ =4I + 6A + 4A% 4 A3,
Equivalently, let

ama(L ) wea(5 T, e ()
s v S v Y21 722
where the entries of A* are defined analogously to those of A. Then

2(r*p 4+ u*v) = yia+ 128 mod 2, 2(s 4 v* 1Y) = Y10 4 Y228 mod 2",

wnd yi1 =41+ 7)1+ 2r(1 +7)) + 25'u(2 + v + 21)),
Yoo = 4((1 4+ v)(1 + 20(1 + v)) + 2s'u(2 + r + 2v)),
Y2 =Tu, o1 =78,
where

T=4(3+4(r +v) +2(r* +v*) + 2rv + 25'u).
Now we are ready to prove the second part of our Main Theorem.

Theorem 3. There are no finite 2-groups G with 8-rank(G/G’) = 0 such that G’
is nonabelian of rank 2.

This theorem will follow from the results below.

First notice that by Theorem 2, Proposition 1, and Lemmas 1 and 2 (i), we need
only show the nonexistence of groups G satisfying the following assumptions:
(A1) G/G' ~ (4,4,4);
(A2) G = (a1, az,a3) with a} = a*ib" for some u;,v; € Z,i=1,2,3;
(A3) G’ = (a,b) with presentation a2 = b2""" =1, b2" = [, b], where 2 < m < n;
(A4) c12 = b, c13 = ab™?, co3 = a®*0b?° for some integers d, o, Vo with & even.
Now let G satisfy Assumptions (A1)—(.A4) and define the matrices A; by

(la, ai], [b,ai]) = (a,b) x A;, where A; =2 <r: ul) ,

S, U
i A
and where S; = 2" Mg,
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Then Corollary 1 takes the following form (i = 1,2, 3):
(C(4)) a11(7) = 0 mod 2™, a12(4) =0 mod 2™,
o1 (1) = 2"v; mod ontt ao9(1) = 2™ u; mod ontt
where
a1 (i) = fi(ri,vi),  a12(i) = n(Hui, a2 (i) =n(@)s;,  az(@) = fi(vi,r:),
such that
filz,y) = 8(x(142)(1 +22(1 + z)) + s (1 +2(1 + y)% + 22(3z + 4) + 4zy) + 257%u?)
and
n(i) = 8(143(r; +vi) +4(rf +v7) +2(r3 +03) +2r;v; (2 + 7 +v;) + 4sjui (L + 7 +v;)).

Corollary 2 becomes (for i,j = 1,2,3):

(C(i,5)) 2(rjps + ujvi) =y ()i, j) + 12(é)B(i, j) mod 2™,
2(s i + vjvi) = Y21 (i)ai, §) + 722(i) B(4, ) mod 2"+,
and y11(3) = 4((1 + 7)) (1 + 2 (1 +13)) + 2854 (2 + v; + 213)),
Ya2(2) = 4((1 + v;) (1 + 2v;(1 + v;)) + 285w (2 + 15 + 20;)),
m2(i) = T(i)ui,  Y21(i) = 7(i)s,
where

(1) = 4(3 + 4(r; +v;) + 2(r? + v3) + 2rv; + 255u;)
and Cij = aa(i:j)b,@(ivj).

Since ¢;; = a®B)pP7) | we have the following table of values for o and S

o/ i=1 i=2 i=3
ai,1) 0 0 |
B(i, 1) 0 —1 5
a(i, 2) 0 0 —2p0
B(i,2) 1 0 —2u
a(i, 3) 1 240 0
8(i,3) -8 2w 0

Now, in order to prove the theorem, we consider the cases m = 2 and m > 3

separately.

Proposition 8. There exists no group G satistying Assumptions (A1)—(.A4) for
which m = 2.
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Proof. Since m = 2, Proposition 2 and (W) imply that

Uy V1 T 1
0 1 0] mod?2.

0 0 O

= 0 mod 2"*!, since (i) = 0 mod 8 and

<
)
<
23
<
S
Y2
)
I
e}

—_

By (C(i)) notice that as;(i) = n(i)2"2s;
thus, 2"1/1 = O mod 2’ﬂ+1' Therefore7 we have

V1 = vy = v3 = 0mod 2.

Also by (C(i)) again, aas(i) = 8v;(1 + v;) mod 2"t (aa2(i) = 0 mod 2"). Thus,
2" p; = 8v;(1 4 v;) mod ontl,

In particular notice that r;u; + u;v; = 0 mod 2, since

Next, consider (C(4,7)).
711(%) = 712(%) = 0 mod 4. But since o = 1 mod 2 and v; = 0 mod 2, we have

p1 = p2 = pg = 0 mod 2.

Hence, from the above we have

v;(1 4 v;) = 0 mod n=2,

2"s; mod 2"t (since 7(i) = 4 mod 8) and va2(i)

Also notice that 721(i) =
4(1 4 v;) mod 2", Hence,
2" 25 i + vjv = 2" tsia(i, §) + 2(1 + v;)B(i, §) mod 2™.

(C(i,7)) implies

(E(4))
Now we consider the cases n = 2 and n > 3 individually.
Let n = 2. Then we have (refer to the table of values for « and 3 above)

(E(1,3)) s3p1 + vsvr = 281 — 2(1 4 v1)d mod 4,

or equivalently,
s1 = 0 mod 2,

a contradiction, since s; = 1 mod 2.
Now suppose n > 3. Recall from above that v;(1 + v;) = 0 mod 2"~2. Then

(E(1,2)) 2" 259111 + vory = 2(1 + v1) mod 2",

Consequently, v1 = 1 mod 2, and so
14+ wv; = 0 mod 27 2.
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We have

(E(1,1)) 225111 + vivy = 0 mod 27,
and thus,
1 = 0 mod 4.
Finally,
(E(1,3)) 2" Zga g + vy = 2" ey — 2(1 + v1)d mod 27,
and so

v3vy = 27! mod 27.

But notice that v3 = 0 mod 2”2 and v; = 0 mod 4. Therefore, 0 = 2"~ ! mod 27,
a contradiction.

Thus, we have established the proposition. O

Now we consider the case when m > 3.

Proposition 9. There exists no group G satistying Assumptions (A1)—(A4) for
which m > 3.

Proof. Since m > 3, Proposition 2 and (W) imply that

Uy V1 T1 S1 Uy V1 T1 S1
uy vy ro So | =( 0 0 0 0 | mod?2.
uz V3 T3 S3 0 0 0 0

Thus, by Lemma 2 (ii), we choose the basis elements a; of G so that § = 0, i.e., so
that ¢io = b and c¢13 = a.

Now consider the consequences of (C(i)) for ¢« = 2,3. Since r; = v; = 0 mod 2
for i« = 2,3, we have n(i) = 8 mod 16. Hence, 0 = a312(i) = n(i)u; mod 2™ and
thus, u; = 0 mod 2™~3. Similarly, 2"v; = a2;(i) = 7(i)s; mod 2"*1, whence s/
2"=3y; mod 2"~ 2. From this, we see that 0 = a11(i) = 8r;(1 + 7;) mod 2™ and

thus, r; = 0 mod 2™~3. Finally, since 2"u; = aaa(i) = 8v;(1 + v;) mod 2"+, we get

v; = 2" 3u; mod 272, Summarizing we have:

For i = 2,3,
(E1)) r=u;=0mod 2™ 3, s =2""3y, mod 2" 2, w; =2" 3u; mod 2" 2.
With respect to (C(i,7)), by applying (E(i)) (again with i = 2,3) we obtain

711(%) = 4(1 4+ r;) mod 2™,  712(i) = —4u,; mod 2™,
2 4(1 + ;) + 2"p; mod 21,

Y21(i) = 2" 'v; mod 27, Y22(%)
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(Notice that to obtain the congruence for v2; using (E(i)) we needed to consider the
congruence modulo 2" rather than 2"*1.) We thus obtain the following congruences
from (C(4,4)) (and the table below it):

E(3,1 rips 4+ urvs = —2(1 4+ r3) mod 2L, s psg + vivg = 2" 2p3 mod 2771,
Iz 14
(E(2,1)) riug + uivs = 2us mod gm—1 sipo +vive = —2(1 + va) + 2711, mod 2"

Now let R and 2 be the matrices given by
R:<r/1 u1>7 Q:<M3 M2>.
81 V1 V3 Vg

RQ = 21 mod 4,

Hence, we see that

where I is the identity matrix. (This is obvious for n > 4 and also holds for n = 3
since (E(¢)) then implies that v3 = 0 mod 2 for recall that s3 is even.) Therefore,
det Rdet Q = det(RQ) = 4 mod 8 and thus, we have 3 possibilities

(a) det R =1 mod 2 and det Q2 = 4 mod 8,

(b) det R =2 mod 4 and det 2 = 2 mod 4,

(c) det R =4 mod 8 and det ) = 1 mod 2.

Again using (C(1,1)), we see that

rip1 + urvy = 0 mod om—1, shp1 +vivy =0 mod 27,

w(n) = (%))
Iz 2™y

for some integers x, y. By multiplying by adj R = (det R)R~!, the adjoint of R, we

and hence,

obtain X
det R Py _ (e T 2
" -8y 2y )
Therefore,
1 2m=ly
4 det R = d2m.
o ()= ()

Now by (C(1,2)) and (C(1,3)) we get in particular

1

(E(1,2)) To1 + UV = 5’712(1) mod 2™,
1

(E(1,3)) ssp1 + vy = 5721(1) mod 2",

where v12(1) = 7(1)u1, v21(1) = 7(1)s), and 7(1) = 4 mod 8.
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From all of this, we want to arrive at a contradiction of some sort. The way we
do it is with the congruence (essentially) (II3):

uy 8y — uzs) =2" "2 mod 2" L.

If we can get uish = uzsi = 0 mod 2"~ !, then we would have 0 = 2”72 mod 2" 1,
the desired contradiction.

Notice that if u; = 0 mod 272, then since s4 = 0 mod 2”3, we would have
u185 = 0 mod 2"T™~5. Hence, if m > 4, then we would have u;sy = 0 mod 2"~ 1.
So given m > 4, we see from (E(1,2)) above that u; = 0 mod 272 4f oy + ugvy =
0 mod 2™~1. Since ry = us = 0 mod 23, we see that it suffices that p; = vy =
0 mod 4. Since m > 4 and by (4) above, we have p; = 1 = 0 mod 4, if det R =
1 mod 2 or = 2 mod 4.

Thus, in summary, if m > 4 and det R = 1 mod 2 or = 2 mod 4, then u;sf =
0 mod 27~ !. But given these conditions, since sh = v3 = 0 mod 273 and W =v =
0 mod 4, we see that s5u; +vzv; = 0 mod 27~ 1. But then by (E(1,3)) above, we have
sy = 0 mod 2"~2. Thus since uz = 0 mod 2, we obtain uzsj = 0 mod 2"~ 1.

Therefore, if m > 4 and det R = 1 mod 2 or = 2 mod 4, then we have a contradic-
tion.

Hence, we are left to consider the cases:

(i) m > 4 with det R = 4 mod 8,

(i) m = 3.

Suppose m > 4 with det R = 4 mod 8. Then det Q2 = 1 mod 2, and thus multiply-
ing R = 21 mod 4 by adj {2, we obtain R = 2adj {2 mod 4. Therefore, in particular
vy = s = 0mod 2. Hence, by (4), we have y3 = v; = 0 mod 4. Now the proof
follows exactly as in the previous case above.

Finally, suppose m = 3. For i = 2,3, (E(i)) implies that s; = 2™ 31; mod 2™~ 2,
and since m = 3 and s; = 0 mod 2, we have v5 = v3 = 0 mod 2. This implies that
det 2 = 0 mod 2. Whence we need only consider det R = 1 mod 2 or = 2 mod 4.

Now by (C(1)), 2"v1 = ag1(1) = n(1)2" 357 = 2"(1 + p1)s; mod 2"+, since
n(1) = 8(1 + p1) mod 16. Therefore,

(5) v1 = (14 o01)s1 mod 2.
Our goal is to come up with a contradiction to (II3), which for m = 3 is given by
u183 — u3s1 = 2 mod 4.

Suppose det R = 1 mod 2. Since det R is odd and R = 2] mod 4, we have
Q =2adj R mod 4, i.e.,

2 -2
Ha K2 = Ul/ “ mod 4.
V3 Vo —281 2r
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Again since det R = 1 mod 2, we see by (4) that 1 = 1 = 0 mod 4. By (E(1,2))
above we have 2u; = ropy +usv1 mod 4 and thus, 2u; = 0 mod 4, i.e., u; = 0 mod 2.
But 1 = det R = ryv; —uy8) mod 2. Hence, 1 = v; = 1 mod 2. Thus, ¢o; = 0 mod 2.
Therefore, by (5) we must have s; = 0 mod 2. But then u;s3 —uss; = 0 mod 4. This
contradicts (II3).

Now suppose det R = 2mod 4. By (4) we have 1 = 1 = 0 mod 2 and thus,
(E(1,2)) again implies that u; = 0 mod 2. By (E(1,3)), we see that 2" %s; =
2735311 + v3v1 mod 2. Hence, 2" 251 = v3v; mod 2”1 (recall that s3 is even). If
n = 3, then we have 2s; = 0 mod 4, and thus s; = 0 mod 2. On the other hand,
if n > 3, then (4) implies that 14 = 0 mod 4, since sj = 0 mod 2. Thus, again
s1 = 0 mod 2. Therefore, since u; = uz = s1 = s3 = 0 mod 2, we see that uysg —
uss1 = 0 mod 4, contradicting (II3) above. This establishes the proposition. (]

With this result, we have proved Theorem 3 and therefore the Main Theorem is
now established. In light of the example above, we immediately get our Corollary to
the Main Theorem:

Corollary. The minimal order of a finite 2-group G, for which its commutator
subgroup G’ has rank 2 and is nonabelian, is 2'2.
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