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Abstract. We consider the Keller-Segel-Navier-Stokes system
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nt + u · ∇n = ∆n−∇ · (n∇v), x ∈ Ω, t > 0,

vt + u · ∇v = ∆v − v + w, x ∈ Ω, t > 0,

wt + u · ∇w = ∆w − w + n, x ∈ Ω, t > 0,

ut + (u · ∇)u = ∆u+∇P + n∇φ, ∇ · u = 0, x ∈ Ω, t > 0,

which is considered in bounded domain Ω ⊂ R
N (N ∈ {2, 3}) with smooth boundary, where

φ ∈ C1+δ(Ω) with δ ∈ (0, 1). We show that if the initial data ‖n0‖LN/2(Ω), ‖∇v0‖LN (Ω),

‖∇w0‖LN (Ω) and ‖u0‖LN (Ω) is small enough, an associated initial-boundary value prob-

lem possesses a global classical solution which decays to the constant state (n̄0, n̄0, n̄0, 0)
exponentially with n̄0 := (1/|Ω|)

∫

Ω n0(x)dx.
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1. Introduction

Chemotaxis is a phenomenon that occurs in both prokaryotic and eukaryotic types

of moving cells, including bacteria, protozoa, white blood cells, and tumor cells,

where the direction of movement is influenced by the concentration of chemical stim-

ulis. Chemotactic motion is usually directed in the direction of a higher stimulus con-
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centration, so the stimulus is called a chemoattractant. In order to describe the move-

ment of cells, especially an aggregation, in 1970s, Keller and Segel proposed the fol-

lowing reaction-diffusion system in which the chemical substance is produced by cells:

(1.1)

{
nt = ∆n−∇ · (n∇v),

vt = ∆v − v + n,

where n = n(x, t), v = v(x, t) denote the density of bacteria and concentration of

chemical substance, respectively. During the past four decades, system (1.1) and

its variants have been paid extensive attentions. For instance, it is a known fact

that the homogeneous Neumann problem of (1.1) possesses global and bounded

solutions when N = 1, see [15]. If N > 2, the remarkable property of system (1.1)

is the existence of blow-up solutions in finite or infinite time. Especially, in two-

dimensional case, a critical mass phenomenon has been identified and studied in [14].

Namely, beginning with initial mass above it, the solution blows up in finite time.

Otherwise, there is a global-in-time solution to problem (1.1). In the case of N > 3,

Cao in [2] has proved that under the smallness assumptions of ‖n0‖LN/2(Ω) and

‖∇v0‖LN (Ω), global classical solutions exist with the following decay estimate hold-

ing: ‖n(·, t) − n̄0‖L∞(Ω) + ‖v(·, t) − n̄0‖L∞(Ω) 6 Ce−λt, where n̄0 = |Ω|−1
∫
Ω n0(x).

This kind of model has been widely studied; we can refer to the survey (see [8], [9])

for a broader overview. Besides, the large time behavior of solutions to (1.1) with

small initial data can be found in [4], [22].

In nature, migration of cells can be profoundly influenced by environmental

changes and vice versa. More commonly, cells tend to live in a viscous fluid, where

cells and chemical matrices are transported along with, at the same time, the motion

of fluid being influenced by the gravity generated by cell aggregation. To decribe

these processes, the following Keller-Segel-(Navier-)Stokes system was proposed and

has been studied by many authors:

(1.2)






nt + u · ∇n = ∆n−∇ · (n∇v), x ∈ Ω, t > 0,

vt + u · ∇v = ∆v − v + n, x ∈ Ω, t > 0,

ut + κ(u · ∇)u = ∆u+∇P + n∇φ, ∇ · u = 0, x ∈ Ω, t > 0,

∇n · ν = ∇v · ν = 0, u = 0, x ∈ ∂Ω, t > 0,

n(x, 0) = n0(x), v(x, 0) = v0(x), w(x, 0) = w0(x),

u(x, 0) = u0(x), x ∈ Ω,

where ν stands for the outward normal vector on ∂Ω, φ is a potential function. We

denote the fluid velocity by u and the associated pressure by P . The symbol κ stands

for the coefficient which relats to the strength of nonlinear fluid convection.
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The chemotaxis-(Navier)-Stokes model has attracted many researcher’s attentions

since it was proposed. Different from (1.1), the appearance of fluid brings a lot

of substantial difficulties to study the solution of this coupled system. When

κ = 0, which means the fluid flows slowly, system (1.2) is an incompressible

chemotaxis-Stokes system. In 2017, authors of [11] obtained global bounded classi-

cal solutions if ‖n0‖L1(Ω) is small enough in the 2D case. With additional logistic

source, (1.2) possesses the global weak solution in two-dimensional setting in [5].

The effort to this 3-D problem is due to the work of Tao and Winkler (see [17]),

in which they constructed global bounded classical solution under the explicit con-

dition µ > 23, where µ is the given parameter from logistic source. In the full

chemotaxis-Navier-Stokes system (κ 6= 0) with additional logistic source concerned,

the problem in [18] possesses a global classical solution which is bounded and

satisfies ‖n(·, t)‖L∞(Ω) + ‖v(·, t)‖L∞(Ω) + ‖u(·, t)‖L∞(Ω) → 0 as t → ∞ while the

prescribed function
∫∞

0

∫
Ω
|g(x, t)|2 dxdt 6 ∞ in the 2D case. When N = 3, the

problem in [24] possesses at least one globally defined solution in an appropriate

generalized sense, and this solution is uniformly bounded with respect to the norm

in L1(Ω) × L6(Ω) × L2(Ω;R3). Very recently, Winkler improved this result and

obtained the eventual smooth solutions in [26]. The equality (1.2)1 can be replaced

by a matrix-valued sensitivity to get nt + u · ∇n = ∆n − ∇ · (nS(x, n, v) · ∇v),

where S ∈ C2(Ω × [0,∞)2)N×N reflects rotational chemotactic motion. In par-

ticular, under the assumption |S(x, n, v)| 6 Cs(1 + n)−α with some Cs > 0

and α > 0, the author of [19] proved the existence of globally bounded clas-

sical solution while α > 0 in the 2D case. Then Liu and Wang in [12] ob-

tained the global weak solution if α > 3
7 when N = 3. Recently, Wang et

al. in [20] further improved this result to the case α > 1
3 . Moreover, by the

properties of Neumann heat semigroup and Stokes semigroup, Yu et al. in [27]

constructed the global classical solutions of system (1.2) which decay to the con-

stant steady state (n̄0, n̄0, 0) exponentially in L∞-norm with n̄0 = (1/|Ω|)
∫
Ω
n0,

whenever ‖n0‖LN/2(Ω), ‖∇v0‖LN (Ω) and ‖u0‖LN(Ω) are small enough. However,

without any sensitivity and logistic source, Winkler in [25] constructed the glob-

ally defined generalized solution of (1.2) under a smallness assumption merely

involving the initial data n0; furthermore, the following long time behavior holds:

‖n(·, t) − n̄0‖C2(Ω) + ‖v(·, t) − n̄0‖C2(Ω) + ‖u(·, t)‖C2(Ω) → 0 as t → ∞. For more

works on corresponding chemotaxis models and their variants, we refer to the survey

(see [1]) and the references therein.

Indirect process. The models mentioned above describe a direct effect on the

chemical signal. However, the natural environment is more complex. In order to

describe how the combination of chemicals might interact to produce aggregation of
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cells, the authors of [16] proposed the following system based on [13]:

(1.3)





nt = ∆n−∇ · (nχ∇v) +∇ · (ξn∇w), x ∈ Ω, t > 0,

vt = ∆v − β1v + β2w, x ∈ Ω, t > 0,

wt = ∆w − γw + δn, x ∈ Ω, t > 0,

∇n · ν = ∇v · ν = ∇w · ν = 0, x ∈ ∂Ω, t > 0,

n(x, 0) = n0(x), v(x, 0) = v0(x), w(x, 0) = w0(x), x ∈ Ω.

The positive parameters χ and ξ are called the chemosensitivity coefficients,

and β1, β2, γ, δ > 0 are chemical production and depredation rates. The sym-

bol w stands for a different chemical substance from v. In contrast to system (1.1),

model (1.3) contained two chemical substances and the signal production here occurs

in an indirect process. In [16], it is shown that when N ∈ {2, 3}, solutions of (1.3)

exist globally in time with ξγ > χβ1, β2 = δ and converge to (n̄0, n̄0β1/β2, n̄0γ/β2)

exponentially as t → ∞. Further study in [10] shows that as long as ξγ > χβ1, the

weak solution to (1.3) exists globally in the 3D case.

In particular, Fujie and Senba studied the following chemotaxis system with Keller-

Segel type signal production in [6], [7]:

(1.4)





nt = ∆n−∇ · (n∇v), x ∈ Ω, t > 0,

vt = ∆v − v + w, x ∈ Ω, t > 0,

wt = ∆w − w + n, x ∈ Ω, t > 0.

They considered the system coupled with homogeneous Neumann boundary condi-

tions or no-flux-Dirichlet-conditions in a smooth bounded domain Ω ⊂ R
N (N 6 4)

and obtained the boundedness of classical solution of (1.4) in the 3D case for all

reasonably regular initial data. In the four-dimensional setting, the critical mass

condition is necessary to derive the boundedness of solution by use of Adam-type in-

equality and Lyapunov function. As for problem (1.4) with additional logistic term,

authors of [29] obtained the decay properties, namely (n, v, w) → (1, 1, 1) in L∞(Ω)

as t → ∞ under some given conditions. In 2020, Yu considered (1.4) in fluid envi-

ronment by coupling with Stokes equation

(1.5)





nt + u · ∇n = ∆n−∇ · (nS(x, n, v, w)∇v), x ∈ Ω, t > 0,

vt + u · ∇v = ∆v − v + w, x ∈ Ω, t > 0,

wt + u · ∇w = ∆w − w + n, x ∈ Ω, t > 0,

ut = ∆u+∇P + n∇φ, ∇ · u = 0, x ∈ Ω, t > 0,

∇n · ν = ∇v · ν = ∇w · ν = 0, u = 0, x ∈ ∂Ω, t > 0,

n(x, 0) = n0(x), v(x, 0) = v0(x), w(x, 0) = w0(x),

u(x, 0) = u0(x) x ∈ Ω,
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where S(x, n, v, w) is a given chemotactic sensitivity function and satisfies

|S(x, n, v, w)| 6 CS(1 + n)−α.

The author obtained the boundedness of the classical solution of system (1.5) in two-

dimensional setting in [28] while α > 0. More recently, Wang-Yang in [21] improved

the result of [28], they proved that when N = 2, only if α > 0, system (1.5) possesses

global bounded classical solution. When N = 3, the bounded solution of (1.5) can

be obtained under the condition that α > 1
9 .

Main result. Inspired by the above works, we pay our attention to the global

existence and long-time behavior of the classical solution to the Keller-Segel-Navier-

Stokes system

(1.6)






nt + u · ∇n = ∆n−∇ · (n∇v), x ∈ Ω, t > 0,

vt + u · ∇v = ∆v − v + w, x ∈ Ω, t > 0,

wt + u · ∇w = ∆w − w + n, x ∈ Ω, t > 0,

ut + (u · ∇)u = ∆u+∇P + n∇φ, ∇ · u = 0, x ∈ Ω, t > 0,

∇n · ν = ∇v · ν = ∇w · ν = 0, u = 0, x ∈ ∂Ω, t > 0,

n(x, 0) = n0(x), v(x, 0) = v0(x), w(x, 0) = w0(x),

u(x, 0) = u0(x) x ∈ Ω,

in a bounded domain Ω ⊂ R
N with N ∈ {2, 3}. Before our proof, some hypotheses

will be essential. Suppose that φ ∈ C1+δ(Ω) with δ ∈ (0, 1) and the initial data n0,

v0, w0, u0 satisfy

(1.7)






n0 ∈ C0(Ω), n0 > 0 and n0 6≡ 0 on Ω,

v0, w0 ∈ W 1,∞(Ω), v0, w0 > 0,

u0 ∈ D(Aβ) for some β ∈
(N
4
, 1
)
,

where A denotes the realization of the Stokes operator in L2(Ω;RN ), defined

on its domain D(A) := W 2,2(Ω;RN ) ∩ W 1,2
0 (Ω;RN ) ∩ L2

σ(Ω) with L2
σ(Ω) :=

{ϕ ∈ L2(Ω;RN ) : ∇ · ϕ = 0}. Denote the first nonzero eigenvalue of −∆ in Ω

under Neumann boundary condition by λ1, and by λ
′
1 the first eigenvalue of Stokes

operator with homogeneous Dirichlet boundary data. Under these assumptions,

we construct decay estimates of the classical solutions of (1.6). Our main result is

presented as the following theorem:
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Theorem 1.1. Suppose that N ∈ {2, 3}, β ∈ (14N, 1), φ ∈ C1+δ(Ω) with

δ ∈ (0, 1). Then for any α1 ∈ (0, λ1), α2 ∈ (0,min{α1, λ
′
1}) there exists ε > 0 such

that if initial data (1.7) satisfy

(1.8) ‖n0‖LN/2(Ω) + ‖∇v0‖LN (Ω) + ‖∇w0‖LN(Ω) + ‖u0‖LN(Ω) 6 ε,

system (1.6) possesses a global classical solution (n, v, w,u, P ), which enjoys the

regularities

(1.9)






n ∈ C0(Ω× [0,∞))
⋂
C2,1(Ω× (0,∞)),

v ∈
⋂

p>N

C0([0,∞);W 1,p(Ω))
⋂

C2,1(Ω× (0,∞)),

w ∈
⋂

q>N

C0([0,∞);W 1,q(Ω))
⋂

C2,1(Ω× (0,∞)),

u ∈ C0([0,∞);D(Aβ))
⋂

C2,1(Ω× [0,∞);RN),

P ∈ C1,0(Ω× (0,∞)).

Moreover, for some C > 0 and all t > 0, this solution has the property that

‖n(·, t)− n̄0‖L∞(Ω) 6 Ce−α1t, ‖v(·, t)− n̄0‖W 1,∞(Ω) 6 Ce−α1t,(1.10)

‖w(·, t)− n̄0‖W 1,∞(Ω) 6 Ce−α1t, ‖u(·, t)‖L∞(Ω) 6 Ce−α2t,

where n̄0 := (1/|Ω|)
∫
Ω n0(x) dx.

2. Estimates under the smallness assumption for ‖n0‖Lq0(Ω)

where
1
2N < q0 < N

In this section, we obtain some results based on the following smallness hypothesis:

(2.1) ‖n0‖Lq0(Ω) + ‖∇v0‖LN (Ω) + ‖∇w0‖LN(Ω) + ‖u0‖LN(Ω) 6 ε0

for any q0 > 1
2N and some ε0 > 0. Our main purpose is to prove that the maximal

existence time Tmax = ∞ firstly, and then to deduce the decay estimates listed

in (1.10) under hypotheses (2.1). Now, we state the following local existence of

classical solutions to (1.6).

Lemma 2.1. Suppose that N ∈ {2, 3}, β ∈ (14N, 1), φ ∈ C1+δ(Ω) with δ ∈ (0, 1)

and the initial data satisfy (1.7). Then:

(1) There exist τ = τ(β, ‖n0‖L∞(Ω), ‖v0‖W 1,∞(Ω), ‖w0‖W 1,∞(Ω), ‖A
β
u0‖L2(Ω)), η =

η(τ) > 0 and a classical solution (n, v, w,u) of (1.6) in (0, τ) such that for all

t ∈ [0, τ ],

‖n(·, t)‖L∞(Ω) + ‖v(·, t)‖W 1,∞(Ω) + ‖w(·, t)‖W 1,∞(Ω) + ‖Aβ
u(·, t)‖L2(Ω) 6 η.

54



(2) The solution (n, v, w,u) of (1.6) can be extended to the maximal existence time

Tmax > 0 with keeping n, v, w positive in Ω × (0, Tmax), and is unique, up to

addition of constants to P . Moreover, if Tmax < ∞, then

‖n(·, t)‖L∞(Ω) + ‖v(·, t)‖W 1,∞(Ω) + ‖w(·, t)‖W 1,∞(Ω) + ‖Aβ
u(·, t)‖L2(Ω) → ∞

as t → Tmax.

P r o o f. This result can be derived by a very similar procedure as that of

Lemma 2.1 in [23], which is based on the contraction mapping principle and stan-

dard regularity theories for the heat equation and the Stokes system. We omit the

details here. �

Lemma 2.2. If the initial data satisfy (1.7), then the classical solution of (1.6)

satisfies∫

Ω

n(·, t) dx =

∫

Ω

n0(x) dx ∀ t ∈ [0, Tmax),(2.2)

∫

Ω

v(·, t) dx 6 max

{∫

Ω

v0(x) dx,

∫

Ω

w0(x) dx,

∫

Ω

n0(x) dx

}
∀ t ∈ [0, Tmax),(2.3)

and

(2.4)

∫

Ω

w(·, t) dx 6 max

{∫

Ω

w0(x) dx,

∫

Ω

n0(x) dx

}
∀ t ∈ [0, Tmax).

P r o o f. Integrating the first equation of (1.6) over Ω, we have
∫

Ω

n(·, t) dx =

∫

Ω

n0(x) dx ∀ t ∈ [0, Tmax) since ∇ · u = 0.

Similarly, integration on the third equation of (1.6) suggests that

d

dt

∫

Ω

w(·, t) dx+

∫

Ω

w(·, t) dx =

∫

Ω

n(·, t) dx =

∫

Ω

n0(x) dx ∀ t ∈ [0, Tmax),

which yields (2.4) by taking the time integral. By the same process, we can ob-

tain (2.3) and complete the proof. �

We give the following lemma and it will be frequently used in the rest of the

chapters.

Lemma 2.3. For m,n < 1, γ, δ > 0 with γ 6= δ there exists C = C(m,n, δ, γ) > 0

such that for all t > 0,
∫ t

0

(1 + (t− s)−m)e−γ(t−s)(1 + s−n)e−δs ds 6 C(1 + tmin{0,1−m−n})e−min{γ,δ}t.

P r o o f. The proof can be found in [22], Lemma 1.2. �
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Fix α1 ∈ (0, λ1) and p0 ∈ (N,Nq0/(N − q0)) with q0 ∈ (N/2, N). Since 1− 1
2 > 0

and 1 − 1
2 −N/(2p0) > − 1

2 , based on Lemma 2.3, there exist l1, l2, l3 > 0 such that

for all t > 0,

∫ t

0

e−(λ1+1)(t−s)(1 + s−1/2)e−α1s ds 6 l1e
−α1t,(2.5)

∫ t

0

(1 + (t− s)−1/2−N/(2p0))e−(λ1+1)(t−s)(1 + s−1+N/(2p0))e−α1s ds(2.6)

6 l2(1 + t−1/2)e−α1t,
∫ t

0

(1 + (t− s)−1/2)e−(λ1+1)(t−s)(1 + s−N/(2q0))e−α1s ds 6 l3(1 + t−1/2)e−α1t.(2.7)

Let α2 ∈ (0,min{α1, λ
′
1}), we can choose µ ∈ (α2, λ

′
1) satisfying α2 < min{α1, µ}.

Due to 1− 1
2 − 1 +N/(2p0) <

1
2 and 1 − 1

2N(q−1
0 − p−1

0 ) > 0, there exist l4, l5 > 0

such that for all t > 0,

∫ t

0

e−µ(t−s)(1 + s−N(q−1

0
−p−1

0
)/2)e−α1s ds 6 l4(1 + t−1/2+N/(2p0))e−α2t,

∫ t

0

(t− s)−1/2e−µ(t−s)(1 + s−1+N/(2p0))e−α2s ds 6 l5(1 + t−1/2+N/(2p0))e−α2t.

Since 1− 1
2 − 1

2N(q−1
0 − p−1

0 ) > 0 and 1
2 +N/(2p0) < 1 for some l6, l7 > 0 we have

∫ t

0

(t− s)−1/2e−µ(t−s)(1 + s−N(q−1

0
−p−1

0
)/2)e−α1s ds 6 l6(1 + t−1/2)e−α2t,

∫ t

0

(t− s)−1/2−N/(2p0)e−µ(t−s)(1 + s−1+N/(2p0))e−α2s ds 6 l7(1 + t−1/2)e−α2t.

We can deduce that 1
2 + 1

2N(p−1
0 − θ−1) < 1 since θ ∈ [p0,∞]. Once more, we make

use of Lemma 2.3, there exist l8, l9 > 0 such that for all t > 0

∫ t

0

(1 + (t− s)−1/2−N(p−1

0
−θ−1)/2)e−λ1(t−s)(1 + s−1/2−N(q−1

0
−p−1

0
)/2)e−α1s ds

6 l8(1 + t−N(q−1

0
−θ−1)/2)e−α1t,

∫ t

0

(1 + (t− s)−1/2−N(p−1

0
−θ−1)/2)e−λ1(t−s)(1 + s−1/2)e−α1s ds

6 l9(1 + t−N(q−1

0
−θ−1)/2)e−α1t.

Now we recall the Lp − Lq estimates for Neumann heat semigroup in bounded do-

mains.
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Lemma 2.4. Let (et∆)t>0 be the Neumann heat semigroup in Ω with λ1 > 0

denoting the first nonzero eigenvalue of −∆ under Neumann boundary condition.

Then there exist K1,K2,K3,K4 > 0 depending only on Ω which have the following

properties:

⊲ If 1 6 q 6 p 6 ∞, then

‖et∆ϕ‖Lp(Ω) 6 K1(1 + t−N(q−1−p−1)/2)e−λ1t‖ϕ‖Lq(Ω), t > 0

for ϕ ∈ Lq(Ω) satisfying
∫
Ω
ϕ = 0.

⊲ If 1 6 q 6 p 6 ∞, then

‖∇et∆ϕ‖Lp(Ω) 6 K2(1 + t−1/2−N(q−1−p−1)/2)e−λ1t‖ϕ‖Lq(Ω), t > 0

for ϕ ∈ Lq(Ω).

⊲ If 2 6 q 6 p 6 ∞, then

‖∇et∆ϕ‖Lp(Ω) 6 K3(1 + t−N(q−1−p−1)/2)e−λ1t‖∇ϕ‖Lq(Ω), t > 0

for ϕ ∈ W 1,q(Ω).

⊲ If 1 < q 6 p < ∞ or 1 < q < p = ∞, then

‖et∆∇ · ϕ‖Lp(Ω) 6 K4(1 + t−1/2−N(q−1−p−1)/2)e−λ1t‖ϕ‖Lq(Ω), t > 0

for ϕ ∈ (Lq(Ω))N .

P r o o f. The proof can be found in [22], Lemma 1.3 and [2], Lemma 2.1. �

The following two lemmas could be found in [3], Lemmas 2.2 and 2.3; here we

omit the detailed proofs.

Lemma 2.5. For p ∈ (1,∞), the Helmholtz projection P defines a bounded linear

operator P : Lp(Ω,RN ) → Lp
σ(Ω), i.e., there exists a constant k1(p) > 0 such that

‖Pw‖Lp(Ω) 6 k1(p)‖w‖Lp(Ω)

for w ∈ Lp(Ω).

Lemma 2.6. Let (etA)t>0 be the analytic semigroup generated by Stokes opera-

tor A on Lp
σ(Ω). For any fixed µ ∈ (0, λ′

1) with λ′
1 := inf Reσ(A) > 0 denoting the

first eigenvalue of A under the homogeneous Dirichlet boundary data, the following

estimates hold:
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⊲ If 1 < p < ∞ and γ > 0, then there exits k2(p, γ) > 0 such that

‖Aγe−tAw‖Lp(Ω) 6 k2(p, γ)t
−γe−µt‖w‖Lp(Ω), t > 0

for w ∈ Lp
σ(Ω).

⊲ If 1 < q 6 p < ∞, then there exits k3(p, q) > 0 such that

‖e−tAw‖Lp(Ω) 6 k3(q, p)t
−N(q−1−p−1)/2e−µt‖w‖Lq(Ω), t > 0

for w ∈ Lq
σ(Ω).

⊲ If 1 < q 6 p < ∞, then there exits k4(p, q) > 0 such that

‖∇e−tAw‖Lp(Ω) 6 k4(q, p)t
−1/2−N(q−1−p−1)/2e−µt‖w‖Lq(Ω), t > 0

for w ∈ Lq
σ(Ω).

⊲ If γ > 0 and 1 < q < p < ∞ with 2γ − N/q > 1 − N/p, then there exits

k5(γ, p, q) > 0 such that

‖w‖W 1,p(Ω) 6 k5(γ, q, p)‖A
γw‖Lq(Ω), t > 0

for w ∈ Dq(A
γ).

Next, we define some constants which will be used in the following lemmas. The

constants li > 0 (i = 1, . . . , 9) are introduced after Lemma 2.3. The inequalities

Kj > 0 (j = 1, . . . , 4) come from Lemma 2.4, kr (r = 1, . . . , 5) > 0 are constants in

Lemmas 2.5 and 2.6. With these constants, we have the following lemma.

Lemma 2.7. For any p0 ∈ (N,Nq0/(N − q0)) with q0 ∈ (12N,N), there exist

positive constants C1, C2, C3, C4 such that

C1 >
2K3 + 2K3C2l1
1− 6K2C3l2ε0

,(2.8)

C2 >
2K3 + 2K2(1 + 2K1)l3

1− 6K2C3l2ε0
,(2.9)

C3 >
2k3(p0, N) + 2k3(p0, p0)k1(p0)(1 + 2K1)‖∇φ‖L∞(Ω)l4

1− 6k3(Υ, p0)k1(Υ)C4l5ε0
,

C4 >
2k4(N,N) + 2k4(N,N)k1(N)(1 + 2K1)‖∇φ‖L∞(Ω)l6

1− 6k4(Υ, N)k1(Υ)C3l7ε0
,

(3K4(1 + 2K1)C1l8 +K4C1|Ω|
p−1

0
−q−1

0 l9 + 3K4(1 + 2K1)C3l8)ε0 6
1

2
,(2.10)

where Υ = Np0/(N + p0),

(2.11) ε0 := min
{ 1

12K2C3l2
,

1

12k3(Υ, p0)k1(Υ)C4l5
,

1

12k4(Υ, N)k1(Υ)C3l7
,

1

6K4(1 + 2K1)C1l8 + 2K4C1|Ω|p
−1

0
−q−1

0 l9 + 6K4(1 + 2K1)C3l8

}
.
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P r o o f. Fix

C1 = 4K3 + 16K2
3 l1 + 16K2K3(1 + 2K1)l3l1,(2.12)

C2 = 4K3 + 4K2(1 + 2K1)l3,(2.13)

C3 = 4k3(p0, N) + 4k3(p0, p0)k1(p0)(1 + 2K1)‖∇φ‖L∞(Ω)l4,

C4 = 4k4(N,N) + 4k4(N,N)k1(N)(1 + 2K1)‖∇φ‖L∞(Ω)l6.(2.14)

We give the proof for (2.8) and (2.9). Using simple calculation with (2.12), (2.13)

and (2.11), we can obtain that

2K3 + 2K3C2l1
1− 6K2C3l2ε0

6
2K3 + 8K2

3 l1 + 8K2K3(1 + 2K1)l3l1
1− 6K2C3l2/(12K2C3l2)

6 4K3 + 16K2
3 l1 + 16K2K3(1 + 2K1)l3l1 = C1

and
2K3 + 2K2(1 + 2K1)l3

1− 6K2C3l2ε0
=

C2

2− 12K2C3l2ε0

6
C2

2− 12K2C3l2/(12K2C3l2)
= C2.

By the same procedure, we can deduce that

2k3(p0, N) + 2k3(p0, p0)k1(p0)(1 + 2K1)‖∇φ‖L∞(Ω)l4

1− 6k3(Υ, p0)k1(Υ)C4l5ε0

6
2k3(p0, N) + 2k3(p0, p0)k1(p0)(1 + 2K1)‖∇φ‖L∞(Ω)l4

1− 6k3(Υ, p0)k1(Υ)C4l5/(12k3(Υ, p0)k1(Υ)C4l5)
= C3

and
2k4(N,N) + 2k4(N,N)k1(N)(1 + 2K1)‖∇φ‖L∞(Ω)l6

1− 6k4(Υ, N)k1(Υ)C3l7ε0

6
2k4(N,N) + 2k4(N,N)k1(N)(1 + 2K1)‖∇φ‖L∞(Ω)l6

1− 6k4(Υ, N)k1(Υ)C3l7/(12k4(Υ, N)k1(Υ)C3l7)
= C4.

Thus, we conclude the lemma. �

Lemma 2.1 asserts that there is a classical solution to (1.6), which is defined on

an interval [0, Tmax). In order to prove Tmax = ∞, we need the following definition.

Definition 2.8. Assume that N ∈ {2, 3}, φ ∈ C1+δ(Ω) with δ ∈ (0, 1). Let α1 ∈

(0, λ1), α2 ∈ (0,min{α1, λ
′
1}), p0 ∈ (N,Nq0/(N − q0)) with q0 ∈ (12N,N) and Ci
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(i = 1, 2, 3, 4), ε0 > 0 are taken from Lemma 2.7. By use of these constants, we define

(2.15) T := sup{T̃ ∈ (0, Tmax) :

‖n(·, t)− et∆n0‖Lθ(Ω) 6 ε0(1 + t−N(q−1

0
−θ−1)/2)e−α1t ∀ θ ∈ [p0,∞],

‖∇v(·, t)‖L∞(Ω) 6 C1ε0(1 + t−1/2)e−α1t,

‖∇w(·, t)‖L∞(Ω) 6 C2ε0(1 + t−1/2)e−α1t,

‖u(·, t)‖Lp0(Ω) 6 C3ε0(1 + t−1/2+N/2p0)e−α2t,

‖∇u(·, t)‖LN (Ω) 6 C4ε0(1 + t−1/2)e−α2t ∀ t ∈ [0, T̃ ).}

Next, with the help of Lemma 2.7 and Definition 2.8, we will re-examine the

decay properties showed in (2.15) to confirm T = Tmax = ∞ by the following Lem-

mas 2.9–2.11. Since some of the following estimates have been proved in [27], Lem-

mas 3.3–3.6, we will omit their proofs.

Lemma 2.9. Under the conditions of Definition 2.8 and (2.1), the estimates

‖n(·, t)− n̄0‖Lθ(Ω) 6 (1 + 2K1)ε0(1 + t−N(q−1

0
−θ−1)/2)e−α1t ∀ θ ∈ [p0,∞],(2.16)

‖∇w(·, t)‖L∞(Ω) 6
C2

2
ε0(1 + t−1/2)e−α1t,(2.17)

‖u(·, t)‖Lp0(Ω) 6
C3

2
ε0(1 + t−1/2+N/(2p0))e−α2t,(2.18)

‖∇u(·, t)‖LN(Ω) 6
C4

2
ε0(1 + t−1/2)e−α2t,(2.19)

hold for all t ∈ (0, T ), where T is defined as in Definition 2.8.

P r o o f. The proof can be found in [27], Lemmas 3.3–3.6. The verification

of (2.17) used the fact that the equation satisfied by w in our present case is the

same as that of c in the model of [27]. �

Now we give the proof of the estimate of ‖∇v(·, t)‖L∞(Ω) in Lemma 2.10.

Lemma 2.10. Under the conditions of Definition 2.8 and (2.1), the estimate

(2.20) ‖∇v(·, t)‖L∞(Ω) 6
C1

2
ε0(1 + t−1/2)e−α1t

holds for all t ∈ (0, T ), where T is defined as in Definition 2.8.

P r o o f. According to (1.6)2 we have the following representation formula for all

t ∈ (0, T ),

v(·, t) = et(∆−1)v0 +

∫ t

0

e(t−s)(∆−1)(w − u · ∇v)(·, s) ds.
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Applying Lemma 2.4, we have K2,K3 > 0 such that

(2.21) ‖∇v(·, t)‖L∞(Ω) 6 K3(1 + t−1/2)e−(λ1+1)t‖∇v0‖LN(Ω)

+

∫ t

0

‖∇e(t−s)(∆−1)w(·, s)‖L∞(Ω) ds

+

∫ t

0

‖∇e(t−s)(∆−1)
u(·, s) · ∇v(·, s)‖L∞(Ω) ds

=: K3(1 + t−1/2)e−(λ1+1)t‖∇v0‖LN(Ω) + I1 + I2, t ∈ (0, T ).

Next we focus on estimating I1, I2. According to (2.15)3 and (2.5) and Lemma 2.4,

(2.22) I1 6

∫ t

0

K3e
−(λ1+1)(t−s)‖∇w(·, s)‖L∞(Ω) ds

6

∫ t

0

K3C2ε0e
−(λ1+1)(t−s)(1 + s−1/2)e−α1s ds

6 K3C2l1ε0e
−α1t, t ∈ (0, T ).

At this point, using (2.15)2,4 (2.6), Lemma 2.4 and Hölder’s inequality, we derive

that

(2.23)

I2 6

∫ t

0

K2(1 + (t− s)−1/2−N/2p0)e−(λ1+1)(t−s)‖u(·, s) · ∇v(·, s)‖Lp0(Ω) ds

6

∫ t

0

K2(1 + (t− s)−1/2−N/2p0)e−(λ1+1)(t−s)‖u(·, s)‖Lp0(Ω) · ‖∇v(·, s)‖L∞(Ω) ds

6

∫ t

0

K2(1 + (t− s)−1/2−N/2p0)e−(λ1+1)(t−s)C1C3(1 + s−1/2+N/(2p0))

× (1 + s−1/2)e−(α1+α2)sε20 ds

6 3K2C1C3ε
2
0

∫ t

0

(1 + (t− s)−1/2−N/2p0)e−(λ1+1)(t−s)(1 + s−1+N/2p0)e−α1s ds

6 3K2C1C3l2(1 + t−1/2)e−α1tε20, t ∈ (0, T ).

Collecting (2.21)–(2.23) and (2.1), we obtain

‖∇v(·, t)‖L∞(Ω) 6 (K3 +K3C2l1 + 3K2C1C3l2ε0)(1 + t−1/2)e−α1tε0

6
C1

2
ε0(1 + t−1/2)e−α1t ∀ t ∈ (0, T ).

�

With lemmas above in hand, we can furthermore obtain the following estimates

for n and u from [27], Lemma 3.7 and [3], Lemma 4.9.
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Lemma 2.11. Under the conditions of Definition 2.8 and (2.1), β ∈ (14N, 1), the

estimates

‖n(·, t)− et∆n0‖Lθ(Ω) 6
ε0
2
(1 + t−N(q−1

0
−θ−1)/2)e−α1t ∀ θ ∈ [p0,∞],(2.24)

‖Aβ
u(·, t)‖L2(Ω) 6 C5e

−α2t(2.25)

hold for all t ∈ (0, T ), where T is defined as in Definition 2.8 and C5 = C5(β, ε0) > 0.

Next, we prove T = Tmax = ∞ using the lemmas we have obtained above to state

that the classical solution of (1.6) is global.

Lemma 2.12. Under the conditions of Definition 2.8 and the smallness hypoth-

esis (2.1) of initial data, the solution of (1.6) exists globally in time with the decay

properties listed in (1.10).

P r o o f. Firstly, we prove T = Tmax = ∞. If Tmax > T , according to (2.18)–(2.20)

and (2.24) we have

‖n(·, T )− et∆n0‖Lθ(Ω) 6
ε0
2
(1 + T−N(q−1

0
−θ−1)/2)e−α1T ∀ θ ∈ [p0,∞],

‖∇v(·, T )‖L∞(Ω) 6
C1

2
ε0(1 + T−1/2)e−α1T ,

‖∇w(·, T )‖L∞(Ω) 6
C2

2
ε0(1 + T−1/2)e−α1T ,

‖u(·, T )‖Lp0(Ω) 6
C3

2
ε0(1 + T−1/2+N/2p0)e−α2T ,

‖∇u(·, T )‖LN(Ω) 6
C4

2
ε0(1 + T−1/2)e−α2T

due to the fact that solutions of (1.6) continuously depend on t. This contradicts

the definition of T , see Definition 2.8.

If Tmax = T < ∞, from Lemma 2.1 and (2.25) we know that

(2.26) ‖n(·, t)‖L∞(Ω) + ‖v(·, t)‖W 1,∞(Ω) + ‖w(·, t)‖W 1,∞(Ω) → ∞ as t → Tmax.

Since ‖n(·, t)‖L∞(Ω), ‖∇v(·, t)‖L∞(Ω) and ‖∇w(·, t)‖L∞(Ω) are finite for t ∈ (0, Tmax)

due to (2.15)1,2,3, we can derive the following estimates for ‖v(·, t)‖L∞(Ω) and

‖w(·, t)‖L∞(Ω) by use of Poincaré’s inequality and Lemma 2.2. Namely, there exist

some Cvp, Cwp > 0 such that for all t ∈ (0, T ),

∥∥∥∥w(·, t) −
1

|Ω|

∫

Ω

w0(x) dx

∥∥∥∥
L∞(Ω)

6 Cwp‖∇w(·, t)‖L∞(Ω),

∥∥∥∥v(·, t)−
1

|Ω|

∫

Ω

v0(x) dx

∥∥∥∥
L∞(Ω)

6 Cvp‖∇v(·, t)‖L∞(Ω).
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Hence, for some positive constants

Cw :=
max{

∫
Ω
w0,

∫
Ω
n0}

|Ω|
, Cv :=

max{
∫
Ω
v0,

∫
Ω
w0,

∫
Ω
n0}

|Ω|
,

for all t ∈ (0, T ) we have

‖w(·, t)‖L∞(Ω) 6 Cwp‖∇w(·, t)‖L∞(Ω) + Cw,(2.27)

‖v(·, t)‖L∞(Ω) 6 Cvp‖∇v(·, t)‖L∞(Ω) + Cv.(2.28)

Combining (2.27), (2.28) with the finiteness of ‖∇v(·, t)‖L∞(Ω) and ‖∇w(·, t)‖L∞(Ω),

we can finally confirm the finiteness of ‖v(·, t)‖W 1,∞(Ω) and ‖w(·, t)‖W 1,∞(Ω). This

contradicts (2.26). Therefore, Tmax = T = ∞.

Now, we give the proof of the decaying properties listed in (1.10).

From (2.25) and embedding property with D(Aβ) →֒ L∞(Ω), β ∈ (N/4, 1), there

exists C6 > 0 such that

‖u(·, t)‖L∞(Ω) 6 ‖Aβ
u(·, t)‖L2(Ω) 6 C6e

−α2t, t > 0.

As for the estimates for n, v and w, we consider them in two time intervals: (0, t1)

and [t1,∞), where t1 ∈ (0, τ ]. Firstly we focus on (0, t1). Lemma 2.1 guarantees

that ‖n(·, t)‖L∞(Ω) + ‖v(·, t)‖W 1,∞(Ω) + ‖w(·, t)‖W 1,∞(Ω) 6 η, hence by Minkowski’s

inequality for all t ∈ (0, t1) we have

(2.29) ‖n(·, t)− n̄0‖L∞(Ω) 6 ‖n(·, t)‖L∞(Ω) + ‖n̄0‖L∞(Ω) 6 (η + n̄0)e
α1t1e−α1t.

Similarly, we can obtain

‖v(·, t)− n̄0‖W 1,∞(Ω) 6 ‖v(·, t)‖W 1,∞(Ω) + ‖n̄0‖L∞(Ω) 6 (η + n̄0)e
α1t1e−α1t,(2.30)

‖w(·, t)− n̄0‖W 1,∞(Ω) 6 ‖w(·, t)‖W 1,∞(Ω) + ‖n̄0‖L∞(Ω) 6 (η + n̄0)e
α1t1e−α1t(2.31)

for all t ∈ (0, t1).

Secondly, we consider t > t1. According to (2.16), we can deduce that

(2.32) ‖n(·, t)− n̄0‖L∞(Ω) 6 (1 + 2K1)ε0(1 + t−N/2q0)e−α1t

6 (1 + 2K1)ε0(1 + t
−N/2q0
1 )e−α1t

for all t > t1.

From (2.29) and (2.32) we can conclude that for all t > 0, ‖n(·, t) − n̄0‖L∞(Ω) 6

C7e
−α1t, where C7 := max{(η + n̄0)e

α1t1 , (1 + 2K1)ε0(1 + t
−N/2q0
1 )}.
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Now we estimate the stabilization of w(·, t). Since

w(·, t) − n̄0 = et(∆−1)w0 +

∫ t

0

e(t−s)(∆−1)(n(·, s)− n̄0) ds

+

∫ t

0

e(t−s)(∆−1)
u(·, s) · ∇w(·, s) ds− e−tn̄0

6 et(∆−1)w0 +

∫ t

0

e(t−s)(∆−1)(n(·, s)− n̄0) ds

+

∫ t

0

e(t−s)(∆−1)
u(·, s) · ∇w(·, s) ds

hold for all t > 0. Applying (2.17), Lemmas 2.4 and 2.3, we can find C8 > 0 such that

(2.33) ‖w(·, t)− n̄0‖L∞(Ω)

6 ‖et(∆−1)w0‖L∞(Ω) +

∫ t

0

‖e(t−s)(∆−1)(n(·, s)− n̄0)‖L∞(Ω) ds

+

∫ t

0

‖e(t−s)(∆−1)
u(·, s) · ∇w(·, s)‖L∞(Ω) ds

6 2K1e
−(λ1+1)t‖w0‖L∞(Ω)

+

∫ t

0

K1(1 + 2K1)ε0e
−(λ1+1)(t−s)(1 + s−N/(2q0))e−α1s ds

+

∫ t

0

e−(λ1+1)(t−s)C6e
−α2sC2ε0(1 + s−1/2)e−α1s ds

6 C8e
−α1t, t > t1.

According to ∇e(t−s)(∆−1)n̄0 = 0, there exists C9 > 0 such that

(2.34)

‖∇(w(·, t) − n̄0)‖L∞(Ω)

6 ‖∇et(∆−1)w0‖L∞(Ω) +

∫ t

0

‖∇e(t−s)(∆−1)(n(·, s)− n̄0)‖L∞(Ω) ds

+

∫ t

0

‖∇e(t−s)(∆−1)
u(·, s) · ∇w(·, s)‖L∞(Ω) ds

6 K2(1 + t0
−1/2)e−(λ1+1)t‖w0‖L∞(Ω)

+K2(1 + 2K1)ε0

∫ t

0

(1 + (t− s)−1/2)e−(λ1+1)(t−s)(1 + s−N/(2q0))e−α1s ds

+K2

∫ t

0

(1 + (t− s)−1/2)e−(λ1+1)(t−s)C6e
−α2sC2ε0(1 + s−1/2)e−α1s ds

6 C9e
−α1t, t > t1.
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Collecting (2.31), (2.33) and (2.34) we can find C10 > 0 such that for all t > 0,

‖w(·, t)− n̄0‖W 1,∞(Ω) 6 C10e
−α1t.

As for the estimates for v, according to the smooth properties of the Neumann heat

semigroup with (2.33), (2.18) and Lemma 2.10, there exists constant C11 > 0 such

that

(2.35)

‖v(·, t)− n̄0‖L∞(Ω)

6 ‖et(∆−1)v0‖L∞(Ω) +

∫ t

0

‖e(t−s)(∆−1)(w(·, s) − n̄0)‖L∞(Ω) ds

+

∫ t

0

‖e(t−s)(∆−1)
u(·, s) · ∇v(·, s)‖L∞(Ω) ds

6 2K1e
−(λ1+1)t‖v0‖L∞(Ω) +

∫ t

0

2C10K1e
−(λ1+1)(t−s)e−α1s ds

+K2

∫ t

0

(1 + (t− s)−1/2)e−(λ1+1)(t−s)C6e
−α2sC1ε0(1 + s−1/2)e−α1s ds

6 C11e
−α1t, t > t1.

Following similar procedure as (2.33)–(2.34), one can find C12 > 0 such that

(2.36) ‖v(·, t)− n̄0‖W 1,∞(Ω) 6 C12e
−α1t ∀ t > t1.

Due to the fact that (2.30), (2.35) and (2.36) hold, we can finally complete the

proof. �

3. Proof of Theorem 1.1

In this section, we improve the smallness assumption about initial data in (2.1).

Namely, under the condition that

(3.1) ‖n0‖LN/2(Ω) + ‖∇v0‖LN (Ω) + ‖∇w0‖LN(Ω) + ‖u0‖LN(Ω) 6 ε̃0

for some ε̃0 > 0, we will establish the final decay estimates in Theorem 1.1. Another

definition will be needed.

Definition 3.1. Assume that N ∈ {2, 3}, φ ∈ C1+δ(Ω) with δ ∈ (0, 1). Let

α1 ∈ (0, λ1), α2 ∈ (0,min{α1, λ
′
1}), p̃0 ∈ (2q̃0, Nq̃0/(N − q̃0)) with q̃0 ∈ (N/2, N).
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We define

(3.2) T := sup{T̃ ∈ (0, Tmax) :

‖n(·, t)− et∆n0‖Lθ(Ω) 6 ε̃0(1 + t−1+N/2θ)e−α1t, θ ∈ [q̃0, p̃0],

‖∇v(·, t)‖L∞(Ω) 6 C̃1ε̃0(1 + t−1/2)e−α1t,

‖∇w(·, t)‖L∞(Ω) 6 C̃2ε̃0(1 + t−1/2)e−α1t,

‖u(·, t)‖Lp̃0(Ω) 6 C̃3ε̃0(1 + t−1/2+N/2p̃0)e−α2t,

‖∇u(·, t)‖LN(Ω) 6 C̃4ε̃0(1 + t−1/2)e−α2t ∀ t ∈ [0, T̃ )}

with ε̃0, C̃1, C̃2, C̃3, C̃4 > 0 satisfying

C̃1 > 4K3 + 4K3C̃2 l̃1,

C̃2 > 4K3 + 4K2(1 + 2K1)l̃3,

C̃3 > 4k3(p̃0, N) + 4k3(p̃0, p̃0)k1(p̃0)(1 + 2K1)‖∇φ‖L∞(Ω) l̃4,

C̃4 > 2k4(N,N) + 2k4(N,N)k1(N)|Ω|(p̃0−N)/(p̃0N)(1 + 2K1)‖∇φ‖L∞(Ω) l̃6,

ε̃0 6 min
{ 1

12K2C̃3 l̃2
,

1

12k3(Υ̃, p̃0)k1(Υ̃)C̃4 l̃5
,

1

12k4(Υ̃, N)k1(Υ̃)C̃3 l̃7
,

1

6K4(1 + 2K1)C̃1 l̃8 + 2K4C̃1|Ω|1/q̃0−2/N l̃9 + 6K4(1 + 2K1)C̃3 l̃8

}
,

where Υ̃ = Np̃0/(N + p̃0).

The quantities l̃1, l̃2 and l̃4, l̃5, l̃6, l̃7 are analogous to l1, l2 and l4, l5, l6, l7,

respectively, which arise in Lemma 2.7 with p0, q0 replaced by p̃0, q̃0. The quantities

l̃3, l̃8, l̃9 are constants which appear in the inequalities

∫ t

0

(1 + (t− s)−1/2−N/2p̃0)e−λ1(t−s)(1 + s−1+N/2p̃0)e−α1s ds

6 l̃3(1 + t−1/2)e−α1t,
∫ t

0

(1 + (t− s)−1/2−N/2(N/q̃0−1/θ))e−λ1(t−s)(1 + s−3/2+N/2q̃0)e−α1s ds

6 l̃8(1 + t−1+N/2θ)e−α1t,
∫ t

0

(1 + (t− s)−1/2−N/2(N/q̃0−1/θ))e−λ1(t−s)(1 + s−1/2)e−α1s ds

6 l̃9(1 + t−1+N/2θ)e−α1t,

by Lemma 2.3 since 1
2 +N/(2p̃0) < 1, 32 −N/(2q̃0) < 1 and 1

2 +
1
2N(N/q̃0+1/θ) < 1.

It is also necessary to re-check the decay estimates in (3.2) to show that T =

Tmax = ∞. Similarly to Lemma 2.9, we can obtain some further conclusions by the

same methods. We state them in the following lemma.
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Lemma 3.2. Under the conditions of Definition 3.1 and (3.1), the estimates

‖n(·, t)− n̄0‖Lθ(Ω) 6 (1 + 2K1)ε̃0(1 + t−1+N/2θ)e−α1t, θ ∈ [q̃0, p̃0],

‖∇w(·, t)‖L∞(Ω) 6
C̃2

2
ε̃0(1 + t−1/2)e−α1t,(3.3)

‖u(·, t)‖Lp̃0(Ω) 6
C̃3

2
ε̃0(1 + t−1/2+N/2p̃0)e−α2t,(3.4)

‖∇u(·, t)‖LN (Ω) 6
C̃4

2
ε̃0(1 + t−1/2)e−α2t(3.5)

hold for all t ∈ (0, T ), where T is defined as in Definition 3.1.

P r o o f. This lemma can be concluded by using the procedures as that in the

proof of [27], Lemmas 3.9–3.12. �

Based on Lemma 3.2, we have the estimate for ∇v in Lemma 3.3. Since the

procedure is analogous to the proof of Lemma 2.10, we omit the details.

Lemma 3.3. Under the conditions of Definition 3.1 and (3.1), the estimate

(3.6) ‖∇v(·, t)‖L∞(Ω) 6
C̃1

2
ε̃0(1 + t−1/2)e−α1t

holds for all t ∈ (0, T ), where T is defined as in Definition 3.1.

Finally, from Lemma 3.2 and (3.6) we have

‖n(·, t)− et∆n0‖Lθ(Ω) 6
ε̃0
2
(1 + t−1+N/2θ)e−α1t, θ ∈ [q̃0, p̃0],(3.7)

‖Aβ
u(·, t)‖L2(Ω) 6 C̃5e

−α2t(3.8)

for all t ∈ (0, T ), where T is defined as in Definition 3.1. More details about the

proof can be found in [27], Lemma 3.13 and [3], Lemma 4.9.

Lemma 3.4. Under the conditions of Definition 2.8 and smallness hypothesis (3.1)

of initial data, system (1.6) admits a global classical solution. Moreover, for all t > 0,

‖n(·, t)− n̄0‖Lθ(Ω) 6 C̃0ε̃0(1 + t−1+N/2θ)e−α1t, θ ∈ [q̃0, p̃0],

‖∇v(·, t)‖L∞(Ω) 6 C̃0ε̃0(1 + t−1/2)e−α1t,

‖∇w(·, t)‖L∞(Ω) 6 C̃0ε̃0(1 + t−1/2)e−α1t,

‖u(·, t)‖L∞(Ω) 6 C0e
−α2t

with C̃0 > 0 independent of ε̃0 and C0 = C0(ε̃0) > 0.
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P r o o f. Firstly, we focus on deducing T = Tmax = ∞. In the case T = Tmax < ∞,

we can derive that ‖n(·, t)‖L∞(Ω) < ∞ if ‖∇v(·, t)‖L∞(Ω) is bounded by applying the

properties of Neumann heat semigroup. In the case Tmax > T , from (3.4)–(3.7), we

know that the definition of T in (3.2) is failed. According to Lemma 2.1 we can

finally conclude T = Tmax = ∞. The equations (3.3)–(3.8) could yield the required

decay estimates in Lemma 3.4. �

Now, we are in the position to prove Theorem 1.1.

P r o o f of Theorem 1.1. Let q0 ∈ [q̃0, N) and choose the

(3.9) ε := min
{
ε̃0,

ε0
2|Ω|1/q0−2/N

}
,

where ε0, ε̃0 are determined in Definitions 2.8 and 3.1, respectively. If

‖n0‖LN/2(Ω) + ‖∇v0‖LN (Ω) + ‖∇w0‖LN(Ω) + ‖u0‖LN(Ω) 6 ε,

from Lemma 3.4 we can obtain that for all t > 0,

‖n(·, t)− n̄0‖Lq0(Ω) 6 C̃0ε̃0(1 + t−1+N/2q0)e−α1t,

‖∇v(·, t)‖L∞(Ω) 6 C̃0ε̃0(1 + t−1/2)e−α1t,

‖∇w(·, t)‖L∞(Ω) 6 C̃0ε̃0(1 + t−1/2)e−α1t, ‖u(·, t)‖L∞(Ω) 6 C0e
−α2t.

In order to use Lemma 2.12, we obtain the following estimates by using the above

inequalities.

‖n(·, t)‖Lq0(Ω) 6 ‖n(·, t)− n̄0‖Lq0(Ω) + ‖n̄0‖Lq0(Ω)

6 C̃0ε̃0(1 + t−1+N/2q0)e−α1t + ε|Ω|1/q0−2/N ,

‖∇v(·, t)‖LN (Ω) 6 |Ω|1/N‖∇v(·, t)‖L∞(Ω) 6 |Ω|1/N C̃0ε̃0(1 + t−1/2)e−α1t,

‖∇w(·, t)‖LN (Ω) 6 |Ω|1/N‖∇w(·, t)‖L∞(Ω) 6 |Ω|1/N C̃0ε̃0(1 + t−1/2)e−α1t,

‖u(·, t)‖LN(Ω) 6 |Ω|1/N‖u(·, t)‖L∞(Ω) 6 |Ω|1/NC0e
−α2t.

Noticing that −1 +N/2q0 < 0 with q0 > q̃0 > 1
2N , we know that there exists t0 > 0

such that

C̃0ε̃0(1 + t0
−1+N/2q0)e−α1t0 6

ε0
2
, |Ω|1/N C̃0ε̃0(1 + t0

−1/2)e−α1t0 6 ε0,

|Ω|1/NC0e
−α2t0 6 ε0.

From (3.9), we know that

(3.10) ε|Ω|1/q0−2/N 6
ε0
2
.

Consequently, (n(x, t0), v(x, t0), w(x, t0), u(x, t0)) satisfies the condition of the initial

data demanded in Lemma 2.12. This proves Theorem 1.1. �
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