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KYBERNETIKA — VOLUME 58 (2022), NUMBER 5, PAGES 760-778

TOLERANCE PROBLEMS FOR GENERALIZED
EIGENVECTORS OF INTERVAL FUZZY MATRICES

MARTIN GAVALEC, HELENA MYSKOVA, JAN PLAVKA AND DANIELA PONCE

Fuzzy algebra is a special type of algebraic structure in which classical addition and mul-
tiplication are replaced by maximum and minimum (denoted @ and ®, respectively). The
eigenproblem is the search for a vector x (an eigenvector) and a constant A (an eigenvalue) such
that A® z = A ® x, where A is a given matrix. This paper investigates a generalization of the
eigenproblem in fuzzy algebra. We solve the equation A®x = A\® BRx with given matrices A, B
and unknown constant A\ and vector x. Generalized eigenvectors have interesting and useful
properties in the various computational tasks with inexact (interval) matrix and vector inputs.
This paper studies the properties of generalized interval eigenvectors of interval matrices. Three
types of generalized interval eigenvectors: strongly tolerable generalized eigenvectors, tolera-
ble generalized eigenvectors and weakly tolerable generalized eigenvectors are proposed and
polynomial procedures for testing the obtained equivalent conditions are presented.

Keywords: interval generalized eigenvector, fuzzy matrix

Classification: 08A72, 90B35, 90C47, 90C15

1. INTRODUCTION

Fuzzy algebra is a triple (Z,®,®), where Z = [O,]] is a linearly ordered set with the
least element O and the greatest element I and 6, ® are binary operations defined as
follows: a ® b = max(a,b) and a ® b = min(a, b).

Given natural numbers m and n, we shall write M = {1, 2, ..., m}and N = {1, 2, ..., n}.
The set of m x n matrices (m x 1 vectors) over Z will be denoted by Z(m,n), (Z(m)).
Similarly to classical linear algebra the operations @, ® can be extended to the matrix-
vector algebra over Z.

For A, B € Z(m,n), define A < B if a;; < b;; holds true for any i € M, j € N.
Both operations in fuzzy algebra are idempotent, so no new numbers are created in the
process of matrix-vector multiplication.

Let L be a subset of Z. Then L® € L is called greatest element of L if for every x € L
the inequality = < L% holds.

A vector z € Z(n) which satisfies A® z = A ® B ® x for some A € Z is called a
generalized eigenvector of the matrices A, B € Z(m,n).
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The matrices in a fuzzy algebra and the investigation of the properties of generalized
eigenvectors are useful for applications in knowledge engineering, scheduling, graph the-
ory and modeling of fuzzy discrete dynamic systems [1} [ @, 10, [IT]. They are helpful
for describing diagnoses of technical devices [21], medical diagnoses [20] or fuzzy logic
programming. In practice, the values of the vector and the matrix inputs can be con-
sidered as values in some intervals rather than exact numbers. The aim of this paper is
to present equivalent conditions for an interval vector to be a generalized eigenvector.
We also provide effective procedures for determining the strong tolerance, tolerance and
weak tolerance of generalized interval eigenvectors.

The following example is a generalization of the example presented in [7] and is one
motivation for studying the generalized eigenproblem.

Example 1.1. Consider a computer network consisting of three servers Sy, Sy and S3,
three backup servers S7, S and 5%, data storage units Dy, Do, D}, D}, and a logical
unit L. The lines A;;, i € {1,2,3},j € {1,2} connect every S; with every D;, and the
lines B;j;, i € {1,2,3},7 € {1,2} connect every S with every D}. Moreover, lines L; and
L’ connect L with every D; and DY, respectively. The security level of each line in the
network is measured by values in the real interval [O, I]. The security of every A;; (data
security) is denoted by a;;, the security of B;; is denoted by b;;, while the securities of
Ly, Ly and LY, LY, (logic securities) are denoted by 21, 29 and y;, ya, respectively. The
maximal security levels uy, us, ug from servers S, Ss, S3 to the logical unit L via D,
and/or Dy are given by

u; = max(min(all,xl),min(alg,xg))
Uy = max(min(agl7 x1), min(ass, xg))
Uz = max(min(a;ﬂ7 x1), min(ass, xg))
and the maximal security levels vy, vg, v3 from servers S7, S5 and S to the logical unit
L via D} and/or D} are given by
v1 = max(min(by1, y1), min(by2, y2))
vy = max(min(bgy, y1 ), min(baa, yg))
v3 = max(min(bs1, y1), min(bsz, y2)) -
The aim of the model is to achieve the synchronization of the security levels of the lines
connecting the data storage units D1, Do with the logical unit L preserved for the lines
connecting the servers Sy, .52, 55 with L and the security levels of the lines connecting
the data storage units D}, D with the logical unit L preserved for the lines connecting
the servers S7, S5, Si with L. Then the maximal security levels uy, us, us must be equal
to another maximal security levels vy, vs,v3. For practical reasons, the reduction to a
fixed level \ is usually used; that is, y; = min(\, 21), y2 = min(A, 22). Then, in max-min
notation we have
(11 ®@21) ® (@12 22) = (011 @A R x1) D (b12 @ A ® x2)
(a21 @ 21) © (a2 ® x2) = (b21 @A R x1) D (bo2 ® A ® 2)
(a31 @x1) @ (az2 @ x2) = (b31 @A R 1) B (b2 @A ® x2) .
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Applying the matrix-vector multiplication, we get

ailr a2 z b1 b2 2
azr ax» | ® ( xl ) =AR® (| b b | ® ( ml )
ass  ass 2 b31  bso 2

and hence

ARr=A@BR®«z. (1)

The vector x and number A satisfying are called the generalized eigenvector and a
generalized eigenvalue of (4, B), respectively.

The paper is organised as follows. Section 2 is devoted to the definitions and basic
properties of the generalized eigenproblem and to conditions for the existence of a gen-
eralized eigenvector. Section 3 gives the definitions of three types of interval generalized
eigenvector. In Sections 4, 5 and 6, the equivalent conditions for a generalized eigenvec-
tor to be strongly tolerable, tolerable or weakly tolerable are presented. Based on the
the conclusions we will obtain the polynomial complexity of procedures which check the
equivalent conditions claimed in Theorem [3.2] Theorem [£.4] and Theorem [5.2}

Note that this paper is related to [I9] which deals with other types of interval general-
ized eigenvector and gives efficient equivalent conditions for checking them. [I7] presents
a polynomial procedure for computing the maximal element of the eigenspace.

A matrix A is strongly robust if its greatest eigenvector can be achieved starting in
any vector. Results on the strong robustness have been introduced in [12 13} 14, [16]
18]. Polynomial procedures for checking the reachability of an eigenspace of A starting
only from the eigenspace of A are described in [I6]. The properties of X-simple image
eigenspace of A are described in [18].

2. GENERALIZED EIGENVECTORS

For given A, B € Z(m,n), the generalized eigenproblem for the pair (A, B) is defined as
the task of finding = € Z(n) (generalized eigenvector) and A € 7 (generalized eigenvalue)
such that is satisfied. The generalized eigenspace of (A, B) with the given generalized
eigenvalue A\ is denoted by

VA, B,AN)={ze€eZ(n); AQx =A@ Bz} (2)

Lemma 2.1. (Plavka and Gazda [19]) Suppose A, B € Z(m,n) are given. Then the
following assertions hold

(i) Any X € T is an eigenvalue of (4, B).

(ii) V(A,B,\) # 0 for any A, B € Z(m,n) and for any A\ € Z.
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Notice that the second assertion trivially holds since zero vector is still a solution of
Az =A® BQ®u.
Denote the greatest element of V (A, B, \) by z®(A, B, \):

2%(A, B, )\) = @ x. (3)

z€V(A,B,\)

It has been shown in [2] that the greatest solution of the max-min linear system A®z =
A ® B ® x (which is equal to the greatest generalized eigenvector % (A, B, \)) exists
for any pair of matrices (A, B) and for any A € Z. The complexity of computing it is
O(mn - min(m,n)).

2.1. Versions of generalized eigenvectors

Analogously to [, [6] 7] 12 13} 15] consider interval matrices A with bounds A, A €
Z(m,n), B with bounds B, B € Z(m,n) and an interval vector with bounds z,T € Z(n)
which are defined as follows

A=A = {AeT(mn) A< A<A},
X=7={zecIn);z<z<T}.

We shall consider the following three versions of generalized eigenvectors.

Definition 2.2. Suppose given A, B C Z(m,n) and X C Z(n). Then X is called

e a strongly tolerable generalized eigenvector of (A, B) if there exist A\ € Z, A€ A
and B € B such that € V(A, B, \) for each z € X

e a tolerable generalized eigenvector of (A, B) if there exist A € 7 and A € A such
that for each = € X there exists B € B such that € V(4, B, \);

o a weakly tolerable generalized eigenvector of (A, B) if there exists A € Z such that
for each z € X there exist A € A and B € B such that x € V(A, B, \).

The investigated types can be interpreted as follows. In general, the interval vector
X is a tolerable eigenvector of (A, B) if there exists eigenvalue A € Z and A € A such
that every vector © € X synchronizes the security levels of the model (see Example
with some matrix B € B (in other words: B tolerates z with eigenvalue A and some
matrix A).

If there are common tolerating matrices A € A, B € B for all vectors z € X, then
the interval vector X is called strongly tolerable. Otherwise, the tolerating matrices A,
B depend on z, then the interval eigenvector X is called weakly tolerable.

Remark 2.3. There are a number of different types of interval eigenvector in the lit-
erature, with different orderings of quantifiers. [19] is the first one to study generalized
eigenvectors. This paper studies three other types of generalized eigenvector; the re-
maining types are not studied here, and they are left as a challenge for further research.
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Suppose given i € M, j € N. Define the matrix A®) € Z(m,n) and vector z(?) € Z(n)
(called generators) by setting

a(ij) - aij, for k= ’i, [ :j x(z) _ T, for k=1
M a;, otherwise ’ k z;, otherwise

forall k€ M,l € N.

Lemma 2.4. (Plavka and Gazda [I9]) Suppose x € Z(n) and A € Z(n,n) are given.
Then

(i) z € X if and only if z = @ B; ® 29 for some values §; € T with z;, <6, <7 ,
iEN

(i) A € Aifand only if A = @ a;; ® AW for some values a;; € Z with
i€M, jEN
;5 < oy < Qg

3. STRONGLY TOLERABLE GENERALIZED EIGENVECTORS

Theorem 3.1. Suppose A, B and X are given. Then X is a strongly tolerable gen-
eralized eigenvector of (A, B) if and only if there are A € Z, A € A and B € B such
that

Aoz® = @Bz for every k € N. (4)

Proof. Suppose that A € Z, A € A and B € B and is fulfilled. Let z € X.
Then by Lemma (i), for each k € N there exists v, € Z such that z;, < vy, < Ty,
=@y 1 @2 and

Aor=Ae (@ mw) _ @ (A5 st

keEN keN

:@ ’)’k@(A@CE(k)) :@’yk®(x\®B®x(k)):)\®B®z,
keN keN

Hence, X is a strongly tolerable generalized eigenvector of (A, B). The converse impli-
cation trivially holds. O

To decide on the existence of A € A and B € B satisfying , foreachie M,j € N
define the vectors C) € Z(mn) and D) € Z(mn) as follows:

A6 @ () Bl & ()
A6 @ () B &

Gl — . Dl =

noree B & )
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Write
G = (CUV,... GOm Gen | Gen Gy
D= (DM, pim pEn  pem . plme)
and consider the fuzzy linear system
Cery=\A0D®z (6)

where A € 7 is fixed, the columns of C € Z(mn,mn) are C'") the columns of D €
Z(mn, mn) are D(9) and the variable vectors y (z) € Z(mn, 1) are built from the variables
Theorem 3.2. Suppose given A, B and X. An interval vector X is a strongly tolerable

generalized eigenvector of (A, B) if and only there exists A € Z such that the system
C®y=A®D® z has a solution (y, z) satisfying inequalities

@i < Yag) < @ijs by < zgg) < bij (7)

for any i € M,j € N.

Proof. Suppose that there are y and z satisfying @ and . Then for the matrices
A eZI(m,n), B €Z(m,n) defined by

A= @ y(ij) ® A(ij), B = @ Z(ij) &® B(ij), (8)
i€EM,jEN i€M,jEN

we obtain A € A and B € B, according to Lemma [2.4](ii).
Therefore, from @, for every fixed k € M we obtain

P (A“'j) ® x(k)) Ryin=r® P (B“j) ® x(k)) ® 2(ij),
i€M,jEN i€M,jeEN

@ Y(ij) ® A(ij) ® l'(k) =AR® @ Z(i5) (39 B(ij) ® :C(k),
i€EM,jeEN i€M,jeEN

Aoz® = @ Bez®.

Hence, according to Theorem X is a strongly tolerable generalized eigenvector of
(A, B).
To prove the converse implication, a strongly tolerable generalized eigenvector X

of (A, B) implies the existence of A € Z, A € [A,A]) and B € [B, B]) such that
A@z® = Xx@ B® 2™ for any k € N. By Lemma ii), there are a;j,3;; € Z,
i € M,j € N such that A= @iGM,jGNaij ®A(ij)7 B = GaiEM,jGNBij ®B(U) and
a;; < ay < @y, by < Bi; < bij. Then y,z € I(mn) satisfy (©) and (7), where
Yeij) = Qij, Z(i5) = Pij for any i € M,j € N. ]

In view of [], the system C®y=A®D® z can be transformed to a system with
the same variables on both sides as follows:
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(é,@@(g):m(o,b)@(g), (9)
where (C,0) € Z(mn,2mn) and (O, D) € Z(mn,2mn) and O is mn X mn matrix with
every entry equal to O.

The efficient algorithm for solvability of the system Rz = A@S®y for R, S € Z(k,1)
with the computational complexity O(kl - min(k, 1)) has been presented in [4]. Taking
into consideration that the dimension of the coefficient matrices (C',0) (O, D) in © is
mn X 2mn, we get the following result.

Theorem 3.3. The complexity of a procedure for checking whether X is a strongly
tolerable generalized eigenvector of (A, B) for |Z| = ¢ is equal to O(¢ - m3n?).

Proof. Using Theorem the computation of C, D in @ requires computing A7) ®
z®) B @ 2®) for all i € M, j, k € N in O(mn) time each. Thus, the computation
of C, D requires O(m?n?) time similarly as computing the remaining data in (8, (7).
Hence, if |Z| = ¢, then the solvability of (9) can be computed in ¢ - O(m3n?) + ¢ -
O(m?*n3)=0(¢ - m3n?) time since each A € T is checked independently. O

4. TOLERABLE GENERALIZED EIGENVECTORS

For given matrices A = (a;;) € A, B = (b;;) € B, a given vector z = (z1,...,2,)7 €
Z(n), i € M and a given value A € Z we shall use the notation

a;(z) = 1}165}\?;(%]‘ ®x;) = [A®z],

i

bi(w) = Tjileé}@((bij ®z;) = Bz

In particular, for A=A and B=B

ai(z) = f]%ag;(% ®z;) = [A® ],

bi(z) = max(bj; ® z;) = [ B® ]

JEN o

Furthermore, define A" = (af;) € Z(m,n) and B* = (b;) € Z(m,n) by putting

;j if a5 Qx4 <A® max(gij (9 .’L‘j)7
o ) 54 (10)
/ A ®max(b;; ® ;)  otherwise,
JEN
Eij if A@Eij@)x]‘ Smax(&ij@)ajj),
JEN

bi; = (11)

max(a;; ® x;) otherwise.
JEN
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Lemma 4.1. Assume z € Z(n) and A € Z. Then A ® z = A® B* ® z.

Proof. Letz € Z(n) and A € T be fixed. We have to show [A® ®x]i =\® [B*®1]
for all i € M. Take fixed i € M and consider two cases.
First, suppose @;(x) < A ® b;(x). Then

@ =@Paen-( P  agez)e( @ o) 12

i’

JEN @i @T; <AQb; () @i ®z; >AQb;i ()
- ( P i ®acj) @( P A @ by () ®mj> (13)
@i @ ; <AQb; (x) @i @15 >A®b; (z)
= @ Eij®xj = @Eij ®5Ej :El(x):A®El(x) (14)
@i ®z; <AQb; () JEN

since {j € N; @;;®@z; > A\®@b;(z)} = 0 (max () = O) and the assumption @;(z) < A®b;(z)
implies a@;(z) < A

We also get
A@bf(x) = e P e, (15)
JEN

:)\®( b b$j®xj>@)\®( b b%@xj) (16)

/\®51J Kz SE,,(:IZ) )\®Ez]®$] >E”L(I)
z( b Aeby ®a:j) ® ()\® P ak ®xj) (17)

A®b;; @z <a;(x) A®b;; @z ;> (x)
— A0 (), (18)

because if {j € N; A®@bi; @ z; > @;(z)} =0, then {j € N; A®b;; ® ; <a@;(z)} =N,
D A®@by @ ;=A@ bi(z) < a(x)
A®b;; @z <a;(x)
and together with the assumption @;(z) < A®b;(z) we get A®b;(x) = a@;(z) = A®@a;(x)
else {j € N; A®b;; ® x; > a;(x)} # 0, so

&P A@bij @x; <a(x) and (\® b ai(z) @ x;) = A@a;(x),
A®bi; @5 <a;(x) A®bi; ©z;>ai(x)

(summing over the set {j € N; A® b;; ® z; > a;(x)} implies x; > @;(z)).
As a consequence we obtain af (z) = A ® b¥ (z).

Second, suppose @;(x) > A ® b;(z). Then

af(x) = @afj ®x; = ( @ a;; ®a:j) @ ( @ a;; ®33j) (19)

JeEN ;@1 <ARDb; () ;@7 >AQb; ()
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=( B wmen)s( B Aeh@oz)=r2b@), (20)
@i Q@ ; <ARb; () Qi QT >ARb; ()
because if {j € N; @;; @ 2; > A®@b;(z)} =0, then {j € N; a;; @ z; < A®@b;(z)} = N,
@ dl-j®xj:@6ij®xj :El(l')SA@Bl(l')
E”(g)xjg)\@E(z) JEN
and together with the assumption @;(x) > A ® b;(z) we get @;(r) = A ® b;(x)
else {j € N; @;; ® x; > A@b;(x)} # 0, so

@ Qjj ®l‘j§)\®gi(l‘) and @ )\®5i(9c)®xj:)\®5¢(x)
@i ®z; <AQb; () @i @5 >A@bs (2)

(summing over the set {j € N; @;; ® x; > A ® b;j(x)} implies z; > A ® b;(z)).
As a consequence we obtain af(z) = A ® b¥ (z).

On the other hand, we get

AR b (z)=Ae @b @, (21)
jEN

:/\®( b bfj®zj>@)\®( T bfj®:z:j) (22)
A®b;; @z <a;(x) A®bi; @z ;>a;(x)

= /\®( b b ®xj> @A@( P aw ®x]-) (23)
/\®E”®$JS51(ZD) )\®E”®IJ>EI(I)

2)\®( @ Bij@)xj):/\®®Bij®l‘j:)\®5i(x), (24)

/\®E”®x]§61(ac) jeN
since {j € N; A®b;; ® x; > a@;(x)} = (). Thus, we have a?(z) = A ® b¥(x). O

Lemma 4.2. For A = [A, A], B = [B,B], * € Z(n) and X € Z, the following implica-
tions hold

(i) A< A, B*<B,
(i) ifAc A, BeBand AQz =A® B®x, then A < A* and B < B*,
(iii) A< A% ifand only if AR 2x < A\® B®x,

(iv) B< B® ifandonly if \@ Bxr < A®z.

Proof. (i) Trivially follows from the definitions of A* and B¥.
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(ii) Let i,j € N and A®x = A®@ B@z. If G; ® z; < A ® bi(x), then we have
aj; = @;j > a;j. If the opposite inequality holds, i.e. @;; ® z; > A ® b;(w), then
CL% = )\®E(x) Z )\®b1(l‘) = @aik X T Z (%% ®£L‘j = Q5
kEN
because @j; @ x; > A @ bi(x) = z; > A @ bi(z) = af;.
If /\®Bi]’ Qr; < Ei(a:), then bfj = Bij > bl] On the other hand, if )\@Eij Kxj > Ei(l‘),
then

keN

because A ® b;; ® x; > @;(z) = A @ x; > a;(x) = bl

(iii) If A < A%, then A®2 < A*®1r = A®B*®2 < A® B ® x, according to
Lemma and (i).

To prove the reverse implication, suppose that A® 2 < A® B®z. Leti € M,j € N
be fixed. If a;; @ x4 < A ®Bl($), then a; < a;; = (lg“j If a;; @ x5 > A ®Bl($)7
then af; = A ® bi(z) and x; > @i; ® x5 > A ® b;i(w). By assumption, we also have

a;; ®x; <A ® b;(x), which is only possible if a;; <A ® bi(x) = aj;. Hence, A< A%,
(iv) If B < B then, according to Lemma and (i), we obtain A @ B® = <

A®B* Rz = A @z < A®x. To prove the converse implication, suppose that

A@B®z < A®wx and that ¢ € M,j € N are fixed. If A® bj; ® z; < a;(x), then

bij < bij = bf_y Ifr A ®Elj ® T; > Ei(:v), then bfj = az(if) and A ® T; > al(x) By
assumption, we also have A®b,; ® z; < @;(x), which is only possible if b;; < @;(x) = b;.
Hence, B < B*.

Theorem 4.3. Suppose given A = [4, 4], B = [B,B] and X = [z,7]. An interval
vector X is a tolerable generalized eigenvector of (A, B) if and only if there exist A € Z
and A € A such that

B

ARBRr<AQrx<A®BQu (25)

is fulfilled for any x € X.

Proof. Suppose that there exist A € Z and A € A such that holds for any = € X.
Put A = [4, 4] = [A, A]. Observe that the following equivalence easily holds:

(ANeB)(FA€c A)(Vr e X)BBeB) \@BRr<A®r<\®BRr s

& (B3 eB)(BAc A)(Vee X)(ABeB) A9 Bz <Az <A@ B®u.
From A\@ Bz < A®z < A®B®x and by Lemma(iii),(iv) we get:

A®Bor<A®r=A®c= B< B,
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A®x§z‘i®x§>\®§®xéﬁéﬁm(:fl)-

By Lemma [£.1] for each z € X the equality A®z = A® B* @« is satisfied, thus we have
proved that

(3 e B)(FA€ A)(Vz e X)(3B=B"€B) AQz=A® B*® .

For the converse implication, suppose that X is a tolerable generalized eigenvector of
(A, B), i.e.,

(3NeB)(FAc A)(Vze X)(3BeB) ARz =AQ@B®uz
which straightforwardly implies
(ANeB)(3A€ A)(Vz € X)3BEB) A@BR2r<A@BRr=A®z<A®B®u.
O
Theorem 4.4. Suppose given A = [A, A], B = [B,B] and X = [z,7]. Then X is a

tolerable generalized eigenvector of (A, B) if and only if there are A € Z and A € A
such that for each ¢ € N the system of inequalities

AoBor) <A < @B (26)

is satisfied.

Proof. Suppose that holds and z is an arbitrary vector of X. By Lemma
x can be written as a max-min linear combination of (¥, i.e. 2 = @ B; ® (¥, where

iEN
each f; € 7 and z; < B; <Z;. Then we have

AeBer= eBao@@pses =PsereBes? (27)

iEN ieN
<Psodcs)=AcPpos?) =Axu. (28)

ieEN ieN

Similarly, we can prove A® z < A® B ® .

The converse assertion follows trivially. O

Note that Theorem [{.4] transforms the task of recognizing whether a given interval
vector is tolerable generalized eigenvector to the solvability problem of . Further
reduction can be done using the following basic result from [21].

Suppose given A € Z(m,n) and b € Z(m). Consider the system of inequalities of the
form

A®x<b. (29)
Define a principal solution & (A, b) of as follows:
LCj(A, b) = ?g%}{bl Dai > bl}7 (30)

where min ) = I.
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Lemma 4.5. (Zimmermann [2I]) Suppose given A € Z(m,n) and b € Z(m). Then the
following assertions hold:

(i) if A®x < b for some x € Z(n), then x < (A, b);
(ii) A® (A, b) <b.

Theorem 4.6. Suppose given C,D € Z(m,n) and e, f € Z(m). Then the system of
inequalities

C®z<e, (31)
Dz>f (32)

is solvable if and only if
D®z(Cye) > f. (33)

Proof. («) According to Lemma (ii), £(C,e) satisfies (BI)). If is fulfilled,
then Z(C, e) satisfies . Hence, the system , is solvable.

(=) Suppose that the system (31)), has a solution y. Since y < &(C, e), according
to Lemma (i) and according to the monotonicity of ® we obtain

D®i(Ce)>D®y> f,
therefore is fulfilled. O

Observe that checking the solvability of the system , needs O(mn) arithmetic
operations.

We can check the conditions of Theorem [4.4]in practice using the last theorem. The
inequalities can be joined into two systems according to Theorem as follows:

(VkeN) @ AW e:® < xeBes®),
i€M,jEN
Qi < A
(VkeN) @ ;AW e:® > xeBes®),
i€eM,jEN
Qi > Qs
and «a;; € 1.
Suppose given A, B C Z(m,n) and X C Z(n). Define the block matrix C €
Z(2mn, mn), vectors e, f € Z(2mn) and « € Z(mn) as follows:

A o) A0 g () AR (1) AGmn) g ()
A @ 2@ AN @ 2(2) ACH g 22 Almn) g 2(2)
oo A0D ® 2 AN g () AR g () Almn) g p(n)
- I o) o) o) . o) ’
10) I o) o) . o)
10) o) o) o) . I
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A® Bz A® Bz
A® B®z® A® B®z®
A® B® z(™ A® B® (™
a1 aqq
c= =
al'rL a1,
asy Qoq
Qmn Qrm
and o = (au,...,aln,agl,...,agn,...,aml,...,amn)T.

Theorem 4.7. Suppose given A, B, X and A\. Then X is a tolerable generalized eigen-
vector of (A, B) if and only if the system of inequalities C®«a < e, C®a > f is solvable.

Proof. Using Theorem [£.4 and Theorem [£.6] the assertion follows. O

Theorem 4.8. Suppose given A, B C Z(m,n), X C Z(n) and A € Z. There is an
O(m?n?) procedure for checking whether X is a tolerable generalized eigenvector of
(A, B).

Proof. Checking whether X is a tolerable generalized eigenvector of (A, B) is equiv-
alent to determining the solvability of for some A € Z. Computing the products
AW @z®) Box® Boz® needs O(mn) elementary operations for each i € M and
for each j, k € N. The solvability of the system C®a < e, C®«a > f can be determined
in O(2mn - mn) time according to and . Thus, determining the solvability of
[26)) needs mn20(mn) + O(2mn - mn) = O(m?n3) time for a given \ € Z. O

Note that to check for all A € Z for |Z| = £ needs £ - O(m?n?) time.

5. WEAKLY TOLERABLE GENERALIZED EIGENVECTORS

We will now present the main properties of weakly tolerable generalized eigenvectors
and a polynomially recognizable characterization for them.

Theorem 5.1. Suppose given A = [A, A], B = [B,B] and X = [2,7]. Then X is a
weakly tolerable generalized eigenvector of (A, B) if and only if

(AeD)(Vee X)[AR2z<A@B®rz ANA®Box <Az (34)
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Proof. Suppose that holds. From inequalities ARz < A\@ B®z, \@B®r < AQx
by Lemma (iii), (iv) we get A < A*, B < B® and the assertion follows from
Lemma A1

The converse assertion follows trivially. O

Theorem 5.2. Suppose given A, B and X. A vector X is a weakly tolerable gener-
alized eigenvector of (A, B) if and only if there is A € Z such that for each ¢ € M the
system of inequalities

Aoa" <A@ Bz

A@BzW <A z® (35)

is satisfied.

:>. By Lemma [2.4] we have z = @ B8; ® (¥, where each 8; € T and

Proof. We will prove that (34) is equivalent to (35)). Let € X be arbitrary.
2.
= &

z; < Bi <x;. Then

Avr=Ac@Ppos?) =PpeAca? <
iEN iEN
PsereBes) = eBaPpec?) = eBaa
iEN iEN
Similarly we can prove that \@ B®z < A ® .
:. The implication trivially follows. O

Theorem 5.3. There is an O(m?n3) procedure which checks whether X is a weakly
tolerable generalized eigenvector of (A, B).

Proof. The computation of needs to compute A®z", Boz), Bz, Agz®
for all ¢ € N in O(mn) time each. Thus, the verification of requires O(mn?) time
for a given A € Z. In a process of the calculation of A@ (), Bez®, Bz, Ags®
for any i € M, the elements are in A = {a;;, @i, b;;, bij,x;,Ti; i € M, j € N} and for
this reason it suffices to consider A € A for determining the solvability of . Hence it
follows that the solvability of can be recognized in mn - O(mn?) = O(m?n3) time.

O
Example 5.4. Put Z = [0,10], A = 10 and
0 2 2 1 3 4
1 0 2 — 3 4 5
4= 21 3 |’ A= 4 5 6 |’
1 21 3 6 2
0 1 1 1 2 2
0 0 2 = 5 4 5
B = 2 1 1} B= 4 3 4 |’
1 0 0 3 4 2
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2 4
x = 21, == )
1 4
We have
4 2 2
M =1 9 22— 5 , 23 = 2
1 1 4
2 2 2
w_|! @_ | ! @ _ | 2
A®x - 2 aA®x - 2 7A®x - 3 b
2 2 2
2 2 2
_ 4 — 4 4
(1) — (2) — 3) —
B®x 4 , Bz 3 B®x K
3 4 2
1 1 1
o_| ! @_ | ! @ _ | 2
§®x - 2 7§®x - 2 7§®x - 2 b
1 1 1
2 3 4
Ao | 3| e, | 4| de,_| 4
A = 4 , Az = 5 , Az = 4
3 5 2

Since Az <A B® x(i), A Bz <Aga® for each i € N, by Theorem [5.2
the given interval vector X is a weakly tolerable generalized eigenvector of (A, B).

In what follows we will show that X is a tolerable generalized eigenvector of (A, B).
We have to solve the system of inequalities
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[a]

VI

(6551

Q12
@13
Q21

Q22
Qa3
as1
Q32
Q33
Q41
Q42
Q43

10

10

10

10

(36)

and

i

Al

a11

Qa2

Q13
Q2]

Q22
Q23

as31

32
33
Q41
Qg2
Qry3

10

10

10

10

(37)
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To obtain a solution of the system (36, we will use the Theorem (C,e) =
(1,2,2,3,4,5,4,3,6,3,4,2)T and

C®#(C,e)=(23,4,3,2,4,3,4,2,4,4,2,1,2,2,3,4,5,4,3,6,3,4,2)T

>f=(1,1,2,1,1,1,2,1,1,2,2,1,0,2,2,1,0,2,2,1,3,1,2, ).

The vector &(C,e) is the greatest solution of the above system of inequalities and cor-
responds to the following matrix:

A=10AM 020 A0 320 A3 032 A g4 A a5 A@g

1 AP 930 AP 062 A 930 AU 94 AW @20 AU =

111 0 2 2 0 2 2 0 2 2
1 01 & 1 0 2 P 3 0 2 ® 1 3 2 s
1 11 2 1 2 2 1 3 2 1 3
1 11 1 21 1 21 1 21
0 2 2 0 2 2 0 2 2 0 2 2
1 0 4 1 0 2 1 0 2 1 0 2
21 3 |Pla 13 |Pl2s33|%21 3|7
21 2 1 21 1 21 1 21
0 2 2 0 2 2 0 2 2 0 2 2
1 0 2 1 0 2 1 0 2 1 0 2
2 1 6 ® 2 1 3 ® 21 3 ® 2 1 2 o
1 21 3 21 1 41 1 2 2
1 2 2
3 3 4
4 3 6
3 4 2
Hence X is tolerable generalized eigenvector of (A, B).

6. CONCLUSIONS

In this paper, three different concepts of an interval generalized eigenvector have been
studied. The results obtained are useful in many practical applications. Replacing
the exact values of the elements of a matrix and a vector with intervals opens the
possibility of defining several types of generalized eigenvectors according to the choice of
quantifiers and their order. Three notions of an interval generalized eigenvector of a given
interval matrix have been treated, namely: strongly tolerable generalized eigenvectors,
tolerable generalized eigenvectors and weakly tolerable generalized eigenvectors. Results
based on the properties of these types of generalized eigenvectors have allowed us to
formulate efficient necessary and sufficient conditions. In addition, algorithms have
been found that recognize these types of generalized eigenvectors. The results have
been illustrated by numerical examples (in the cases of tolerable and weakly tolerable
generalized eigenvectors).
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