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Abstract. We study weighted mixed norm spaces of harmonic functions defined on
smoothly bounded domains in R™. Our principal result is a characterization of Carleson
measures for these spaces. First, we obtain an equivalence of norms on these spaces. Then
we give a necessary and sufficient condition for the embedding of the weighted harmonic
mixed norm space into the corresponding mixed norm space.
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1. INTRODUCTION

Let X be a topological vector space of functions defined on a domain 2. The prob-
lem of characterizing measures p on  such that X continuously embeds into LP(u)
is a classical one. Such measures are called Carleson measures for the space X, the
characterization always involves a geometric condition on u.

The case of spaces of analytic functions, of one or several complex variables, has
been extensively studied by many authors. We note recent results on the weighted
Bergman spaces with Békollé weights on the unit ball in [14], on the spaces induced
by two-side doubling weights in [11], and on the mixed norm weighted Bergman
spaces on homogeneous Siegel domains in [3].

The case when X consists of harmonic functions has also been studied. For exam-
ple, a Carleson type embedding theorem for weighted Bergman spaces of harmonic
functions on 2 CC R™ can be found in [9]. For results on weighted mixed norm
spaces in R, see [2].

In this paper, we prove a Carleson type embedding theorem for weighted mixed
norm spaces B29(Q) defined on smoothly bounded domains @ CC R™. This scale
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of spaces includes weighted Bergman spaces on ). We alert the reader that here we
are looking for embeddings into mixed norm spaces LP9(2, 1), in distinction with
the usual case of embeddings into LP(€), ). A different type of embedding of one
space B () into another BX% (1) was proved in [1] under certain conditions on
the parameters.

Our results are motivated by paper [8]. One of the results obtained in that pa-
per is a characterization of Carleson measures for (unweighted) mixed norm spaces.
We generalize that result by allowing power-type weights. The novelty here is the
use of representation of the weighted Bergman kernel obtained by Engli§ after the
publication of [8], see [5].

Throughout this paper, we apply the convention of using C' to denote any positive
constant which may change from one occurrence to the next. Given two positive
quantities A and B, we write A =< B if there exist constants 0 < ¢ < C such that
cA < B<CA

Let Q@ C R™ be a bounded domain with C* boundary and let go(x) be a defining
function for 2. This means ¢ is a real valued function on R™ which is C* in
a neighborhood of the boundary 09 of Q such that @ = {x € R": p(x) > 0} is
bounded and |Vo(z)| # 0 on 9. Throughout this paper such a domain € is fixed.
It is convenient to work with a particular defining function, namely the distance
function r(x) defined by r(z) = d(x,99) for z € Q and r(z) = —d(z,09) for z & Q.
Indeed, there is an € > 0 such that for all 0 < r < € the set Q, = {x € R™: r(x) > r}
is a smoothly bounded subdomain of Q with the defining function r(z) — r. We fix
such € > 0. We denote by I'; the boundary 0§, = {z € R": r(z) =r}.

We denote by do, the induced surface measure on 9f2,.. The symbol dm denotes
the Lebesgue volume measure on R”. We also use weighted measures dm,(z) =
r(z)Ydm(z) on 2, where v € R. Furthermore, h(€2) denotes the space of all harmonic
functions in 2.

For 0 < p<ooand 0 < r <e, we set

(1) Mﬂﬂﬂ—{AJﬂOFMMOF@

Now let 0 < p,qg < oo and o > 0. We define a mixed norm space B24(2) as the
space of all f € h(Q) such that the (quasi-)norm

€ 1/q
(1.2) |fmy—{A7MlMﬂﬁmw}

is finite. BP7(Q)) is a Banach space for 1 < p < oo and 1 < g < 0.
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Let us set 79 = max{r(z) : z € Q} > 0 and put r; = r¢/27 for all j € N. For
7 €N, we set
Si={zeQ: rj<r(z)<rj_1}.

oo
It is obvious that Q = |J ;.
j=1
For a given Borel measure 4 on 2, and positive fixed p, and ¢, we define LP2(Q, du)

as the set of all Borel measurable functions f on {2 such that

o) a/p 1/q
||f||Lp1q(H) = {Z |:/ |f(;[;)|p du(x)] 23(‘1/10—1)} < 00.
j=1-75i

In other words, if we set

w=(/ i@ du(a:)>1/p2j(1/p—1/q)

then || f|lzra(u) = llaj(f)|lia. Also, we define L9(Q) for o > 0 as the set of all
Lebesgue measurable functions f on §2 such that

e a/p 1/q
I fllp e = {Z [/ |f(z)P dm(a;)] QJ(q/p—aq)} < 0.
Jj=1 S;

For v > —1, let R(z,y) be the reproducing kernel of the harmonic Bergman space

b2(Q) = h(Q) N L%(Q, dm,). Note that b2(Q) = B’

(7+1)/2(Q)' For every function

f € b2(92) we have a reproducing formula

f(z) = / Ry(z,9)f(y) dmo (), x € 9.

The kernel R, (x,y) is symmetric and real-valued.

2. CARLESON TYPE MEASURES FOR WEIGHTED HARMONIC MIXED NORM SPACES
First, we state and prove a theorem about the equivalence of certain norms.

Theorem 2.1. Let 1 < p,q < oo, and o > 0. Then, we have
0 a/p
£l %0 = > [/5 |f(x)|l’dm(x)] 9i(a/p=B-1) e p(Q),
j=1 3

where 8 = aq — 1.
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Proof. In the proof we will use the fact that there is a positive constant C,
depending only on the defining function of €2, such that

(2.1) My(f,r) < CMp(f,s) forO<s<r<e

see Theorem 3.1 of [12]. Let J be a positive integer such that r; > ¢ and rj41 < e,
where, as before, r; = ro/2/ for j = 1,2,... We set Q; = {z € Q: r(z) > ryu1}.
Note that r; — 0 as j — co. Now using (1.2) we have

(2:2) /%50 = /OerﬁMg(f,r)drz [ Jare 3 / M) dr

TJ+1 j=J+2

o) .
We first estimate the infinite sum %:Jrz f:?_l rﬁMg (f,r)dr by estimating each
J
term in the sum. Using (2.1) twice we have, for j > J + 2,

/ rﬁMg(f,r)dréCMg(f,rj)/ P dr

J J
(B+1)p/q /
_ D .o e
- C(Mp (f,75) 2j</3+1>p/q>

rj q/p
< C'< ME(f,r)r (B+1)p/a— 1dr>

Tj+1

5 q/p
< 020D (a/p=(6+1)) (/ / I£ ()P dor(€) dr)
rj41 /I

q/p
<C {/ |f ()P dm(x)] 9(+1)(a/p—1-5)
Sjt1

Hence, summation over j gives

Z/r I ME(f,r) dr < jg;i/sj |f(x)|pdm(x)r/p2j(q/plﬁ).

j=J+2

Also, using (2.1) twice, we similarly get

Tj-1 Ti-1
/ rﬁMg(f,r)dr>CMg(f,rj,1)/ P dr
T T

(B+1)p/q
B r q/p
C( o (fori- 1)m)

e a/p
C(/ MP(f, r)r(B+1p/a=1 dr)
a/p
>C [/ |f(z)[P dm(x)} 9li=D(a/p=B-1)
5.7‘—1
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where the above inequalities hold for j = J 4 3,J + 4, ... Hence, we have

{/ | £ () [P dm( )]q 2ila/p=1-8) < & Z / BMq (f,r)dr

j=J+2 j=J+3

Now we estimate f:J+1 P MA(f,r)dr. We obtain

/ M7 dr < O o (o))
TJ4+1
J+1

q/p
CT]+1 Z [/ |f ()] dm( )} 9i(q/p—1)

J+1

CZ[/ | ()P dm( )] pj(q/wkﬂ)

using definition of the sets Q7 and S;, j =1,...,J + 1, and subharmonicity of | f|?.
On the other hand, using the maximum modulus principle, we have

J+1
[/ @) dm )] 29(0/71-8) < Csup | f(x)|" < Csup |f(x)]"
Q.

Qy

< Csup|f(2)| = CML(f,e)
FE

< c/ P M3(f,r)dr
0

We have used Lemma 4 of [7] to obtain the last inequality. O

Notice that r(z)Y =< 2797 on S; for j € N and v € R, hence the sum in Theorem 2.1

is equivalent to
) alp
S| @l am )| 2,
j=1L/5;

where v = 8p/q = p(a — 1/q) and dm.(z) = r(z)"dm(z), as before. Note that we
will use the letter 8 to denote ag — 1 in the whole paper.

Note that the sum appearing in Theorem 2.1 is actually Hf||ngq The theorem is
also valid for 0 < p, ¢ < oo and it can be proved in this more general case using the

r)ég/ MJ(f,s)ds

which holds for all f € h(Q), 0 < r < £/cy and constants 0 < ¢; < 1 < ¢z, instead
of (2.1). A proof of the above inequality can be found in [7]. A further modification

inequality
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of the proof, needed in the case 0 < p,q < 00, is the use of subharmonic behaviour
of | f|P as a substitute for subharmonicity, which is no longer available for 0 < p < 1.
This is a classical result proved in [6], Lemma 2 of IV. 9.

For z,y € Q, let D(z,y) = r(z) + r(y) + |x — y|. The boundary behavior of
the harmonic Bergman kernel can be most efficiently decribed by this quasi-distance
function. Let

Es(z) ={yeQ: ly—z| <dr(x)} forxeNand0<d<1.

The next lemma was proven in [8]. We use it to obtain Proposition 2.5 which, in
turn, is needed to get vital estimates of the test functions f;, see Lemma 2.6 below.

Lemma 2.2 (see [8]). For any s > n — 1, there exists some C (depending on s)
such that for all x € Q and 0 <r < g,

do(y)
r, D(z,y)* = (r(x) +r)s= (=D

Estimates of the harmonic Bergman kernel on a smoothly bounded domain in R™
are given in [10]. However, we need more general estimates of the weighted harmonic
Bergman kernel on a bounded domain in R™ with smooth boundary. These can be
derived from general results on Schwartz kernels for the so-called singular Green
operators, which can be found in [5].

Specifically, Corollary 12 of [5] describes the boundary behavior of the Schwartz
kernel of the singular Green operator. Theorem 14 of [5] is a slight strengthen-
ing of Corollary 12 for the particular case of the singular Green operator, namely
the Bergman projection, and it gives the form of the Bergman kernel which is the
Schwartz kernel of the Bergman projection. The theorem describes the Bergman
kernel in the term of |x — |, where g is the “reflection” of y with respect to the
boundary of 2. An expression for the Bergman kernel valid on all of 2 x ) is given
as a remark after the theorem. Since the weighted Bergman kernel R, (z,y) is the
Schwartz kernel of a particular Green operator (see Subsection 7.1 of [5]), it can be
described using Corollary 12, similarly as the Bergman kernel in Theorem 14, in the
term of |z — |"7. Description can be obtained even for the more general case of the
weight of the Bergman kernel but we need description only for power-type weight.
Notice that D(z,y) < |z — g| so we can estimate the weighted Bergman kernel by
the quasi-distance function D(z,y). The relevant estimates are given in the following
proposition.
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Proposition 2.3 (see [5]). For v > —1, z,y € Q, there is a positive constant C
such that

1 OR,(y,x) 1
[Br (2 9)] < CW and ‘ Ay ‘ S CD(x,y)n+'y+1'

Moreover, for some positive constant C

R =>C !

| Ry (2, )| = r(z)n

In particular, for x = y we get that

2.3 R = !
(2.3) | V(J%x)'AW'

Also, notice that if 6 € (0,1), then we have
(2.4) (1=0)r(z) <r(y) < (1+)r(z)

for x € Q and y € E5(x). Now, we state and prove a weighted analogue of Lemma 2.3

of [4].

Lemma 2.4. There exists a dy € (0,1) such that |R,(z,y)| < 1/r(z)"*7 forx € Q
and y € Es,(x).

Proof. Fory € Es(z), 0 < < 1 we have

R (0r0) = Ry (o20)] < by — afmax{| LDy € o
< Céor(x) maX{W: Yy € M},
where we used Proposition 2.3. Note that D(z,y) = r(x) + r(y) + |z — y| = r(z) so
we have
(2.5) IR, (4,2) — Ry ()] < (C)—‘l

Therefore, we can choose § = dg > 0 such that, using the opposite triangle inequality
and (2.3), we have

|By (y, 2)| = | By (2, 2) = (Ry (2, 2) = Ry (y,2))|

Céo C
2 |R7("E,$)| - T(l‘)n-i_’y 2 r(x)n_;’_,yv

Yy € E50 (:L’)

The estimate from above is a consequence of Proposition 2.3 and (2.4). g
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The next proposition is about the sharp estimate for the integral mean of the
Bergman kernel. The unweighted version of this theorem is given in [8].

Proposition 2.5. Forp > (n —1)/(n+ ~), we have
My(R, (-, z),7) < C(r(z) +r)n=D/p=(nt7)

and the exponent on the right-hand side is the best possible.

Proof. We have |R,(y,z)| < C/D(z,y)"*" and |R,(z,z)| < r(z)~ "+ for all
x,y € Q. Then, since p(n + ) > n — 1, we can use Lemma 2.2 with s = p(n + v)
to get

(2.6) Jwgchc,xm7»::‘/“|Rwuhxnpdar@o

<C do,(y C
D ;[; y P(nJF’Y) = (r(x) —+ r)P(nJF’Y)*(”*l) ’

Taking pth root we get the desired inequality. Let us prove that the exponent on
the right-hand side is the best possible.

We have |R,(y,z)| = C/r(z)"*" for y € Es(z) and some ¢ fixed from Lemma 2.4.
Now for z € T', we have

.memm>/ IR, (y,2)|P doy(3)
T ﬁE&(I)

> / _c

i T OB (2) r(z)P(n+)
C

r(z)p(n+y)—(n-1)”

dor-(y)

>

which means that the exponent is the best possible. O
The following lemma is about the norm estimation of a test function which will

be used in proving our main result.

Lemma 2.6. Let 1 <p,g<oo,a>0,a>1/qg—1/p and v = p(a — 1/q). Let,
for x € Q, a function f,: Q@ — R be defined by

_ R’Y(ywx)
fo(y) = R, (z, )1~ /r 1 /pna) =1 a(nty)

Then f, belongs to the function space BE(S2), and moreover, || f,||5p.a < C, where C
is independent of x € Q.
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Proof. Notice that for 1 < p,q < co, n > 2 we have

1 1 1
1- =+ - > 0.
p pn+v) qn+7y)

From the definition of f, we see that f, € h(Q) and

r |R (z, )P~ 1+1/(n+v) p/a(n+v) "

Since p > 1, we have p > 1 — (v+1)/(n+v) = (n—1)/(n+ ) so we can use
Proposition 2.5 and the estimate (2.3) to conclude

Cr(z)rtr=(nt)/p+1/p=1/q
P(f“” )\ (r(m)—kt)"*”*”/p*l/p

and

C?“ (n+7 —(n+7v)q/p+q/p—1 5
1l < C/ 2) + Dt anforal | <G

where C' is independent of . O
We will need some more lemmas. The first one is about covering of {2 and essen-

tially comes from [13], and the second one can be found in [8].

Lemma 2.7 (see [13]). If 0 < 6 < 1, then there exists a sequence {ar} in §2
satisfying the following conditions:

(1) = U Es/3(ax).

(2) There eX1sts a positive integer N such that every point in () belongs to at most N
of the sets Es(ay).

Notice that ar — 02 as k — oo.

Lemma 2.8 (see [8]). If0 < § < 1, then there exists a positive integer N = N(J)
such that forx € Sy, k=1,2,...,

where S; =0 if j <0
Notice that N = 1 if § is small enough.
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Let {ax} be a sequence from Lemma 2.7. Then we have for f € h(€2),

(2.7) r(ag)” max [f(z)[Pm(Es/s(ak)) < C LF@)Pr(y)” dm(y),
TE€E;/3(ak) Es(ay)

where we used subharmonicity of |f|? and (2.4).
Now, we can prove our main theorem which relates Carleson type condition for
function space B21(Q)) to the embedding of B®4(Q)) in LP9(£2, du).

Theorem 2.9. Let 1 < p,g<oo,a>0,a>1/¢g—1/p,0<d < 1 and let u be
a Borel measure on ). Then the following conditions are equivalent.
(1) The measure i satisfies a Carleson type condition

(2.8) w(Es(x)) < Or(x)"™, zeQ,

where v = p/q = p( — 1/q).
(2) We have continuous embedding B2:1(Q)) — LP9(Q),dp).

Proof. Suppose B2(Q) — LP9(Q,du). Let us fix x € Q and choose the test

function R, (y, )
B Y, T
fo(y) = Rv(x’x)l—1/p+1/p(n+7)*1/q(n+“/)’

y €9,

from Lemma 2.6. By that lemma, there exists a constant C' independent of x, such
that ||fx||quq < C. By Lemma 2.4, there exists a dp € (0,1) such that |Ry(z,y)| <
1/r(x)"*7 for € Q and y € Es,(z). Also, we may assume that z € Sy and we
use (2.4) and Lemma 2.8 to obtain

(LB

r q/p
=[[ e du(y)]
L/ Esqy ()

_ a/p
= /E ( )r(x)_("+7)pr(x)("+7)pr(x)p/q_1r(x)1_p/qr(x)_("+7) du(y)
L 80 x

r q/p
= / | fo(y)[Pr(y)P/a—t du(y)}
L/ Esq ()

kN wr
s¢ Z [/5 | f= ([P d‘u(y)} 9i(a/p—1)

j=k—N

- a/p
<C) U ()1 dﬂ(y)] 290/P1) < C|f, | < C.
j=1 S;
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Thus, p(Es,(z))/r(z)"7 is bounded by a constant, therefore, pu(Es(z))/r(x)"7 is
also bounded for all 0 < § < 1 (see Corollary 3.3 from [4]) which means that (2.8)
holds.

Conversely, suppose p satisfies the Carleson type condition (2.8). Without loss
of generality, we may assume that ¢ is small enough so that N = 1 in Lemma 2.8.
For j € N, set K; = {k € N: Es/3(ax) NS; # 0}, where {ay} is a sequence from
Lemma 2.7. Then S; C U Es;3(ay), the last union we denote by E;. We have

J

m(Es(x)) < r(z)™. Using thls together with (2.7), we obtain

a/p a/p
2)|P dp(x )] 9ila/p—1) <Z[/ )P dp(y )] 9ila/p—1)

Mg

q
||f||Lp,q(p,)
1

<
Il

q/p
max |f (y)|pﬂ(E5/3(ak))} 9i(a/p—1)
1K, y€E6/3(ak)

\\Mg

<

/AN
Q
Mx

a/p
max |f(y)|pr(ak)“/m(E5/3(ak))] 9i(a/p—1)
UK yEEs/3(aK)

alp
Z/ Y)|Pr(y)” dm(y)} 9i(a/p—1)
Es(ak)

<.
I
—

N
a
Mx

<.
Il
—

a/p
Lf ()P dm,y(y)] oi(a/p—1)

N
Q

<
/|
N

-/{yEQ: ripe<r(y)<rj—2}

<C

a/p
1P ] 200 < 1

1L/

I

J
where the last relation relies on Theorem 2.1 and the remark following it. O
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