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Abstract. We extend the notions of quasi-monomial groups and almost monomial groups
in the framework of supercharacter theories, and we study their connection with Artin’s
conjecture regarding the holomorphy of Artin L-functions.
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1. INTRODUCTION

A group G is called monomial if every complex irreducible character x of G is
induced by a linear character \ of a subgroup H of G, that is, y = A“. A group G
is called quasi-monomial if for every irreducible character y of G, there exists a sub-
group H of G and a linear character A of H such that A* = dy, where d is a positive
integer. A finite group G is called almost monomial if for all distinct complex irre-
ducible characters x and 1 of G there exists a subgroup H of G and a linear char-
acter \ of H such that the induced character A& contains x and does not contain 1.
This definition, which generalizes quasi-monomial groups, appears [14] in connection
with the study of the holomorphy of Artin L-functions associated to a finite Galois
extension of () at a point in the complex plane. An equivalent characterization for
almost monomial groups is given in Proposition 2.3.

Let K/Q be a finite Galois extension with Galois group G. For any character x
of G, let L(s,x) := L(s,x, K/Q) be the corresponding Artin L-function, see [3],
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page 296. Artin’s conjecture states that L(s,x) is holomorphic in C\ {1}. If the
group G is monomial (or quasi-monomial), then Artin’s conjecture holds.

Let Hol(sg) be the semigroup of Artin L-functions, holomorphic at sg € C\ {1}.
Nicolae in [14] proved that if G is almost monomial, then Artin’s conjecture holds
at so if and only if Hol(sy) is factorial. Let x1, ..., X, be the complex irreducible char-
acters of G, f1 = L(s,x1),-.-,fr = L(s,xr) the corresponding Artin L-functions.
In [7] it was proved that if G is almost monomial and sy is not a common zero
for any two distinct L-functions f; and f; then all Artin L-functions of K/Q are
holomorphic at sg. Also in [7], some basic properties of almost monomial groups
were stated.

The notion of a supercharacter theory for a finite group was introduced in 2008, by
Diaconis and Isaacs (see [8]), as follows: A supercharacter theory of a finite group G,
is a pair C = (X,K), where X = {X;,...,X,} is a partition of Irr(G), the set
of irreducible characters of G, and K is a partition of G, such that: (1) {1} € K,

(2) |X] =|K| and (3) ox := > t¥(1)9 is constant for each X € X and K € K.
veX
The aim of our paper is to extend the notions of quasi-monomial and almost

monomial groups in the framework of supercharacter theories, and to discuss the
connections with the supercharacter theoretic Artin conjecture, introduced by Wong
(see [16]), which states that L(s,ox) are holomorphic in C\ {1} for each X € X.

We say that G is C-quasi-monomial if for each X € X, there exist some subgroups
Hy, ..., H; of G and some linear characters Ay, ..., \; such that A§ +...+ ¥ = dox,
see Definition 3.3. We prove that the class of C-quasi-monomial groups is closed un-
der factorization and taking direct products, see Theorems 3.6 and 3.8. In Proposi-
tion 4.1, we note that a C-quasi-monomial group satisfies the supercharacter theoretic
Artin conjecture.

We say that G is C-almost monomial if for any k # [, there exist some sub-
groups Hi,...,H; < G and linear characters Ay,..., A\ of Hy,..., H; such that:

)\f 4.+ 2\ = in: o;0x,;, where o; > 0 are integers with o, > 0 and oy = 0, see
Definition 3.9. Wé_plrove that the class of C-almost monomial groups is closed under
factorization and taking direct products, see Theorems 3.14 and 3.15.

Let Fy := L(s,0x,),-..,Fm = L(s,0x,,) and let Hol(C, so) be the semigroup of
the functions of the form F := Fy" ... F%m where a; > 0 are integers which are
holomorphic at sg. In Theorem 4.3, we prove that if G is C-almost monomial, then
the supercharacter theoretic Artin conjecture holds at sq if and only if Hol(C, sg) is
factorial. Also, in Theorem 4.4, we prove that if G is C-almost monomial and sg
is not a common zero for any two distinct L-functions F; and Fj, where k # | €
{1,...,m}, then the supercharacter theoretic Artin conjecture holds at sg. These

results generalize the aforementioned results on almost-monomial groups.
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2. PRELIMINARIES

We recall that a finite group G is monomial (or an M-group) if for any x € Irr(G)
there exists a subgroup H < G and a linear character A of H such that A¢ = y. Any
Abelian group G is monomial, since all the irreducible characters of GG are linear, but
the converse is not true. According to Taketa’s Theorem (see [15]), every monomial
group is solvable, but there are solvable groups which are not monomial, the smallest
example being SL(2,3). A slight generalization of monomial groups is the following:

Definition 2.1. A finite group G is called quasi-monomial (or an QM-group)
if for any x € Irr(G) there exists a subgroup H < G and a linear character A of H
such that A\¢ = dy, where d is a positive integer.

It is not known if there are quasi-monomial groups which are not monomial.
For a character ¢ of G, we denote by Cons(¢)) the set of constituents of ¢). We
recall the following definition, which generalizes quasi-monomial groups:

Definition 2.2 ([14]). A finite group G is called almost monomial (or AM-group)
if for every two distinct characters x # v € Irr(G) there exists a subgroup H of G
and a linear character A of H such that y € Cons(A%) and v ¢ Cons(\%).

An important class of almost monomial groups are the symmetric groups, S,
see [7], Theorem 1.1. If G is an almost monomial group and N < G is a normal
subgroup, then G/N is almost monomial, see [7], Theorem 2.2. Also, if G, G’ are
finite groups, then G x G’ is almost monomial if and only if G and G’ are almost
monomial, see [7], Theorem 2.3.

The following result provides an equivalent form of Definition 2.2 and shows that
there is a kind of “duality” between the notions of quasi-monomial and almost mono-
mial groups.

Proposition 2.3. Let G be a finite group and assume that Irr(G) = {x1,..., X+ }-
Then, the following are equivalent:
(1) G is almost monomial.
(2) For any k € {1,...,r}, there exist some subgroups Hy,...,H,, of G and some
linear characters \1,...,\,, of Hy,..., H,, such that:

Cons(\Y + ...+ 28) = Trr(G) \ {xx}

Proof. (1) = (2). Without loss of generality, we can assume that k& = r. Ac-
cording to Definition 2.2, for any 1 < j < r—1 =: m, there exists a subgroup H; < G
and a linear character \; of H; such that x; € Cons()\]G) and y, ¢ Cons(/\jG). It
follows that Cons(AY + ...+ X&) = {x1,...,Xr—1}, as required.
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(2) = (1). We fix 1 <4,k < r with & # ¢ and assume Condition (2) is satisfied
for k. It follows that there exists 1 < j < m such that y; € Cons()\]G). On the other
hand, y ¢ Cons(/\f), hence G is almost monomial. O

Example 2.4. Let Aj be the alternating group of order 5. Since Ay is a simple
non-Abelian group, it is not solvable. Therefore, A5 is not monomial. However, Ay is
almost monomial: We have that Irr(As) = {x1, X2, X3, X4, X5}, where x1 is the trivial
character, y2 and y3 are conjugated characters of degree 3, x4 has degree 4 and xs
has degree 5. Obviously, x; is linear. Also, one can check that x5 is monomial.
Let H = ((12345)) C As, which is isomorphic to the cyclic group of order 5. The
characters induced from the irreducible (linear) characters of H are x1+ x2+ X3+ X5,
X2 + x4+ x5 and x3 + x4 + Xx5-

Let U = ((12)(45), (345)) C As, which is isomorphic to Ss. Let ¢p: U — {£1} be
the sign function on U, which is a linear character. We have that 145 = yo+x3 + x4.
From Proposition 2.3 it follows that As is almost monomial.

Let K/Q be a finite Galois extension. For the character y of a representation of
the Galois group G := Gal(K/Q) on a finite-dimensional complex vector space, let
L(s,x) := L(s, x, K/Q) be the corresponding Artin L-function, see [3], page 296.
Artin conjectured that L(s, x) is holomorphic in C\ {1}. Brauer proved that L(s, x)
is meromorphic in C. Let x1,..., X, be the irreducible characters of G, and f; =
L(s,x1)s---, fr = L(s, xr) the corresponding Artin L-functions.

For two characters ¢ and ¢ of G, L(s, + %) = L(s,p) - L(s,v), so the set
of L-functions corresponding to all characters of G is a multiplicative semigroup,
denoted by Ar.

Since any character of G is a linear combination with positive integer coefficients
of irreducible characters, the semigroup Ar is generated by f1,..., fr, that is

Ar:={fF . k>0, ke >0}

Since f1,..., fr are multiplicatively independent, see [2], Satz 5, page 106, it follows
that Ar is factorial of rank r; in other words, Ar is isomorphic to Z%,. Moreoever,
Nicolae in [12] proved that f1,..., f, are algebraically independent over C, a result
extended later in [6], where it was proved that f1,. .., f. are algebraically independent
over the field of meromorphic functions of order < 1.

For sp € C,s0 # 1 let Hol(sg) be the subsemigroup of Ar consisting of the
L-functions which are holomorphic at sg. Nicolae in [13] proved that Hol(sg) is
an affine subsemigroup of Ar, isomorphic to an affine subsemigroup of Z%,. Artin’s
conjecture at sp can be stated as: Hol(sg) = Ar. We end this section by recalling
the following results:

1068



Theorem 2.5 ([14)). If G = Gal(K/Q) is almost monomial and sy € C\ {1},
then the following assertions are equivalent:
(1) Artin’s conjecture is true at so: Hol(sg) = Ar.
(2) The semigroup Hol(sy) is factorial.

Theorem 2.6 ([7]). If G = Gal(K/Q) is almost monomial, and s¢ is not a com-
mon zero for any two distinct L-functions f, and f;, then all Artin L-functions
of K/Q are holomorphic at sg.

3. SUPERCHARACTER THEORETIC QUASI AND ALMOST MONOMIAL GROUPS

Diaconis and Isaacs in [8] introduced the theory of supercharacters as follows:

Definition 3.1. Let G be a finite group. Let K be a partition of G and let X
be a partition of Irr(G). The ordered pair C := (X, K) is a supercharacter theory if:
(1) {1} ek,
(2) |X]=|K]|, and

(3) for each X € X, the character ox = > (1)t is constant on each K € K.
heX
The characters ox are called supercharacters, and the elements K in K are called

superclasses. We denote by Sup(G) the set of supercharacter theories of G.

Diaconis and Isaacs showed that their theory enjoys properties similar to the
classical character theory. For example, every superclass is a union of conjugacy
classes in G, see [8], Theorem 2.2. The irreducible characters and conjugacy classes
of G give a supercharacter theory of GG, which will be referred to as the classical
theory of G.

Also, as noted in [8], every group G admits a non-classical theory with only two
supercharacters 1¢ and Reg(G) — 1¢ and superclasses {1} and G \ {1}, where 1¢
denotes the trivial character of G and

Reg(G)= > x(1)x

x€lrr(G)

is the regular character of G. This theory will be called the mazimal theory of G.

Let C = (X,K) and C" = (X', K’) be two supercharacter theories of G. We write
X XX if every X € X is a subset of some X' € X’. This is equivalent to saying
that any X’ € X’ is a union of parts of X. According to [10], Corollary 3.4, X < X’
if and only if K < K'.

Definition 3.2 ([10], Definition 3.4). We say that C < C" if X < X".
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The set (Sup(G), =) forms a poset with the minimal element being the classical
theory of G and the maximal element being the maximal theory of G.
We introduce the following generalization of Definition 2.1:

Definition 3.3. Let G be a finite group and let C' := (X, K) be a superchar-
acter theory on G. Assume that X = {X1,...,X,,}. We say that G is C-quasi-
monomial (or a C-QM-group), if for any k € {1,...,m}, there exists some sub-
groups Hi,...,H; < G (not necessarily distinct) and linear characters Ap,..., A\
of Hy,..., H; such that:

A+ 4N =dox,,

where d is a positive integer.

Proposition 3.4. Let G be a finite group. Then the following hold:
(1) If (X,K) is the classical theory of G, then G is quasi-monomial in the sense of
Definition 2.1 if and only if G is C-quasi-monomial in the sense of Definition 3.3.
(2) If C,C" € Sup(G) with C < C" and G is C-quasi-monomial, then G is C'-quasi-
monomial.
(3) If C is the maximal theory of G, then G is C-quasi-monomial.

Proof. (1) and (2) are obvious.

(3) According to the Aramata-Brauer Theorem (see [1] and [4]) Reg(G) — 1¢ can
be written as a positive rational linear combination of induced linear characters. It
follows that there exist some subgroups Hi, ..., H; < G (not necessarily distinct)
and linear characters A1,...,\; of Hy,..., H; such that

A+ Y = d(Reg(@) — 1¢),
where d is a positive integer. On the other hand, (1¢)¢ = 1g. Thus, we get the
required result. ([
Let G be a finite group and let N < G be a normal subgroup of G. It is well
known that Irr(G/N) is in bijection with the set
{x € Irr(G): N C Ker(x)}.

For a character X € Irt(G/N), we denote by x the corresponding character in Irr(G),
that is x(g) := X(g) for all g € G, where § is the class of g in G/N.

Lemma 3.5. Let G be a finite group, H < G a subgroup and N < G a normal
subgroup. Let \ be a linear character of H such that N C Ker(\¥). Then:
(1) HNN C Ker()\), hence \: HN/N — C*, A\(hN) := A(h)N, is a linear character
of HN/N.
(2) For any character x of G with N C Ker(x), we have that (A\%/N ) = (\F, x).
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Proof. (1) We assume that H NN ¢ Ker(\). Then Agny is a nontrivial lin-
ear character of H N N. On the other hand, since N C Ker(\%), it follows that
()\G)HQN = |G : H|1gnn. Therefore, by Frobenius reciprocity, we have that:

(3.1) (Qmaan)T, A ) = Mman, A ann) = 0.
On the other hand, we have that:
(32) (Aan)™A) = Aaan, Aunn) = 1.
From (3.1) and (3.2) it follows that

0=\ (X)) = (A%, X%),

and we get a contradiction.
(2) By Frobenius reciprocity, we have that:

< ~ T o~ HNN T T 1 —
(O3 = G law) = T S AR = o Y AR
heHN/N heH
= <>‘7XH> = <>‘Ga X>7
hence, we are done. ([

Let G be a finite group and let C := (X, K) be a supercharacter theory of G. Let
N < G be a normal subgroup of G. The group N is called C-normal or supernormal
if N is a union of superclasses from C, see [10] and [11]. Let X € X. By abuse of
notation, we write X C Irr(G/N) if N C Ker(x) for all xy € X. If X C Irr(G/N), we
denote X = {X: x € X}. Let K € K. We denote K := KN/N c G/N.

Now, assume that IV is C-normal. Without loss of generality, we can assume
that X; C Irr(G/N) for 1 < i < p and X; C Irr(G/N) for p+1 < i < m. Let
X = {)71, e ,)71,} and K := {1?1, cee I?p}. According to [10], Proposition 6.4, the
pair C 1= C¢/N = (A?, K) is a supercharacter theory of G/N.

Theorem 3.6. With the above notations, if G is C'-quasi-monomial and N < G
is a C-normal subgroup of G, then G/N is C%/N -quasi-monomial.

Proof. Let j(vk € X. Since G is C-quasi-monomial, there exist some subgroups
Hy,...,H; < G and some linear characters A1,...,\; of Hy,..., H; such that

A+ 4+ X =dox,,

where d is a positive integer. We fix an index i with 1 < < ¢. Since Cons(\{) C Xy,
and for any x € X}, we have N C Ker(x), it follows that N C Ker(\¥). From
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Lemma 3.5 (1), it follows that H; N N C Ker();) and thus X\;: H;N/N — C*,
Ai(hiN) = Xi(h;), is a linear character of the subgroup H;N/N of G/N. From
Lemma 3.5 (2) and straightforward computations, it follows that:

—G/N ~G/N
A1 + .+ N :da)*{k,

and thus G/N is C-quasi-monomial. O

We recall the following result:

Lemma 3.7 ([10], Proposition 8.1). Let G and G’ be two finite groups and let
C = (X,K) and C" = (X',K’) be supercharacter theories of G and G', respectively.
Then CxC’ = (Xx X', KxK') is a supercharacter theory of the direct product GXxG'.

Theorem 3.8. Let G and G’ be two finite groups and let C = (X,K) and
C' = (X',K") be supercharacter theories of G and G, respectively. Then the follow-
ing are equivalent:

(1) G is C-quasi-monomial and G’ is C'-quasi-monomial.
(2) G x G' is C x C'-quasi-monomial.

Proof. (1) = (2) Let X € X and X' € X’. From hypothesis, there exist
Hy,...,H; <G, M\,..., A\, linear characters of Hy, ..., H; such that
M4 2 =doy,,

where d > 1 is an integer. Also, there exist Hi,...,H] < G', p1,..., 1y, linear
characters of H{,...,H, such that
[1,? ++M§ :dlo')(/7

where d’ > 11is an integer. We consider the subgroups H; x H ', of Gx G’ and the linear
characters \; X p; of H; x H/,, where 1 < i <tand 1 <4 <t. A straightforward
computation shows that

t t’
ZZ (A X pi) %G = dd oxx x7,

=11

thus, G x G’ is C' x C’-quasi-monomial.
(2) = (1) The group G’ can be seen as a C' x C’-normal subgroup of G x G’, hence,
by Theorem 3.6, it follows that G is C-quasi-monomial. ([

We introduce the following generalization of both Definitions 2.2 and 3.3:
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Definition 3.9. Let G be a finite group and let C' = (X, ) be a supercharacter
theory on G. Assume that X = {Xy,...,X,,}. We say that G is C-almost monomial
if for any k # [ there exist some subgroups Hi, ..., H; < G (not necessarily distinct)
and linear characters A1,...,\; of Hy,..., H; such that:

m
/\?—f—...—l—/\G:Zaiaxi,

i=1

where a; > 0 are integers with aj > 0 and a; = 0.

Proposition 3.10. If G is a finite group and C = (X,K) is the classical theory
on G, then G is C-almost monomial, in the sense of Definition 3.9, if and only if G
is almost monomial in the sense of Definition 2.2.

Proof. Assume that Irr(G) = {x1,...,x+}, dj = x;(1) for j € {1,...,r}, and
let d = lem(ds,...,d,). If G is almost monomial, then for any k # [, there exists
a subgroup H of G and a linear character A of H such x; € Cons(\%) and y; ¢
Cons(AY). Then

d\Y = a1 (dix1) + ... + a(dyxr)

for some integers a;; > 0 with oy, > 0 and oy = 0.
Conversely, if G is (X, K)-almost monomial, then there exist Hi,...,H; < G,
subgroups of G, and linear characters Ay,...,A; of Hy,..., H; such that:

)‘? +.oot )‘? = al(dIXI) + .+ ar(err)v

where a; > 0 are integers with a; > 0 and a; = 0. In particular, x; ¢ Cons()\f)
for any j € {1,...,r} and there exists jo € {1,...,r} with xx € Cons(X§). We
choose H = H;, and A\ = )\, and we note that x; € Cons(A®) and y; ¢ Cons(\¥).
Thus, G is almost monomial. ([

The following result generalizes Proposition 2.3 and its proof is similar to the proof
of Proposition 2.3, so we skip it.

Proposition 3.11. Let G be a finite group and let C = (X,K) be a superchar-
acter theory on G, where X = {X1,...,X,,}. Then the following are equivalent:
(1) G is C-almost monomial.
(2) For any k € {1,...,m}, there exist some subgroups Hi, ..., Hs of G and some
linear characters Ay, ...,\s of Hy,..., Hs such that:

G G
)\1 +...+>\m:a10X1 +...+ag10x, , tQgr10x, , +...+anox

m

where a; > 0 are some integers.
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For a finite group G, we may ask if C,C’ € Sup(G) with C < C’ and G is
C-almost monomial then G is C’'-almost monomial also, as in the quasi-monomial
case, see Proposition 3.4 (2). The following example shows that this phenomenon is
not always true:

Example 3.12. Let G = SL(2, 3) be the special linear group of degree two over
a field of three elements. It is well known that G is solvable, but it is not monomial.
However, G is almost monomial. The group G has 7 irreducible characters: x1 = 1¢g,
X2, X3 are linear, x4, x5, X¢ have the degree 2 and x7 has the degree 3. The characters
X1, X2, X3 and x7 are monomial, but x4, x5 and xg are not. Also, x5 = x2x4 and
X6 = X3X4. Moreover, x45 := X4 + X5, X46 := X4 + X6 and X456 := X4 + X5 + X6 are
monomial, and any monomial character of G is a positive linear combination of x1,

X2, X3, X7s X45, X46 and xas6. We let:
X ={X1:={x1}, X2 :={x2, x3}, X3 := {xa}, Xu:={x5,x6}, X5 := {x7}}.

One can easily check that there exists a partition K of G such that C = (X, K) is
a supercharacter theory of G (K is the set of classes for the equivalence relation g ~ ¢’
if and only if ox,(g9) = ox,(g’) for all 1 <i,j <5).

We claim that G is not C-almost monomial. Indeed, we cannot find subgroups
Hy,..., H; and linear characters \1,...,\; of Hy,..., H; such that

)\f +...+ )\tG =a10x, + 0x, + a30x, + a50x,,

with a3 > 0, since for any H < G and A\ € Lin(H) with x4 € Cons(A%), one
has x5 € Cons(\%) or yg € Cons(A¥). Contradiction by Proposition 3.11.

We let: X7 := {X] := {xa}, X3 := {x2,x3}, X5 == {x4, x5, X6}, Xi = {x7}}.
Then, there exists a partition K’ of G such that C' = (X’,K’) is a supercharacter
theory of G. Since x1, X2, X3, X456 and X7 are monomial, it follows that G is
C'’-quasi-monomial.

Lemma 3.13. Let G be a finite group, H < G a subgroup and N < G a normal
subgroup. Let A be a linear character of H and x an irreducible character of G with
N C Ker(x). If HNN ¢ Ker()\), then x ¢ Cons(\Y).

Proof. Since HN N g Ker()), it follows that Ay is a nontrivial linear char-
acter of H N N. Since N C Ker(x), it follows that xgnn = x(1)1gnn. Therefore,

(3.3) 0= (Aman, xuan) = (Aunn) ™, xu).-
Since A € Cons((Agnn)H), from (3.3) it follows that
0= <>‘7XH> = <>‘G7X>a

thus, y ¢ Cons(\¥), as required. O
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The following result generalizes Theorem 2.2 of [7] and Theorem 3.6:

Theorem 3.14. Let G be a finite group and let C' = (X, K) be a supercharacter
theory of G. Let N < G be a C-normal subgroup of G. If G is C-almost monomial,
then G/N is C%/N_almost monomial.

Proof. Let )’(Vk € X. Since G is C-almost monomial, from Proposition 3.11, it
follows that there exist some subgroups Hi, ..., Hs; < G and some linear characters
Aly...,Ag of Hy,..., Hg such that

G G
)\1 +...+>\8 =010x; ...t Qr-10x,_, +04k+10Xk+1 + ...+ anox

m?

where a; > 0 are some integers.

Without loss of generality, from Lemma 3.13, we can assume that there exists
1 <t < ssuchthat H;NN C Ker()j) forall1 < j <tand H;NN ,@ Ker(};) for all
t+1 < j < s. From Lemma 3.5 (2), we can define the linear characters /\Nj of H;N/N
for 1 < j < t, and, applying Lemma 3.13, we have:

—~G
DY S S W :alaz+...+ozk_1o)/(:l+ozk+1a)/(k\:1+...+apaz),

and thus G/N is C/N-almost monomial. O
The following result generalizes Theorem 2.3 of [7] and Theorem 3.8:
Theorem 3.15. Let G and G’ be two finite groups and let C = (X,K) and
C' = (X',K') be supercharacter theories of G and G', respectively. Then the follow-
ing are equivalent:

(1) G is C-almost monomial and G’ is C’-almost monomial.
(2) G x G" is C x C'-almost monomial.

Proof. (1) = (2). Assume that X = {X4,...,X,,} and X" = {X{,..., X] . }.
We fix
(k, kY e{1,...,m} x {1,...,m'}.

Since G is C-almost monomial, from Proposition 3.11 it follows that there exist
some subgroups Hi,..., Hs of G, some linear characters Ay,...,\s of Hy,..., Hy,
and some positive integers «; such that:

(3.4) /\? 4.+ /\f =a10x, + ...+ ap_10x, | + k10X, + ...+ anox,, .

Similarly, there exists some subgroups Hj,...,H., of G’, some linear characters
M, ..., Ay of Hi,..., H.,, and some positive integers o/ such that:

G’ G’ / / /
(3.5) N& +...+N¢ = aox;FoF a0y, o oxy, e amoxg,

1075



If 1 is the unique character of the trivial subgroup of G, and 1’ is the unique character
of the trivial subgroup of G’, then

(3.6) 1¢=Reg(G)=ox, +...+ox,., 19 =Reg(G')=ox;+...+0x .
By straightforward computations, from (3.4), (3.5) and (3.6), it follows that:

(A x 1) 4+ 4 (A x 1) 9% + (1G x NG 4+ (1G x X, )Gx¢

m  m’
E E Qi OX; x X/, +E E Qi0X; x X!, —E E Qi OX; x X!, -

=1 ¢'=1, 1=1,4=1 1=114=1
Y i#k

Note that a; > 0 for all (i,¢") € {1,...,m} x {1,...,m'} with (i,¢") # (k, k") and
agr = 0. Therefore, from Proposition 3.11, it follows that G x G’ is C x C’-almost
monomial.

(2) = (1). Follows from Theorem 3.14, using a similar argument as in the proof
of Theorem 3.8. O

4. SUPERCHARACTER THEORETIC ARTIN CONJECTURE

Let G be a finite group. Let C' = (X, K) € Sup(G) be a supercharacter theory of G.
We consider the multiplicative semigroup Ar(C) generated by {L(s,ox): X € X}.
Obviously, Ar(C') is a subsemigroup of Ar. Also, we consider

Hol(C, sg) = Hol(sg) N Ar(C),

the semigroup of the L-functions associated to C', which are holomorphic at sg.

Assume that X = {X3,..., X,,}. For 1 < ¢ < m, we have that:
F, .= L(s,0x,) H f] ,
XJGX

where d; := x;(1), 1 < j < r. The semigroup Ar(C) is generated by Fi,..., Fp,.
It follows that F7i,...,F,, are also multiplicatively independent, hence the semi-
group Ar(C') is factorial of rank m, i.e., it is isomorphic to 7Z,,.

For 1 < i < m, let l; = ord,,(F;), where ords,(F;) denotes the order of the
meromorphic function F; at sg. We have that:

Hol(C,so) = {F{"* ... F2m: a1ly + ...+ amlm = 0}.

Hence, by Gordan’s lemma, see for instance [5], Lemma 2.9, the semigroup Hol(C, s)
is finitely generated. See also the proof of Theorem 1 of [13].

The supercharacter-theoretic variant of Artin’s conjecture (or C-Artin conjecture)
at so, see [16], Conjecture 1, can be stated as: Hol(C, sg) = Ar(C).
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Proposition 4.1. Let G be a finite group which is C-quasi-monomial. Then G
satisfies the C-Artin conjecture for every so € C\ {1}.

Proof. Since G is C-quasi-monomial, for any k € {1,...,m}, there exist some
subgroups Hi, ..., H; < G and linear characters A1,...,A\; of Hy,..., H; such that:

M+ X =doy,,

where d is a positive integer. It follows that

t
Fl= H L\, s)
i=1

is holomorphic at sg, hence Fj is holomorphic at sq. ([

Remark 4.2. If G = Gal(K/Q) is equipped with the maximal theory C, then,
according to Proposition 3.4(2), G is C-quasi-monomial. Hence, from Proposi-
tion 4.1, it follows that G satisfies the C-Artin conjecture at sg. Note that the Artin
L-functions attached to supercharacters with respect to the maximal theory are:

L(s,1g) =¢(s) and  L(s,Reg(G) — 1) = Cx (s)/C(s).

By aresult of Aramata and Brauer (see [4]), we know that (x(s)/{(s) is holomorphic
at so and, of course, the Riemann-zeta function ¢(s) is holomorphic on C \ {1}.

The following result generalizes Theorem 2.5:

Theorem 4.3. Let G = Gal(K/Q), let C = (X,K) be a supercharacter theory
of G, and let 59 € C\ {1}. If G is C-almost monomial, then the following are
equivalent:

(1) The supercharacter theoretic Artin conjecture is true at so: Hol(C, sg) = Ar(C).
(2) The semigroup Hol(C, so) is factorial.

Proof. (1) = (2) Since the semigroup Ar(C) is factorial, there is nothing to
prove.

(2) = (1) Suppose that the supercharacter theoretic Artin conjecture at sq is not
true. Then, there exists 1 < k < m such that

(4.1) ords, (Fr) < 0.
The Dedekind zeta function (x of K can be decomposed as
(4.2) CK:Hfid"':Fl...Fm.
i=1
Since (x is holomorphic in C\ {1}, it follows that
(4.3) ords, (%) = 0.
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From (4.1), (4.2) and (4.3) it follows that there exists [ € {1,...,m} such that
ords, (F;) > 0. For i € {1,...,m}, let n; := min{¢: ¢ > 0 and ord,, (F}F;) > 0}.

Since f1,. .., fr are multiplicatively independent, the functions F"' Fi, ..., F}'™ F,,
are irreducible in Hol(C,s¢). The Hilbert basis H of Hol(C,s) is the uniquely
determined minimal system of generators of Hol(C, s¢), hence Hol(C, s¢) is factorial
if and only if H has m elements. It follows that # = {F,"' F, ..., F"" F, }.

From (4.1) it follows that ns > 0. Since G is C-almost monomial, there exist some
subgroups Hi, ..., H; of G and linear characters Ay, ..., A\ of Hy,..., H; such that

(4.4) M4 AN =aox, + e amox,,,

where «; > 0 are integers, a, > 0 and oy = 0. By Class Field Theory, for any
i €{1,...,n}, the Artin L-function L(s, A{') is a Hecke L-function, so it is holomor-
phic at sg. Hence, the function

t
(4.5) Fo=J]L(s,A¢) = L(s, AT + ...+ A7),

i=1

is holomorphic at sg.
From (4.4) and (4.5) it follows that F' = F{* ... F&m € Hol(C, s). Since ay > 0
and oy = 0 this contradicts the fact that F' is a product of elements of H. O

The following result generalizes Theorem 2.6:

Theorem 4.4. Let G = Gal(K/Q) and let C = (X,K) be a supercharacter
theory of G with X = {X1,...,X,}. If G is C-almost monomial and sy is not
a common zero for any two distinct L-functions L(s,ox,) and L(s,ox,), where
k #1 € {l,...,m}, then all Artin L-functions from Ar(C) are holomorphic at sy,
i.e., the supercharacter theoretic Artin conjecture is true at sq.

Proof. We assume that sq is a pole of Fj, that is, ord,, (F;) < 0. Since the
Dedekind zeta function (g = Fi ... F,, is holomorphic at sy, there is an index k # j
such that Fj(so) = 0. Since G is C-almost monomial, there exist some subgroups
Hy,...,H; <G and \q,..., )\ some linear characters on Hy,..., H; such that

M4 N =aox, +.. .+ amox,,,
with o; > 0 and ay, = 0. The L-function

L(s,\{ + ...+ X)) = F{U R Fort L Fem,
is holomorphic at so. Since o; > 0 and ord,, (F;) < 0, it follows that there exists

some index I ¢ {j, k} such that Fj(sg) = 0, which contradicts the hypothesis. O

1078



Acknowledgment. We gratefully acknowledge the use of the computer algebra
system GAP (see [9]) for our experiments.

References

[1] H. Aramata: Uber die Teilbarkeit der Dedekindschen Zetafunktionen. Proc. Imp. Acad.

Jap. 9 (1933), 31-34. (In German.) MR
[2] E. Artin: Uber eine neue Art von L-Reihen. Abh. Math. Semin. Univ. Hamb. 3 (1924),

89-108. (In German.) MR
[3] E. Artin: Zur Theorie der L-Reihen mit allgemeinen Gruppencharakteren. Abh. Math.

Semin. Univ. Hamb. 8 (1931), 292-306. (In German.) MR
[4] R. Brauer: On the zeta-functions of algebraic number fields. Am. J. Math. 69 (1947),

243-250. MR
[5] W.Bruns, J. Gubeladze: Polytopes, Rings and K-Theory. Springer Monographs in

Mathematics. Springer, New York, 2009. MR
[6] M. Cimpoeas, F. Nicolae: Independence of Artin L-functions. Forum Math. 81 (2019),

529-534. MR
[7] M. Cimpoeas, F. Nicolae: Artin L-functions to almost monomial Galois groups. Forum

Math. 82 (2020), 937-940. MR
[8] P.Diaconis, I. M. Isaacs: Supercharacters and superclasses for algebra groups. Trans.

Am. Math. Soc. 360 (2008), 2359-2392. IMR]

[9] GAP Group: GAP - Groups, Algorithms, Programming. Version 4.11.1. Available at
https://www.gap-system.org/ (2021).
[10] A. O. F. Hendrickson: Supercharacter theory constructions corresponding to Schur ring
products. Commun. Algebra 40 (2012), 4420-4438. bl doi
[11] E. Marberg: A supercharacter analogue for normality. J. Algebra 332 (2011), 334-365. IMR]
[12] F. Nicolae: On Artin’s L-functions. I. J. Reine Angew. Math. 539 (2001), 179-184. MR]
[13] F. Nicolae: On the semigroup of Artin’s L-functions holomorphic at sg. J. Number
Theory 128 (2008), 2861-2864. MR
[14] F. Nicolae: On holomorphic Artin L-functions. Monatsh. Math. 186 (2018), 679-683. MR
[15] K. Taketa: Uber die Gruppen, deren Darstellungen sich s@mtlich auf monomiale Gestalt

N

transformieren lassen. Proc. Imp. Acad. Japan 6 (1930), 31-33. (In German.) MR]
[16] P.-J. Wong: Supercharacters and the Chebotarev density theorem. Acta Arith. 185
(2018), 281-295. MR

Authors’ addresses: Mircea Cimpoeas (corresponding author), University Po-
litehnica of Bucharest, Independenceei no. 313, Bucharest, 060042, Romania and Simion
Stoilow Institute of Mathematics of the Romanian Academy, 21 Calea Grivitei Street,
Bucharest, 014700, Romania, e-mail: mircea.cimpoeas@imar.ro; Alexandru Radu,
University Politehnica of Bucharest, Independenceei no. 313, Bucharest, 060042, Romania,
e-mail: alexandru.radul803@stud.fsa.upb.ro.

1079


https://zbmath.org/?q=an:0006.39703
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR1568340
http://dx.doi.org/10.3792/pia/1195580866
http://www.emis.de/cgi-bin/JFM-item?49.0123.01
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR3069421
http://dx.doi.org/10.1007/BF02954618
http://www.emis.de/cgi-bin/JFM-item?56.0173.02
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR3069563
http://dx.doi.org/10.1007/BF02941010
https://zbmath.org/?q=an:0029.01502
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR0020597
http://dx.doi.org/10.2307/2371849
https://zbmath.org/?q=an:1168.13001
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR2508056
http://dx.doi.org/10.1007/b105283
https://zbmath.org/?q=an:1428.11154
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR3918455
http://dx.doi.org/10.1515/forum-2018-0185
https://zbmath.org/?q=an:1444.11226
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR4116648
http://dx.doi.org/10.1515/forum-2019-0288
https://zbmath.org/?q=an:1137.20008
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR2373317
http://dx.doi.org/10.1090/S0002-9947-07-04365-6
https://swmath.org/software/00320
https://zbmath.org/?q=an:1272.20005
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR2989654
http://dx.doi.org/10.1080/00927872.2011.602999
https://zbmath.org/?q=an:1243.20011
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR2774691
http://dx.doi.org/10.1016/j.jalgebra.2011.02.019
https://zbmath.org/?q=an:1013.11077
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR1863859
http://dx.doi.org/10.1515/crll.2001.073
https://zbmath.org/?q=an:1176.11058
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR2457840
http://dx.doi.org/10.1016/j.jnt.2008.07.001
https://zbmath.org/?q=an:1404.11130
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR3829218
http://dx.doi.org/10.1007/s00605-017-1120-4
http://www.emis.de/cgi-bin/JFM-item?56.0133.03
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR1568284
http://dx.doi.org/10.3792/pia/1195581421
https://zbmath.org/?q=an:1415.11172
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR3858390
http://dx.doi.org/10.4064/aa180320-22-6

