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Abstract. This work considers a Bresse system with viscoelastic damping on the vertical
displacement and heat conduction effect on the shear angle displacement. A general stability
result with minimal condition on the relaxation function is obtained. The system under
investigation, to the best of our knowledge, is new and has not been studied before in the
literature. What is more interesting is the fact that our result holds without the imposition
of the equal speed of wave propagation condition, and differentiation of the equations of
the system, as against the usual practice in the literature.
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1. INTRODUCTION

A viscoelastic material, as the name sounds, has two different properties combined
together. The word “viscous” means the material deforms gradually when subjected
to an external force. The word “elastic” means that as soon as the deforming force is
removed from the material, it will return to its original state. Generally, mechanical
properties of materials are often examined in terms of the relationship between stress
and strain (or load-deformation) behaviour. Also, the mechanical properties of vis-
coelastic materials depend on their rate of deformation. The stiffness of the material,
for instance, increases according to loading rates. The behaviour of a viscoelastic
material also substantially depends on the temperature, since material stiffness can
change as temperature changes too. The introduction of a viscoelastic material in
a deformable elastic structure changes the Young’s modulus, the mass density and
the damping coefficients. This damping process presents some new mathematical
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challenges which are of great interest to researchers. In this paper, we study the
stability of a thermoelastic Bresse system with a viscoelastic effect on it. The Bresse
system, which is also known as the circular arch problem, is a model for planar, lin-
ear shearable beam with initial curvature involving couplings of longitudinal, vertical
and shear motions [4].

In this paper, we consider the following thermoelastic Bresse system with vis-
coelastic effect:

0101t — k1(pz + P + lw)y — ksl(w, — lp)

# [ ol = a0 ) s =0,
0201t — kathus + k1 (00 + 9 4 lw)
(1.1) —/Otg(t—s)(%c+¢+lw)($75)d5+’79x =0,
01wy — kz(wy — 1p)e + k1l(e + 0 + lw)

- l/oty(t — ) (e + 9 +lw)(x,s)ds = 0,

030t — BOze + Yt = 0

for z € (0,1) and t > 0, where [, k1, ko, k3, 01, 02, 03, ¥, 8 are physical parameters,
which are all positive, and g is a given relaxation function to be specified later.
We couple system (1.1) with the following Neumann-Dirichlet-Dirichlet-Neumann
boundary conditions:

(1.2) 0z(0,t) = . (1,t) = ¥(0,t) = ¥(1,t) =0,
t

and initial data

(1.3) o(x,0) = @o(x), ¥(z,0) = Po(z), w(z,0) = wo(x), O(x,0) = b,
Sot(x70) = 501(1‘)) wt(mao) = wl(x)a wt(a:,O) = wl(x) Vr e [07 1]'

The motion for the classical Bresse system is governed by the following system of
evolution equations:

o1pu — Sy —1Q =0, z€(0,1), t>0,
(1.4) 02t — My +S =0, x€(0,1), t>0,
01wy — Qe +15=0, z€(0,1), t>0,
where 1) = 9(x, t) is the shear displacement, ¢ = ¢(z,t) is the vertical displacement,

while w = w(z,t) is the longitudinal angle displacement. The constants | = R™!,
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01 = 04, 02 = oI are physical constants, where I, A, R, ¢ are the second moment of
the cross-section, cross sectional curvature, radius of curvature and material density,
respectively. The constitutive laws are given by

S = k1(pe + ¢ + lw),
(1.5) Q = ks(wz — lp),

M= kam
where S, @@ and M are respectively the shear force, the axial force and the bending
moment. Also, k1 = kGA, ko = EI, ks = FA, where G, F,  are the shear modulus,
modulus of elasticity, and shear factor, respectively.

In the present work, we consider a Bresse system with viscoelastic law acting on
the vertical displacement and heat conduction effect on the shear angle displacement.
If thermoelastic dissipation is effective on the shear angle displacement, we have the
evolution equation

(1.6) 0304 + Gz + Ytbar = 0,

where the constants g3 and  are the capacity and the diffusivity, respectively, 0 =
O(z,t) is the temperature difference and ¢ = ¢(z,t) is the heat flux. If we further
couple the evolution equation (1.6) with system (1.4), we arrive at the following
system of evolution equations:

o1pu — Sy —1Q =0, z€(0,1), t>0,

02y — My +S =0, ze€(0,1),t>0,

01wy — Qe +15=0, z€(0,1), t>0,

030t + Gz + YYur = 0.

(1.7)

Also, with viscoelastic law acting on the vertical displacement, the following consti-
tutive laws hold (see Alves et al. [2]):

t
S = k(o + 0+ lw) — / 9t — 5)(pu + 0 + )z, ) ds,
0

(1.8) Q = k3(w, —lyp),
M = kax - 797
q= _591’;

where 3 is the adhesive stiffness. Combining (1.7) and (1.8), we arrive at the ther-
moelastic Bresse system (1.1).

A most general model, for which the Bresse system is a special case, is the general
model for a 3-d nonlinear thermoelastic beam derived by Lagnese et al. [13], where
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they studied the networks of flexible beams. A yet special case (however more general
than the Bresse system), is the model for linear planar, shearable thermoelastic
beam, whose motion is described by the following system of equations (see [15] and
references therein):

0100 — k1 (02 + 10 + lw)y — ksl(we —lp) + 170 =0, x € (0,1), t >0,
021t — kogy + k1(x + 9 + lw) + 40, =0, z € (0,1), t >0,
(1.9) 01wir — kz(we — 10)y + k1l(@n + ¥ + lw) + 70, =0, x € (0,1), t >0,
0301 — B0, + ¥zt = 0, z€(0,1), >0,
030y — B0z + y(wy — 1)y = 0, z€(0,1), t >0,

where 6 and 0 are temperature deviations from a given reference temperature, along
the vertical and longitudinal direction, respectively. As a particular case, when
§ = 0 = 0, system (1.9) reduces to the isothermal system of Bresse [4] obtained
in 1856, i.e., system (1.4). We could see from (1.9) that both the share angle dis-
placement i and the longitudinal displacement w are effectively damped by the
thermal energy dissipation produced by 6 and 6, respectively, from (1.9) 4+ (1.9);.
The Bresse system (1.4) is not arbitrarily stable, but there are different damping
mechanisms that could be introduced to stabilize the system. However, the effec-
tiveness of a damping mechanism on the stability of the system, still largely depends
on the mode of coupling, the wave speed and even the type of imposed boundary
conditions. Liu and Rao [15] studied system (1.9) with boundary condition of type
Dirichlet-Neumann-Neumann-Dirichlet-Dirichlet on ¢, ¥, w, 6, é, respectively. They
showed that the exponential decay rate is preserved when the equal-wave-speed con-
dition holds. Otherwise, only a polynomial decay rate is guaranteed. Other damping
mechanisms have also been introduced to stabilize the Bresse system. El Arwadi and
Youssef [6] coupled the Bresse system (1.4) with a viscoelastic Kelvin-Voigt damping
produced by the following external forces:

= 'Yl(‘ch ++ lw)xt + ’YOZ(w:c - l@)h
(1.10) Fy = yotbgat + 71 (px + 9 + lw)y,
F3 = yo(we —1@)zr — 11l(0z + ¢ + lw)y,

where 9, 71, 72 are damping coeflicients. The authors in [6] imposed a boundary
condition of type Dirichlet-Dirichlet-Dirichlet, then established an exponential decay
result (without equal-wave-speed condition (1.12)) for the solution energy. They fur-
ther introduced a numerical scheme using the finite element method, to approximate
the solution.
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In the recent time, Messaoudi and Hassan [17] investigated a Bresse system with
viscoelastic law acting on the bending moment, i.e.,

t
M = ks — /0 ot = s) (- 5) ds,

thus obtaining the system

01010 — k1(pe + 10 + lw)e — ksl(we —lp) =0,
(1.11) 021t — kotuy + k1(0x + 9 + lw) — fot gt — 8)ze(x,8)ds = 0,
01 Wit — kB(wx - l@)x + kll(@x + 1+ lw) =0,

where z € (0,L) and ¢ > 0. Imposing a Dirichlet-Neumann-Neumann boundary
conditions respectively on ¢, i, w, they proved that the solution energy decays
uniformly if and only if there holds the equal-wave speed of propagation
01 02

1.12 — =— and k; =ks.

(112 a_g L= ks
Moreover, they proved an optimal decay result, but for stronger regular solution (by
differentiating equations of system (1.11)), for the case of nonequal-wave-speed, i.e.,

(1.13) % z—z and by = ks.
For more results on well-posedness, general stability (polynomial and exponential)
of the Bresse system, see [1], [5], [9], [10], [16], [19], [21], [23] and references therein.

The thermoelastic Timoshenko system (setting w = 0 in (1.9)) is a special case
of the thermoelastic Bresse system (1.9). The resulting thermoelastic Timoshenko
system, either with 6§ = 0 or 6 = 0, and with or without viscoelastic damping
has been thoroughly studied by different authors in the literature. However, the
studies as well showed that even in this special case of (1.9), the effectiveness of
a damping mechanism on the stability of the system, still largely depends on the
mode of coupling, the wave speed and even the type of imposed boundary conditions.
See [7], [8], [11], [12], [3], [18], [20], [22] and references therein for more details.

It is our goal in the present work to investigate the effect of viscoelastic law
acting on the shear force and thermoelastic law on the bending moment on the
stabilization of the Bresse system (1.4). Indeed, we obtain a general decay rate for
the energy functional associated to Problem (1.1)—(1.3). We should mention here
that our result is obtain without imposing equal-wave-speed condition (1.12) and
without differentiation of the equations of system (1.1). In other words, our result
holds even without more regular solution.
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This work is organized as follows: In Section 2, we outline few materials which will
be of help in proving our main result. In Section 3, we prove some needed important
lemmas. In Section 4, we present a general decay rate result for the solution energy
of Problem (1.1)—(1.3).

2. ASSUMPTIONS AND FUNCTIONAL SETTING

Throughout this work, we denote by C' a positive constant whose value may change
from one line to another line, or even within the same line. We denote by ||-||2
the usual norm in L2(0,1). On the relaxation function g, we consider the following
assumptions:

(A1) g: [0,00) = (0,00) is a decreasing C'-function such that

o0
(2.1) k1 —/ g(s)ds =1y > 0.
0
2 ere exist a nonincreasing differentiable function 77: |0,00) — (0, 00) such that
A,) Th i i ing diff iable f i 0 0 h th

(2.2) g(t) < —n(t)g(t) ¥t>0.

Remark 2.1. Define
1 1
(2.3) m(p) = / o(x,t)de and m(9) = / 0(z,t) dz.
0 0
Integration of (1.1); and (1.1), over (0,1) yield
d? ksl?

@) + 2 =0 and Tme) =0,

2.4 <
(2:4) a" o1 a

respectively. Solving (2.4) keeping in mind initial conditions (1.3), we get

(2.5) m(p) = C1 cos(agt) + Casin(agt) and m(0) = m(6y),

ks ! 1 [t
ap=4/—I, Ci= / wo(z)dz, Cp= —/ v1(z) da.
01 0 agp Jo

@(z,t) = p(z,t) —m(u) and O(x,t) = 0(z,t) —m(0).

where
Now, define

It follows that
1 1 1

(2.6) / p(x,t)dz =0, / @t(z,t)de =0 and / O(z,t)de =0 V¢=0.
0 0 0
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Therefore, we have the Poincaré inequalities

(2.7) 16ll2 < llpzllz and [|6]2 < [|62]]2-

Moreover, (@,v,w, ) satisfies Problem (1.1) with initial data for ¢ and @ given as
@o = o —m(po), @1 =1 —m(e1) and Oy = b —m(0).

Consequently, in the rest of this paper, we work with (@,%,w,f). However, for
the sake of convenience we write (¢, ), w, ), but keeping in mind (2.6) and (2.7).
We define the following spaces:

L2 =1%0,1) = {u € L*(0,1): /lu(x)dx = 0},
0
H}=H!0,1)= H'(0,1) N L(0,1),
H? = H*(0,1) = {¢ € H*(0,1): $,(0) = $,(1) = 0}.

For the sake of completeness, we state without proof the well-posedness result of
problem (1.1)—(1.3).

Theorem 2.1. Suppose (¢o, 1, %o, V1, wo, w1, 00) € HE x L2 x H} x L? x H} x
L? x H} and condition (A1) holds. Then problem (1.1)—(1.3) has a global weak
unique solution (p, ¥, w, @) such that

(2.8) (¢, 1, w) € C([0,00), H} x H} x H}) N C'([0,00), L? x L? x L?),
0 € C([0,00), H}).

*

Furthermore, if
(©0, @1, V0, Y1, wo, w1, 00) € HENH! x H x H*NHY x HY x H*NH} x HY x H2NH},

then the unique weak solution of problem (1.1)—(1.3) possesses more regularity so
that

JHIOHY) N CY([0,00), HY) N C2((0,00), L2),
,H? N H}) N C([0,00), Hy) N C?((0, 00), L?),
,H? N Hy) N C'([0,00), Hy) N C*((0, 00), L?),

VH?) N CH([0,00), Hy).

N
N

The result of Theorem 2.1 is established using the Faedo-Galerkin approximation
method, see [14]. We as well state the following basic lemmas which will be repeatedly
used throughout this work.
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Lemma 2.1. For any function v € L2 ([0, 0), L%(0,1)) we have

loc

2

e [ ([ 00 - )as) ar< a-wigono,

(2.10) / 1 ( | e dy)2 dz < [o(t) 3

where

t
(gov)(t) = /0 gt =)o) — v(s)|l3 ds.
Lemma 2.2. Let (¢, ¢, w,0) be the solution of problem (1.1)—(1.3). Then

(2.11) / ( / ' / 9t — 9)l(y + + 1) (5, 8) — (g + & + L)y, 5)] ds dy) da
< (1—1lo)(go(pz+ ¥ +1w))(t),
where

(90 (@e + 16+ 1)) () = / / 9t = $)[(s + 0 + 1) (8) — (s + 0 + lw)(5)]? ds da.

Henceforth, for the sake of convenience we will sometimes denote

Xyt 8) = (py + ¥ +1w)(y,t) = (py + ¢ +1w)(y, )

and
X(@,t,8) = (@ + 9 +1w)(t) = (02 + 1 +lw)(s).

3. USEFUL LEMMAS

In this section, we will state and prove some lemmas that will be used in obtaining
our main result.

Lemma 3.1. Let (¢,v,w, ) be the solution of (1.1)—(1.3). The energy functional
associated to system (1.1)—(1.3) is defined by

1
(3.1) E(t) = 5(allenlls + e2llvell3 + erllwell3 + eslOl + kallull3 + ksllws — ipll2)

1 t 5 k1
+§(k1—/ 9(8)d8>||s0z+w+lw|2+7(90(%+w+lw))(t)7
0

and satisfies for all t > 0,

k k
(32 E(t)= —%g(t)l\% + 4+ lw||2 + 519’ o (¢z + b + lw) — B|6.]13 < 0.
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Proof. We multiply (1.1); by ¢, (1.1), by ¢, (1.1); by w; and (1.1), by 6.
Then integration over (0, 1) and addition of the resulting equations give

(01llpell3 + o2llvell3 + o1llwell3 + esll0lI3 + kallvall3 + ksllwe — Ipll3)

k:1
2 dt

t
= —/3||9x|\3+/0 (¢x+¢+zw>t/0 ot — ) (s + 1 + L) (s) ds dz.

Jl(t)

Q—-|Q

(3.3) %

—llpw + 9 + lwll3

Estimating the integral J; on the right-hand side of (3.3), we have
1 t
)= [ et vt i) [ ot = 9)ps+ v+ 1w)O) dsdo

// (t = 8)[(pz + 9 +lw)(s) — (pz + P + lw)(?)]
X (¢z + 9 +1w)e(t) ds dz

—%(/tg(s)d >§t/1(¢x+w+lw) dz

——// gt — ) (e + ¥+ 10)(0) ~ (o + ¥+ lw)(s)] ds

d k
2T sasYtew v+ ol - B goen + v+ ol

ky d ki, ,
= 5 300 (r T U+ 1w))(1) + 59 0 (0 + hw))(D).
We substitute J; into (3.3), then (3.2) is immediately deduced. O

Lemma 3.2. Let the functional I; be defined by

1 T t
t):—91/0 sot/O /0g(t—s)[(<ﬁy+¢+lw)(y,t)—(<Py+1/)+lw)(y,8)]d8dydx~

Then the solution (¢, v, w,d) of Problem 1.1 satisfies for any €1, €2 > 0 and any
to > 0,

_ @
(34) ILi(t) < 1g0 Z=lleell3 + e1lles + ¥ + lw||* + e2|lwe — loll3 + Corgollvel3
+chgOl2Hth2 FO(1t =+ ) (g0 (g + 0+ )
€1 13
= C(g o (pz + ¥ +1w))(t) Vit = to,
where go = fo s)ds > 0.
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Proof. Remember that

X(W,t,8) = (g + ¥ +1w)(y, t) — (py + ¥ +1lw)(y, s).

Differentiation of I yields

(35) L) = -o / o / ' / gt~ (.t 9)dsdy d

Jz(t
—91/ got// (t—s)x(y,t,s)dsdydx
J3(t)
1 T t
o o [ [ ot 9)ey 0+ ity dsdyde.
0 o Jo

Ja (t)

Having Lemma 2.2 in mind, Jo, J3, and J; are estimated as follows.
Using (1.1),, we get

1 x t
Jo(t) = —kl/o (sax+w+lw)x/0 /Og(t—s)x(y,t,s)dsdyda:

_kgl/ol(wz—l@)/:/otg(t—s)X(yvt,s)dsdydx
+/01/0t9(t—8)(%+¢+lw)x(a:,8)ds/ox/otg(t—s)X(%t,s)deydx.

Integration by parts gives

50) = (k= [ ots)as) [ v [ g oxetoasayas

1
_k3l/ _ZQO// (t —s)x(y,t,s)dsdydx
0
1
e[ ([ ot as) ar
o \Jo

Then application of Lemma 2.2, Young and Cauchy-Schwarz inequalities give

1 1
(36) Ja(t) < allo v+l 3+ ealws—lol3+C (14 =+ = ) (g0 (o v +w)(0).

1 x t
t) :—91/ SOt/ / gt —s)x(y,t,s)dsdyda.
0 0 0

Next,
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We apply Young and Cauchy-Schwarz inequalities:

2
6:
(3.7)  Js(t) < 263/ </ \/ g'( t—s\/ g'(t —s)x(y,t, s)ds) da:—f—?ngotHg

2l - L5 o (v + )0

Again, with integration by parts and making use of (2.6), we have

J4(t)——91</ )[/ got/ oyt (y dydx—i—/ got/ (¥ + lw)( dydx}
= —91</0t9(8)d8) [/O %/o wt(y)dydxﬂ/o @t/o wt(y)dydx]
~ ([ aas) [

Poincaré and Cauchy-Schwarz inequalities yield

€3 Cotgs Cotgyl®
(38)  Lu(t) < —agollerlls + Flleells + == ells + = E llwl.

Now, we add (3.6), (3.7) and (3.8), then (3.5) yields

12

Colgs
I{(t) < = (0190 — €3)lleell3 + e1llon + ¥ + lw||3 + e2fjwz — lo||3 + %Hwt 3

Co2g2l?
+ 2190 H
€3

tH2+C(1+ —+ )(go(sax+w+1w))( )
- g(g’ o (pz + 1 +lw))(?).
3

Choosing €3 = 0190/2, we obtain (3.4). O

Lemma 3.3. Let the functional /> be defined by

1 T
L(t) = —o / (2 + 1 + 1) / or(y) dy .

Then the solution (¢, v, w,d) of Problem 1.1 satisfies for any d1, d2 > 0,
(3.9)

lo of | oil?
I5(8) < = o+ + Loll + el + allwell3 + (o1 + o + 2= ) lleell3

46, 46,
je212 )
+ == lwe — loll5 + Clgo (pu + ¢ +1w))(t) Vi=0.
0
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Proof. Differentiate Is to obtain

(3.10) () = —on / (s + 0 + ), / " () dy da

My

1 x
—91/0 (s%—Hb—Hw)/o i (y) dydz .

Mo

Using integration by parts keeping in mind (2.6), Young and Cauchy-Schwarz in-
=1 1

- / 0 dx}
=0 0

—0
1 x 1 x
—91/ Ibt/ sﬂt(y)dydx—gll/ wt/ ot (y) dy da
0 0 0 0

2 2 Q% 9%12 2
< Sullell3 + Sallewn 3+ (o0 + g5+ ) el

equalities, we estimate M, as follows:

M, = —g[sat/oxwt(y)d

Similarly, using (1.1);, Young and Cauchy-Schwarz inequalities, M, is estimated as
follows:

t
My = - (k -/ 9(5)d5>||80x+¢+lw||§
1 x
~hyl / (s + 0+ ) / (wy — I)(y) dy da
1 t
+/ (sox+w+1w)/ g(t = 8)[(pe + ¥ +1w)(t) — (pr + 1 + lw)(s)] dsdx
0 0
f ) IR )
< = (= [ aoras =0 len + 0+ twl}+ S e - 1613
C
+ E(QO (0 + 1 + 1w))(t).

Substituting M; and Ms into (3.10), we arrive at

(811) B < —killo— 0)llpa + ¥ + hwll® + du e6e]3 + ol e}
2 272 21.2
o1 | oil ) 2, U7k3 2
+ (ot g+ G5, Il + g e — tl

C
+ g(g (g + 0 + lw))(t).
Choosing d3 = ly/2, we obtain (3.9). O

644



Lemma 3.4. Let the functional I3 be defined by

t) = Qs/olwt/ox@(y)dydm

Then the solution (¢, ¥, w, §) of Problem 1.1 satisfies for any o3, o3 > 0 the inequality
g
(3.12) L) < = S llvells + oallve | + oslles + ¢ + lwl3

B2 yos | k3o3 % 5
+(-+ 22+ + )
2y 02 40203 20303 16:112

+o3(go (ps +¥+1w))(t) Vt=0.

Proof. Differentiation of I3 gives

1 x 1 T
(3.13) Ié(t)=93/0 wtt/o H(y)dydergs/O wt/o 0:(y) dy da.

We substitute (1.1),, (1.1), and integrate by parts keeping in mind (2.6), then apply
Young, Cauchy-Schwarz, Poincaré inequalities and Lemma 2.2. Therefore,

(1) = k293/ wxedx——( . /t ()ds) /Ol(wx—l—w—l—lw)/oxH(y)dydx

// (t = 9)[(pe + 6+ Lo)(t) — (SO:c+¢+lw>(5)]d5/0x9(y)dyd$

+@/ 92dx+6/ wtf)mdx—'y/ V2 dz
02 Jo 0

gl B es k o3
< =l + %H%H%ﬂL 102113 + o2llwall3 + 2 ||9 I3
> l2
Faulles o+l + 2015+ 20,18
+03(g0(pa +¢ +1w))(t).
Thus, (3.12) follows immediately since 12 < 1. O

Lemma 3.5. Let the functional I, be defined by
1
=0 [ wiide
0
Then the solution (¢, v, w,d) of Problem 1.1 satisfies
k
(3.14) () < = SlIal3 + eallell3 + ClIO 3 + Clllen + o + b3

+C(go(pe+ v +1w)(t) Yt=0.
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Proof. Differentiation of I, and making use of (1.1), gives

1 1
Ii(t) = gg/ Y2 de + k:g/ Ve d
0 0

- (kl—/otgas)ds) /Olw(%+1/)+lw)d$

—/ w/ g(t = s)[(pz + ¥ +1w)(t) — (po + 9 +w)(s)]dsdz
0 0

1
+ ’y/ Y, dz.
0

Applying Young, Cauchy-Schwarz and Poincaré inequalities, we get

Ci? Cy?
L) < (k2—01)|Wx”2+92”1/)t||2+_H<Pa:+1/1+lw”2+ H9 13

C
+ 0—1(9 o (¢ + ¥ + lw))(t).
Choosing o1 = k2/2, we obtain (3.14).

Lemma 3.6. Let the functional /5 be defined by

1 k 1
(3.15) L(t) = _Ql/ wi(ips + + lw) dz — Zgl/ (w, — lp)pr da
0 1 Jo
o [ ¢
+ A wt/ gt — s)(pz + ¥ + lw)(s) dsdzx.
1 0

Then the solution (g, 1, w, #) of Problem 1.1 satisfies the inequality

, kzl 01l k g l 20
(316)  Ii(t) < = 3 lwa = lellf = Sl + == lleall3 + =7 o3
4019°(0) 2
+ [5kal + [lia + 1 + w3 + Cllg o + v + 1w)) (1)

1K
2
20800 oty + 1) 1)
Ik

ksy !
— - >
01 (1 /€1) /0 wypgedr VE=0
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Proof. We differentiate I5, then

1 Lk 1
(3.17) IL(t) = —gl/ wi(ps + ¥ + lw), dz — 391/ (wy — 1)y da
0 1 Jo
My
' ksor [!
—Q1/ wit(pz + 9 +lw)dr — . / (wy — 1) dx
0 1 Jo
Ms Mg
01 ! ¢
+ wtt/ gt — ) (s + ¥+ lw)(s)dsdx
k1 Jo 0
My
o [ t
+ — wt/ g (t —s)(¢z + ¥ + lw)(s)dsdx
k1 Jo 0

1
+ gg(o)/ wi(pz + ¥ + lw) dz.
0

We have

1 k01l 1 1
My = —gll/ wt2 dz + / gafdx—gl/ wyPy do
0 ki Jo 0

-0 (1 — I]Z—j) /01 Wy Pgt de.

Next, using (1.1); and (1.1),, we obtain Ms-My as:

1 1
M5:k3/ (wx—lgo)(gox—i—w—i—lw)xdx—l—kll/ (0z + 0 + lw)* dz
0 0
1 t
1 (ertvrio) [ gt -9+ 6+ w)() dsda,
0 0

1 27 1
Mg = — ]{)3/ (wz — o) (02 + ¢ + lw), dz — %/ (wy — 1@2 dz
0 1 Jo

kS 1 t
b [ =10) [t = s)es + 0+ lw).(s) dsda,
1Jo 0
kS 1 t
M;= —— [ (wg — lsﬁ)/ gt — s)(pz + ¥ + lw)z(s)ds da
k1 Jo 0

2

. :(/Otg(t—s)(% 0 tw)(s)ds ) d

1

t
- (gpz+w+lw)/ g(t — 8)(pz + ¥ + lw)(s) dsdz.
1 Jo 0
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Substituting My—M7 into (3.17), we get

k21 39 l
(3.18) Ii(t) = — k—il\wz — 1p)13 = orlllwel|3 + = leell + Erlll s + o + lw]|3

1 1
—Ql/ wy Yy dx + " 9(0)/ wi(pz + ¥ + lw) dz
0 0
¢

_l(1+kil) /Ol(sﬁz-H/J—Hw)/O gt — s)(ps + 1+ lw)(s)dsdx

1
I 1 t 2
+k_1l/0 (/0 g(t—S)(SOx-f—d)—Hw)(s)ds) dz
2
1 ¢
+k_1 wt/o gt —s)(pe + ¥ +lw)(s)dsdx
3

-0 (1 — :—j) /01 WPyt d.

We have the following estimates using Young and Cauchy-Schwarz inequalities:

1
0
(3:19) o1 [ witrdo < comllurl + 2
0 €o

1
0 o
(3.20) k—ig(O)/O wi(pe + ¥ + lw) dz < o1 ||ws |3 + L9 ]ig) oz + 1 + lw|)3,

1 t
(321) v <11+ 1) <k1 —/0 g(s)d8>||sﬁz+1l)+lw||§

+ Cl(g o (o + 1+ lw))().

Remember that
X(@,t,8) = (9o + ¢ +1w)(t) = (pz + P + lw)(s).

Using Cauchy-Schwarz inequality, we also have

2
(3.22) tho = — /(/ Vet —s)V gt — 8)[(pe + 10 + lw)(t) — (a:ts)]ds) dz
Bt [ [ ol 0ot + e b0 020) s
< Dlpa + 0wl + 2hllg 0 (o + 6+ 1w)(0),
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Using Young and Cauchy-Schwarz inequalities, we get
o t 1
(323 wa= k—(/ @) [Cuwntor vt i) as

/ / (t —s)x(z,t,s)dsdx
01

< 20~ ) [ w4+ 1)+ omn il
1 0

+4€0k1/(/\/ g'(t—s)\/—g'(t — s)x a:ts)d)de

t i
< 2cawl + OO IOy g
+4€0k2(/ ds)/ / (t — s)x*(x,t,8)dsdz
Y
< 28001 w3 + ig ,ig)llsox + ¢ 4 lw|)3

_ 019%(0)
460]6%

(9" 0 (0 + 9 + lw))(¢).

Substituting (3.19)—(3.23) into (3.18), we get

K
ki

[5k I+ "19 (0 )]|\sox+w+lw|\3+l0(go(sax+w+lw>>(t>

k391l

1
(324)  Iz(t) = — Hllwe — loll3 — 01(1 — 4eo) well* + lpell3 + 60|I¢t|\3

_a1g (O) ’ _ _ E /1
460/€% (g O(Sox“‘w‘Flw))(t) Ql(l /C1> ) WP do.

Choosing €g = 1/8 in (3.24), we obtain (3.16). O

Lemma 3.7. Let the functional I be defined by

o) =01 [ (wo-19) [ " wi(y) dyda.

Then the solution (¢, v, w,d) of Problem 1.1 satisfies the inequality

01 12
(325) L) < — Fllwl3+ F o3+ O (14 ) 1l

+00l|pe + ¥ + le2 +C(go (pz+ 1 +1w))(t) Yt=0

Qll |
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Proof. We differentiate Ig, then use integration by parts to get
1 T
(3.26) If = gl/ (wy — lgp)t/ wy(y) dy dz
0 0
1 T
+ 91/ w(wy — l@)/ wie(y) dy d
0 0

1 1 z 1
= — Ql/ wf dz — lgl/ ut/ we(y) dy dx —l—kg/ (wy — lgp)2 dx
0 0 0 0

Py
1 x
—kll/o (wz—hp)/o (py + 9 + lw)(y) dy da
Ps
1 x t
+z/0 (wm—lap)/o /0g(t—s)(apy+1/)+lw)(y,s)dsdydx.
Y6

Using Young and Cauchy-Schwarz inequalities and applying Lemmas 2.1 and 2.2, we
estimate ¥4 — g as follows:

2 129% 2
Yy < dolwellz + 5—0||80t|\27

g0 ClQ
Y5 < ?Hsﬁz + 9+ w2 + U_Osz —loll3

and

we—z(/t <>ds>/l< ~19) [ oy + 0+ 1wy dyda
—H/ lga// (t—s)

X [(py + ¥ +1w)(y,t) — (py + 9 +lw)(y, s)| dsdy dz

Cl?
< 7”% + ¢+ lwl3+ U—Owa —1pll3 + Clg o (o + 1 + lw)) ().

Substituting 14 — 1 into (3.26) and then choosing dyp = 01/2, we arrive at (3.25). O

4. DECAY RESULT

We are now set to state and prove our general decay result. First, we will define
a Lyapunov functional £. In the next lemma, we prove the equivalence of the energy
functional E and the Lyapunov functional L.
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Lemma 4.1. There exist positive constants 31, 82 such that for N large enough,
the functional L defined as

(4.1) L(t) = NE(t) + N1I1(t) + Naolo(t) + NsIs(t) + Nals(t) + NsI5(t) + Nelg(t)
satisfies
(4.2) B1E() < L(t) < BE(t) Vit =0,

for some positive constants N, N1, Na, N3, N4, N5, and Ng to be appropriately
chosen later.

Proof. We have
|L(t) = NE(t)| < Ni|L(8)] + Na|L2(t)[ + Na|I3(t)| + Na|la(t)| + N5|I5(t)| + Ne| L6 (t)]-

On account of Young inequality, Lemma 2.1 and Lemma 2.2, we get
(4.3)
|£(t) = NE()|
< Ny (t)] + No|Ia(t)| + Ns|Is(t)| + Nalla(t)] + Ns|Is(t)| + Ne|ls(2)]
< Clorlleells + o2llvell3 + 0316113 + bllvzl3 + kllps + ¢ + lwll3 + oullwe]13)

+ Chs|lwe — I3 + C/(:(/Otg(t —5)(pa + 1 + lw)(S)dS)de
n c/ol(/ox/otgu = 9)l(py + 6+ 1) (5 1) — (g + 9 + 1)y, )] ds dy)de.

Like in estimate (3.22), we have

2

(4.4) /O ( /0 g(t—S)(SOz+w+lw)(s)ds> dz
< lpa + ¥ + w5 + (g0 (0x + ¢ + 1w))(?).

According to Lemma 2.2, we have

1 T t 2
4s) [ ([ [ o=+ v 1000~ oy 40+ 0] dst)
< (g0 (px + 0 +1w))(t).
Substituting (4.4)—(4.5) into (4.3), it follows that
|L(t) — NE@)| < CE() & (N —-C)E(t) < L(t) < (N + C)E(t).
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Next, we choose N large enough so that

(4.6)

Hence, there exist 81, B2 positive constants such that (4.2) holds. Therefore £ ~ E.

Theorem 4.1. Let (¢,1,w,0) be the solution of problem (1.1)—(1.3).
ks = ki and that (A;) and (Ag) hold. Then for any ¢ty > 0, there exist constants
o1, ag, ag > 0 such that 12 < azmin{1/go, lo} and the energy functional E in (3.1)
satisfies

(4.7)

Proof.

N —-C>0.

E(t) < are @ o194 gy sy

Differentiate (4.1) while bearing in mind (3.4), (3.9), (3.12), (3.14),

(3.16), and (3.2). Then

where

and
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@190 a7 _( £ _)N_k?’QllN_lﬁN} 2
<-& 11+%+% L o leil3
b — Co190N1 — 61 N2 — 02Ny — —N5} llell3
k20 k202 , 2 ,
|: ]{)1 N5 — €2N1 — Z—NQ — C(l +l + 0_0)N6:| ||wx — l(pHQ
k
|5 s = 02N 46,3 = [BN — TNy = CNall6a 3

l
[ 120 5 —e1N1 — o3N3 — Cl0N4 —IT'9N5 — 0’0N6:| H(px + w + le2
o1l
{7N5 + £ Ng — 82N5 — Corgol Nl} [|we |3

+ C[l3Ny + N2 + N3 + Ny + INs + NeJ(g © (pz + ¢ + lw))(?)

MM} (9" o (¢z + ¢+ lw))(t)

k1
2N -CN, -
2 ! 1k2

k1 5 ks\ [!
——wam%+w+WM—mm@——)/quw V> to
0

2 k1

Iy = (i+@+ ko5 | o ). T2= (5k11+7491g2(0>)

(27) 02 4020} 2030} Ik

1 1
I's = (1+—+—).
€1 35}

Assume



Set 01 = p2/N2 and Ny = 1. Therefore,

2 2
0190 5 01 N2 112 I“01 9
48) L' EL YNy — g1 INs — == N,
(4.8) [N = (o0 + Z 7+ G ) Mo — s — 5 No o
{%N3 Co190N1 — 202 — —N5} ll%b¢ |13
2 k31° p P 2
— {kBlN5 — €2N1 — Z—NQ — C(l +l + J—)Nﬁ] ||wx — l(pHQ
0
k2 N. 2_[BN —T1N3—C)| 6,2
5 — 02N vz — B 1Nz — C]]102 13
l
{EONZ —e1N1 —03N3 — Cl§ —oN5 — UONG} e + 0 + w3

[N + N — 52N, — Corgol® N el
+ C[[3N7 + No + N3 + 1+ N5 + Ng|(g 0 (pz + 0 + lw))(t)

2
My —om - 28O o (g )
1

éNg(t)llwz +y+ w3 Vit

We choose Ny large enough so that & = lgN2/2 — Cl2 > 0, then choose 0y, €1, 03,
N5 small enough so that

(4.9) € — 1Ny — o3 N3 — (5k1l 42 1;;2(0) )N5 — 09N > 0.
Next, we choose N; large enough so that

(4.10) & =ELN — (o1 + QEZQ + FZS)NQ — 01IN5 > 0,
then choose oy small enough so that

(4.11) k—; — 03 N3 > 0.

We further choose N3 large enough so that

(4.12) %Ng — Co19oN; — 200 — %Ng, > 0.

Now, we choose Ng and do small enough so that
9112 42 2 12 o1l
(413) &= L-No >0, & = k31N5—C<1+l JFU—)N6 > 0 and £-N; =6,V > 0.
0
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Then we can choose | and €2 small enough so that
2

l
(414) %Ng — Cglgol2N1 >0 and 53 —eoN1 — mNQ >0,
03

that is, 2 < azmin{1/go, lo}, where a3 = min{&3/(k3N2), No/(2CN1)}.
Finally, we choose N very large such that (4.6) holds,

k1 2019%(0)

(415) 7]\7 — CN; — lk% N5 >0

and

6N—(£+ﬁ+ ki | 0 JNs = C >0,
2y 02 40203 20303

Therefore, due to (4.9)—(4.15), we deduce form (4.8) that there exist positive
constants A, a such that

(4.16) L'(t) < =AE(t) + aki(go (pz + 0 +1w))(t) Vit =t.

Let us multiply (4.16) by n(¢) and make use of assumption (Az) and (3.2). Then we
obtain
nt)L' (t) < —An(t)E(t) — 2aE'(t) Vit = to,

which implies

(L) + 20E®) — 1 (L) < —MOEE) Yt > to.
Since n'(t) < 0 for all ¢ > 0, we have

(n()L(t) +2aE(t)) < =Mt)E(t) Vit = to.

Knowing that (4.2) holds, we can deduce that
(4.17) F(t) =nt)L(t) + 2aE(t) ~ E(t).
Therefore, there exists as a positive constant such that
(4.18) F'(t) < —aan(t)F(t) Vit = to.
Thus, integration of (4.18) over (o, t) gives
(4.19) F(t) < Flto)e 2 fo M0 v > 4
Finally, estimate (4.7) follows from (4.17) and (4.19). O
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Remark 4.1. Estimate (4.7) is also valid for ¢t € [0,to] due to continuity and
boundedness of the energy functional F and the function 7. Indeed, since E(t) <
E(to) < E(0) for all t > to > 0, we can find a positive constant a such that

E(t) < agE(0)e® Jo° 1) dsemea Jin()ds g > 40 > 0.

Thus, setting oy = agE/(0)e*? Ja® n(s) ds estimate (4.7) holds for all ¢ > 0.

5. CONCLUSION

In this work, we have established a general decay result for the solution energy of
the thermoelastic Bresse system (1.1), for [ small enough with k3 = k;. Consequently,
both polynomial and exponential decay rates are special cases of our result. Our
result holds without the imposition of the equal speed of wave propagation condition,
neither do we require a more regular solution emanating from differentiation of the
equations in (1.1).
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