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Abstract. In this paper some results on direct summands of Goldie extending elements
are studied in a modular lattice. An element a of a lattice L with 0 is said to be a Goldie
extending element if and only if for every b < a there exists a direct summand ¢ of a such
that b A c is essential in both b and ¢. Some characterizations of decomposition of a Goldie
extending element in a modular lattice are obtained.
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1. INTRODUCTION

The notion of extending modules has been studied by several researchers under
the names such as extending module or a module with C;-property or a CS-module.
These modules and their generalizations are extensively studied by authors such as
Harmanci and Smith (see [7]), Akalan, Birkenmeier and Tercan (see [1]), Dung et
al. (see [4]). A module M is called extending if every submodule of M is essential in
a direct summand of M.

Calugdreanu in [2] studied several concepts from module theory in lattices. In [1],
Akalan, Birkenmeier and Tercan defined a Goldie extending module over an associa-
tive ring. They posed and answered the following open problem.

Open Problem: Determine necessary and/or sufficient conditions for a direct
sum of Goldie extending modules to be Goldie extending.

In [1], Akalan et al. posed five open questions on the notion of Goldie extending
module, see also [10]; out of which the following two are answered by Wu and Wang
in [11]:

DOI: 10.21136/MB.2021.0181-20 359

© The author(s) 2021. This is an open access article under the CC BY-NC-ND licence @®®E


https://creativecommons.org/licenses/by-nc-nd/4.0
http://dx.doi.org/10.21136/MB.2021.0181-20

(1) Determine necessary and/or sufficient conditions on a module M so that M is
G-extending if and only if M is GT-extending.

(2) Determine necessary and/or sufficient conditions for a direct sum of G-extending
modules to be G-extending.

As an analogue of the concept of a Goldie extending module, Nimbhorkar and Shroff
(see [9]) defined a Goldie extending element in a modular lattice and proved some
properties of such elements. They also formulated and answered the following open
problem in the context of a modular lattice.

Open Problem: Determine necessary and/or sufficient conditions for a direct
sum of Goldie extending elements in a lattice to be Goldie extending.

In this paper, a lattice theoretic analogue is obtained from the results of Wu and
Wang (see [11]). Some properties of direct summands of a Goldie extending element
are studied in a lattice L with 0 and some properties are obtained in a certain class of
modular lattices by using the concept of relative ejectivity and ojectivity. The second
section deals with preliminaries required in subsequent sections. In the third section,
some properties of direct summands of a Goldie extending element are obtained by
using the concept of ejectivity and ojectivity in modular lattices. The second open
problem stated above is answered for a certain class of lattices.

2. PRELIMINARIES

The concepts of lattice theory used in this paper are from Gritzer (see [5]) and
Crawley and Dilworth (see [3]). Throughout this paper L denotes a lattice with the
least element 0. The following definitions are from Calugireanu, see [2].

Let a,b € L, a < b, a is said to be essential in b (or b is an essential extension
of a) if there is no nonzero ¢ < b such that a A ¢ = 0. It is denoted by a <. b. If
a < b and there is no ¢ > b such that a <. ¢, then b is called a maximal essential
extension of a. An element a € L is closed (or essentially closed) in b if a has no
proper essential extension in b.

The concept of the max-semicomplement is defined by Nimbhorkar and Shroff
in [8]. If a,b € L and b is a maximal element in the set {z: x € L,a Az = 0}, then b
is said to be a max-semicomplement of a.

Some properties of essential extensions and closed extensions that are used in
subsequent sections follow.

Lemma 2.1 ([6], Lemma 2). In a lattice L with 0, the following statements hold.
(1) If a,b,c € L, then a <. b impliesa Aec <. bAc.
(2) If a<b<c thena<.b,b<.cifandonlyifa<. c.
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The concept of direct summands in lattices is introduced by Nimbhorkar and
Shroff in [9]. If a,b,c € L are such that a Vb = cand a Ab = 0, then a and b are
called direct summands of ¢ and it is denoted by ¢ = a ® b. Here ¢ is a direct sum
of a and b. In a modular lattice L, if a,b,c € L are such that ¢ = a ® b, then a is
a max-semicomplement of b in c¢. Hence, the direct summands of ¢ are closed in c.
Also, in a modular lattice L if a,b,c € L are such that a < b < ¢ and a is a direct
summand of ¢, then a is also a direct summand of b.

Let a € L. If for any two direct summands b, ¢ of a, bV ¢ is a direct summand of a,
then a satisfies the summand sum property. Also, if for any two direct summands b, ¢
of a with b Ac # 0, b Acis a direct summand of a, then a satisfies the summand
intersection property.

In a modular lattice L if an element a satisfies the summand sum (intersection)
property, then every direct summand of a satisfies the summand sum (intersec-
tion) property.

Lemma 2.2 ([6], Lemma 3). Let L be a modular lattice with 0. Suppose that
a,b,c,d € L are such that a < b, c < dandbANd=0. Thena <. b, ¢ <. d if and
only ifa®c <. b®d.

Throughout this paper, wherever necessary, it is assumed that L satisfies one or
more of the following conditions:

Condition (1): For any a < b there exists a maximal essential extension of
a in b.

Condition (2): For any a < b and for any ¢ < b with ¢ A a = 0, there exists
a max-semicomplement d > ¢ of a in b.

A familiar and important class of lattices with these properties is the class of upper
continuous modular lattices, in particular, the lattices of ideals of a modular lattice
with 0.

Lemma 2.3 ([9]). Let L be a modular lattice with 0 satisfying condition (2). Let
a,b € L and a < b. Then a is closed in b if and only if a is a max-semicomplement
of some ¢ < b.

Proposition 2.1 ([2], Proposition 4.4). Let L be a modular lattice with 0 sat-
isfying condition (2) and a,b € L be such that a ANb = 0. Then a is a max-
semicomplement of b in L if and only if a is closed in L and a V b is essential in L.

An element a of a lattice L is called extending if every nonzero b < a is essential
in a direct summand of a.
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Note that in a modular lattice L satisfying condition (1), every nonzero a < b
has a maximal essential extension in b and a maximal essential extension is closed.
Hence, a nonzero a € L is extending if every b < a, which is closed in a, is a direct
summand of a.

Let L be a modular lattice satisfying conditions (1) and (2) and a < b. Then b is
extending if every max-semicomplement in b is a direct summand of b. Also, ifa € L
is extending, then every direct summand of a is extending.

As a generalization of an extending element, Nimbhorkar and Shroff in [9] defined
a Goldie extending element in a lattice. They have also defined the following relations
and an a-ejective element in a lattice.

Let a,b € L. Then

(1) aab if and only if there exists ¢ € L such that a <. ¢ and b <, ¢
(2) apbifand only if a Ab <. aand a Ab <, b.

Note that a « b implies a 8 b, but the converse need not hold. a 8 b is an equivalence
relation on L. By using the condition 3, a Goldie extending element in a lattice L
with 0 is defined.

Definition 2.1. Let L be a lattice and a € L. If for every b < a there exists
a direct summand c of a such that b 8 ¢, then a is said to be a Goldie extending
(G-extending) element.

Equivalently, a G-extending element in a modular lattice L can be defined as
follows.

An element a € L is called a Goldie extending element if for every closed element
b < a there exists a direct summand ¢ of a such that b S ¢ holds.

In the following result a necessary and sufficient condition for an element to be
Goldie extending is given.

Lemma 2.4. Let L be a lattice and a € L. Then the following statements are
equivalent.

(1) a is a G-extending element.
(2) For every b < a there exists ¢ < a and a direct summand d of a such that ¢ <. b
and ¢ <. d.
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3. DIRECT SUMMANDS OF GOLDIE EXTENDING ELEMENTS

In this section, the properties of direct summands of G-extending elements are
studied in the context of summand sum property, relative ojectivity and relative
ejectivity. The notion of a module N being M-injective is generalized to M-ejective
by Akalan et al. (see [1], Definition 2.1). An analogue of the same is defined by
Nimbhorkar and Shroff in [9] as follows:

Definition 3.1. Let a,b,c € L be such that a = b ® ¢. Then b is said to be
c-ejective in a if for every d < a such that d A b = 0 there exists an f < a such that
a=b® fand dA f <. d. If bis c-ejective and c is b-ejective, then b and ¢ are said
to be relatively ejective.

Lemma 3.1. Let L be a modular lattice satisfying conditions (1) and (2) and
a,ay,a2 € L. Suppose that a = a1 ® ae and a is G-extending and a satisfies the
summand sum property. Then a, and as are relatively ejective.

Proof. Let b € L be such that b < a and b A a; = 0. Since a is G-extending,
there exists a direct summand d of a such that b Ad <. b and b Ad <. d. Now
b A ay =0 implies that (bAd)Aa; =0and bA(dAay1) =0, bAd <. dimplies that
dANai =0.

Since a satisfies the summand sum property, dAa; = 0 implies that d®a, is a direct
summand of a. Hence, there exists a direct summand c of a such that a = a1 ®d®c.
Now it remains to show that b A (d ©¢) <. b. Since bAd < bA(dDc) < band
bAd<.b, by Lemma 2.1(2), bA (d @ ¢) <. b. Hence a; is as-ejective.

Similarly, it can be proved that as is ai-ejective. O

The concept of an ojective ideal in a lattice is defined by Nimbhorkar and Shroff
in [8] as follows:

Definition 3.2. Let I, J, K € I(L) be such that K = I & J. The ideal J is said
to be I-ojective if for any max-semicomplement C of J in K, K can be decomposed
as K=Caqpl' ®J withI'’CIandJ C.J.

An analogue of this concept is formulated as an ojective element in a lattice as
follows:

Definition 3.3. Let a,b,c € L be such that ¢ = a ® b. The element b is said
to be a-ojective if for any max-semicomplement k of b in ¢, ¢ can be decomposed as
c=k®d ®b with o’ Ca and V' Cb.

If a is b-ojective and b is a-ojective for some ¢ = a @ b, then a and b are called
mutually ojective.
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Example 3.1. In the lattice shown in Figure 1, consider the elements k, f, j
such that &k = f & j. Also, 7 has a max-semicomplement ¢ and there exist elements
a< fandd < jsuchthat k=f®j=a®d®dc Hence jis f-ojective.

Figure 1.

The following proposition is proved by Nimbhorkar and Shroff in [8] for ideals of
a lattice. However, it can be similarly proved for elements of a lattice satisfying
conditions (1) and (2).

Proposition 3.1. Let L be a modular lattice and I, J, K € Id(L) be such that
K =1®J. Let I and Jy be direct summands of I and J, respectively. If J is
I-ojective, then:

(1) Jp is I-ojective,
(2) J is I1-ojective,
(3) Ji is I1-ojective.

Lemma 3.2. Let L be a modular lattice satisfying conditions (1) and (2) and
a,b,c € L be such that ¢ = a @ b. Suppose that b is a-ojective and a is G-extending.
Ife € L be such that e < a and e A b = 0, then there exists a direct summand d of ¢
such that e Sd andc=d®a’ ®V fora’ <a, b <b.

Proof. Let k = (e ®b) A a. Then by modularity of L,
bdk=0d[edb)Nal=(0bda)A(edb)=cA(edb) =edb.
Since a is G-extending, there exist a direct summand a; of a such that
kNa <.k and kAar <car.
Put f =a; ®b. Then
(kNhNa)) Db<car®b=f and (kAa1)Db< kDb=ecDb.

Now,
Enar=(e®b)ANana = (e®b) Aay.
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By modularity of L,
(kha)@db=[e®db) Na1]®b=(eDb)A(a1 Db) = (e Db)A f.

Hence (kA a1) ®b <. (e®b). This implies that (e ®b) A f <. (e ® b).

Again, by modularity for b < f, (e®b) A f =b® (e A f). Hence, by Lemma 2.2,
eNf<ce.

Now e f < e implies that there exists a closed element f; < f which is a maximal
essential extension of e A f such that e A f <, fi.

Now, by using modularity,

(kANa))®b<c f=(e®D)ANf< f=bD(eNf)<e [

Since f; is a maximal essential extension of e A f in f and b® (e A f) <. f, it follows
that fi is a max-semicomplement of b in f. But b is a-ojective and therefore b is
a1-ojective, which yields

f=fied e, d <a,b <b.
Now, there exists a direct summand as of a such that a = a1 ® as. Therefore
c=a1Das b= f@ay=fi®a,®b Daz, a)Daz<a, b <b.

Also,eNf< fi<fandsoeA f=eA fi. Hence, e A f1 <c e, e A f1 <¢ f1, and so
e B8 f1 holds. This completes the proof. O

Lemma 3.3. Let L be a modular lattice satisfying conditions (1) and (2) and
a,ay,az € L be such that a = a1 ® ay. Suppose that a satisfies the summand sum
property. If a; is ag-ojective (or as is aj-ojective) and ay (or as) is G-extending,
then a is G-extending.

Proof. Let b € L be such that b < a. If b A a3 = 0, then by Lemma 3.2, there
exists a direct summand d of a such that b 8 d. So a is G-extending.

If b Aay # 0, then there exists a maxsemicomplement k£ < b of b A a; such that
(bAa1) @k <. b. It is clear that kAa; = 0. Then by Lemma 3.2, there exists a direct
summand c of a such that k¢, i.e. kAc < k, kAc <. c. Note that (kAc)Aa; =0.

Since a; is G-extending by Lemma 2.4, for b A a; there exists some m < a; and
a direct summand d; of a; such that m <. b A a; and m <. d;. Then m <. bA aq,
(bAa1) Nk =0, kAc <,k together imply that (kAc)Em <. (bAar) Dk <. b
Hence (kAc) ®m <¢b. Also, kA ¢ <. cand m <. di, ¢ A a; = 0 together imply
that (kAc)®m < c® dy.

Since a satisfies the summand sum property, ¢ @ d; is a direct summand of a.
Hence by Lemma 2.4, a is G-extending. (]
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Theorem 3.1. Let L be a modular lattice satisfying conditions (1) and (2) and
a,ay,as € L be such that a = a1 ® ay. Suppose that a satisfies the summand sum
property. If ay is az-ojective (or as is aj-ojective) and a; and ay are G-extending,
then a; and as are relatively ejective.

Proof. Follows from Lemma 3.1 and Lemma 3.3. O

Theorem 3.2. Let L be a modular lattice satisfying conditions (1) and (2). Let
a,a; € L for an indexing set i € I be such that a = @ a; with |I| > 2. Suppose that
a satisfies the summand sum property. Then the fo]]zoevlving statements are equivalent.

(1) a is G-extending.

(2) If there exists ¢ # j in I such that for every b < a withbAa; =0orbAa; =0,
then there exists a direct summand d of a such that b 3 d.

(3) If there exists i # j in I such that for every b < a withbAa; <cborbAa; <. b
orbAa; =bAa; =0, then there exists a direct summand d of a such that b3d.

Proof. (1) = (3): Let a be a G-extending element in L. Then statement (3)
holds by the definition.

(3) = (2): Let (3) hold and let b < a with b A a; = 0. Then there exists a max-
semicompliment m < b of b A a;, i # j such that

(bAa;) ®m < b.

It is clear that m Aa; = m Aa; = 0, ¢ # j. Then by (3), there exists a direct
summand d of a such that m 3 d, that is

mAd<em, mAd<.d.

Now it is clear that (b A a;) A a; <¢ b A a;. Therefore by (3), there exists a direct
summand k of a such that (b A a;) 5 k, that is

bAha) N Nk<cbAa; and (bAa;) ANk <, k.
Hence by Lemma 2.2,
bAha)ANk<cbANa;,, mAd<em

implies that
[(bAa)NEl®(mAd) <e (bAa;)Dm < b

and
bAha)ANk<ck, mAd<.d.

This implies that
[(bAa;) ANkl B (mAd) < (kD d).
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Since a satisfies summand sum property, k£ @ d is a direct summand of a. Thus
b (kad).

The case b A a; = 0 is analogous. Hence (2) holds.

(2) = (1): Let (2) hold and let b < @ be such that b A a; # 0. Then there exists
a max-semicompliment m < b of b A a; such that (b A a;) ®m <. b. It is clear that
m A a; = 0. Then by (3), there exists a direct summand d of a such that m g d,
that is,

mAd<em, mAd<.d.

Now it is clear that (b A a;) Aaj =0, i # j. Therefore by (2), there exists a direct
summand k of a such that

(b/\az) /8k7

that is,
bha) A Nk<cbANa; and (bAa;) ANk <, k.

Hence by Lemma 2.2,
ObANa)Nk<ebANa;, mAd<.m.
This implies that
[(bAa)NEl®(mAd) <c (bAa;)Dm < b

and
bAha) A Nk<ck, mAd<.d.
This implies
[(bAa;) ANk D (mAd) < (kD d).

Since a satisfies summand sum property, k ® d is a direct summand of a. Thus, by
Lemma 2.4, a is G-extending. O

References

[1] E. Akalan, G. F. Birkenmeier, A. Tercan: Goldie extending modules. Commun. Algebra

97 (2009), 663-683. MR]
[2] G. Calugareanu: Lattice Concepts of Module Theory. Kluwer Texts in the Mathematical

Sciences 22. Kluwer, Dordrecht, 2000. IMR]
[3] P.Crawley, R.P.Dilworth: Algebraic Theory of Lattices. Prentice Hall, Engelwood

Cliffs, 1973.
[4] N.V.Dung, D.V.Huynh, P.F.Smith, R. Wisbauer: Extending Modules. Pitman Re-

search Notes in Mathematics Series 313. Longman Scientific, Harlow, 1994. MR
[5] G. Gritzer: General Lattice Theory. Birkh#user, Basel, 1998. MR doi

367


https://zbmath.org/?q=an:1214.16005
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR2493810
http://dx.doi.org/10.1080/00927870802254843
https://zbmath.org/?q=an:0959.06001
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR1782739
http://dx.doi.org/10.1007/978-94-015-9588-9
https://zbmath.org/?q=an:0494.06001
https://zbmath.org/?q=an:0841.16001
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR1312366
https://zbmath.org/?q=an:0909.06002
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR1670580
http://dx.doi.org/10.1007/978-3-0348-7633-9

[6] P.Grzeszczuk, E. R. Puczytowski: On Goldie and dual Goldie dimensions. J. Pure Appl.

Algebra 31 (1984), 47-54. MR
[7] A. Harmanci, P.F.Smith: Finite direct sums of CS-modules. Houston J. Math. 19
(1993), 523-532. MR
[8] S. K. Nimbhorkar, R. C. Shroff: Ojective ideals in modular lattices. Czech. Math. J. 65
(2015), 161-178. MR]
[9] S. K. Nimbhorkar, R.C.Shroff: Goldie extending elements in modular lattices. Math.
Bohem. 142 (2017), 163-180. MR]
[10] A. Tercan, C. C. Yiicel: Module Theory: Extending Modules and Generalizations. Fron-
tiers in Mathematics. Birkh&user, Basel, 2016. IMR]
[11] D. Wu, Y. Wang: Two open questions on Goldie extending modules. Commun. Algebra
40 (2012), 2685-2692. IMR]

Author’s address: Rupal Shroff, School of Mathematics and Statistics, MIT World
Peace University, S. No. 124, Paud Road, Kothrud, Pune, Maharashtra 411038, India, e-mail:
rupal.shroff@mitwpu.edu.in, rupal_shroff84Q@yahoo.co.in.

368


https://zbmath.org/?q=an:0528.16010
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR0738204
http://dx.doi.org/10.1016/0022-4049(84)90075-6
https://zbmath.org/?q=an:0802.16006
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR1251607
https://zbmath.org/?q=an:1338.06004
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR3336031
http://dx.doi.org/10.1007/s10587-015-0166-5
https://zbmath.org/?q=an:1424.06028
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR3660173
http://dx.doi.org/10.21136/MB.2016.0049-14
https://zbmath.org/?q=an:1368.16002
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR3468915
http://dx.doi.org/10.1007/978-3-0348-0952-8
https://zbmath.org/?q=an:1253.16004
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR2968904
http://dx.doi.org/10.1080/00927872.2011.551902
mailto:rupal_shroff84@yahoo.co.in
mailto:rupal_shroff84@yahoo.co.in

